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The results of a previous paper are extended to include damping and noise due to a radiation resistance. 
The average electromagnetic field energy of an oscillator of natural frequency w, with inductance L, coupled 
to a radiation resistance R, as a function of time ¢ is given by 
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Using first-order perturbation theory and quantum statistics, an expression is derived for the radiation 
resistance of a circuit. This agrees exactly with the classical value. 

For an oscillator damped by a radiation resistance the vacuum fluctuation noise, and available noise 
power are shown to be the same as for an oscillator damped by a lumped resistance. All of the previous 
results are shown to be applicable to cavity resonators. 


INTRODUCTION ELECTRICAL OSCILLATOR DAMPED BY 
RADIATION RESISTANCE 


N a previous paper,’ hereafter denoted by I, we 
discussed some quantum effects in damping and 
noise. The vacuum fluctuations were shown to be 
directly observable in noise experiments. The assump- 


We assume that the radiation resistance is a series 
element, as in Fig. 1. For the Hamiltonian of Fig. 1, 
we have 


tion was made that the circuit did not radiate. In a =} (pe +r) +H eet Hi’ 
subsequent paper it will be shown that the vacuum 
fluctuations can be observed as noise induced in an +20y 1/2my(pr—enA/c)’. (1) 
electron stream which interacts with a circuit. To do 
such an experiment coupling holes would have to be 
provided, and a radiation resistance would be thereby 
introduced. For this reason the results of I are extended 
to include the radiation resistance. It will be shown 
that the radiation resistance affects the system in 
essentially the same way as an ordinary resistance. 
Also for some purposes a cavity resonator is more 
suitable than a circuit composed of lumped elements. 
It will therefore be shown that the results already , ; : 

’ Fic. 1. Electrical os 


obtained are applicable to cavity resonators also. cillator damped by a 
—— radiation resistance. 


pr and gp are the field variables employed in I, and 
the first two terms of (1) are the Hamiltonian of the 
dissipationless oscillator. The term Hp is the Hamil- 
tonian of the unperturbed radiation fields, and the 
term H,’ represents part of the unperturbed Hamil- 








* Supported by the U. S. Office of Naval Research. 

1J. Weber, Phys. Rev. 90, 977 (1953). We have used the 
notation of the previous paper except that in this paper the 
variable g of the circuit is written as gp. 
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tonian of the electrons.t The last term is a summation 
over all of the electrons, and represents the interaction 
between the electrons and the circuit and radiation 
fields. m, is the mass, p, is the momentum, and e, is 
the charge for the Ath electron, and A is the magnetic 
vector potential of the radiation fields. We assume that 
no resistance other than radiation resistance is present, 
for simplicity. If both kinds of resistance are present 
additional terms are added to the Hamiltonian and the 
effects can be shown to take place independently. 

We consider our oscillator to be weakly damped, and 
employ first-order perturbation theory. The term in A? 
in (1) can be neglected. The Hamiltonian becomes 

€,pr° A 
KR=4(pr+w'gr’)+H ert H.-L — 3 
» MC 

We have included the term °,(p,?/2my) in the term 
H,. We expand the radiation fields in normal modes, 
A=); Aoi(7)qui(t). The last term in (2) can then be 
written 

_ expr A expr‘ Auge; (3) 
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For a circuit this becomes 
> > €npy° Auge; 


wi A 


I(r) 
-{ =F Avgedl (4) 
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We can write the current /(r) as 7(r)=Jof(r), where 
f(r) is the current distribution function and Jo is the 
current at some reference point. We define F.; by 


Fui= f dural), 
lJ, 


and we define the inductance L by the relation LJ,° 
=gpr'w*. By utilizing these relations, Eq. (4) can be 
written: 

wd F 
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The term (5) is an interaction term which will cause 
transitions with exchange of energy between the circuit 
and the radiation fields through the coupling furnished 
by the electrons. The transition probability can be 
shown to be 

2mw* (ieee 

(F.2) mn p(Errt+hw)(Err|qo| Errtho)* 


ch 
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| gr | . 
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t Our circuit consists of perfect conductors in series with a 
radiation resistance. The electrons referred to are in the radiation 
resistance. 
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In Eq. (6), (Fu?) is an average over all direc- 
tions of (F.)?, the symbol (Erez! q.|Errt+hw) indicates 
the matrix element of the operator g between the quan- 
tum states of the radiation fields with eigenvalues Epp 
and Errt+hw. (Er|qr|Er+hw) has the corresponding 
meaning for the fields of the circuit. p(Err+hw) and 
p(Err—hw) are the density in energy of the quantum 
states of the radiation fields in the vicinity of 
(Err+hw) and (Err—hw), respectively. We assume 
that initially the circuit is in an eigenstate, but that 
only the temperature of the radiation fields is known. 
We therefore need to average Eq. (6) over an ensemble 
of similar systems. Now the density in energy of the 
quantum states of the radiation fields depends only 
on the frequency and not on the energy, so that 
p(Errt+hw)=p(Err—hw)=w'/2rhe. By employing 
the harmonic oscillator matrix elements and the relation 
Err=(m+4)hw, the average of the squared matrix 
element (Err! qo|Err+hw) can be shown to be 


> (Erri| qo| Errit hw) exp(— Epri/kT) 
> exp(— Erri/kT) 


> h(m+1) exp[ — (m+})hw/kT ] 
0 


Ww 3 exp[ — (m+ 4)hw/kT | 
: h 
” Mul 1—exp(—Au/kT)) 
We can calculate the ensemble average of the squared 
matrix element (Err|qu|Err—hw) in the same way 


and employ Eq. (8) and Eq. (7) to write Eq. (6) in 
the form 


1 
W, Pea 
1—exp(—hw/kT) 


arf o es 
| (zr Er—he) 
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By inserting the harmonic oscillator matrix elements 
for the circuit, Eq. (9) becomes 
P 1 
W,= ; ®2uf ‘i | 
41 nc® 1—exp(—hw/kT) 
[n+ (n+1) exp(—Aw/kT)]. (10) 


In (10) the first term of the last factor represents 
the effect of a downward transition and the second 
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QUANTUM 


term represents the effect of an upward transition. The 
rate of change of the field energy associated with the 
circuit is the difference of the two terms multiplied by 
hw and is 


dl hus? 1 
i lFos| — 
dt 4Lnc® 1—exp(—hw/kT) 
XC (n+1) exp(—hw/kT)—n J. 


For an ensemble, expression (11) holds for all time; 
we can integrate Eq. (11) to obtain 


vfs 


(11) 


exp (hio/kT) — | 
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ail 
| 1-exp( - -- cP ml) 
4Lrcé 
w* 
+ U5 exp(- [(P.eH). (12) 
4Lrc® 


For large energy (classical limit) the second term is 
the only significant one. Comparing (10) with the 
well-known classical result U = Ue~‘”/™)', we obtain 


w ww? | 
R=—(F.)n= | | f f(r)Ag-dl +] (13) 
4c 45 c | Jay 


(13) is a formula for the radiation resistance, it 
agrees exactly with the classical? value. In terms of 
Eq. (13), Eq. (12) is 


hw 


_ |e (R/L)e) 
exp (hw/kT)—1 


U= ES 


+ Uge(#/)", (112A) 
EQUIVALENCE OF RADIATION RESISTANCE 
AND A NOISE GENERATOR 


In I we showed the equivalence of a noise current 
generator and a conductance. In this section, we will 
show the equivalence of a noise voltage generator and 
a radiation resistance. We imagine that the radiation 
resistance is removed and replaced by a voltage 
generator. In order that the transition probability be 
proportional to time the generator needs to have a 
continuous spectrum in the vicinity of w. The Hamil- 
tonian of the system of Fig. 2 is 


H=}(pr*+w'qr’) — (perV ()/wVL); (14) 

2L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 251. In calculating the average 
of (F,,2) two polarizations need to be included for each direction 
of propagation A,,. 
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Fic. 2. Electrical oscillator 
and a voltage generator. 
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the transition probability is 


(w) 
We= F ((Ep| pe| Ert+hw)* 
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In Eq. (15) the mean-square value of the voltage 
over a range dw is V?(w)dw. Inserting the harmonic 
oscillator matrix elements, Eq. (15) becomes 


ro 


(w) 
[(n+1)+n]. (16) 


wl 


al 
We= 


In order to compare the transition probability 
induced by the voltage generator with that induced by 
the radiation resistance we employ Eq. (13) to write 
Eq. (10) in terms of the resistance. With this substi- 
tution, Eq. (10) becomes 


- | (n+1)+n 


+n| (17) 
Llexp(hw/kT)—1 

Comparison of Eq. (16) and Eq. (17) shows that the 
transition probability will be the same insofar as the 
first term of Eq. (17) is concerned if 


2Rhw 


- ; (18) 
rLexp(hw/kT)— 1] 


V?(w)= 


Expression (18) is the Nyquist formula in the voltage 
representation, modified for quantum effects. There is 
still the last term in Eq. (17). This term is seen to be 
the transition probability at 7'=0, that is, the transition 
probability if the resistance is in its lowest state and 
the quantum number of the circuit is n. We conclude 
that for the radiation resistance the transitions required 
by Eq. (17) will be produced by a noise voltage gen- 
erator described by Eq. (18), plus spontaneous emission, 
that is, plus the effect of the absorber in its lowest state. 

We can also imagine the second term of Eq. (17) to 
be equivalent to a voltage generator which can only 
induce downward transitions; comparing the second 
term of Eq. (17) and Eq. (16) we see that the equivalent 
voltage for such a generator is 


2 
V2(w) =—haR. (19) 
T 
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This result is formally analogous to that of* Park 
and Epstein in their treatment of spontaneous emission. 


MEAN SQUARED NOISE VOLTAGE AND 
AVAILABLE POWER 
To calculate the observable noise voltage we obtain 
the equilibrium value of { /E-dl]* over the ensemble. 
Proceeding as in I, letting C be the capacity, one 
obtains the result that 


p’| ; 
r( Eo . Era) exp[ — (n+ 4) (hw/kT) | 


(CV?) y= ‘ (20) 


> expl — (n4+-4) (hw/kT) } 


Equation (20) is identical with Eq. (27) of I, and the 
value of (V*),, is 


1 fhw hw : 
ell atin 
CL2  exp(hw/kT)—1 


hw hw 
2 exp(hw/kT)—1 

The first term of Eq. (21) represents the effect of the 
vacuum fluctuations and the second term represents 
the effect of the thermal fluctuations. In I we proved 
that the first term of Eq. (21) cannot be removed by 
making formal changes in the Hamiltonian which 
remove the zero point energy, and the same proof 
applies here. This is because such changes in the 
Hamiltonian do not affect the wave functions and 
therefore do not affect the summations in Eq. (20). 

In order to calculate the available power, we consider 
an arrangement similar to Fig. 1, but with two series 
resistances R, at temperature 7; and R,; at temperature 
T2. The Hamiltonian is 


H=}(pr?+w"¢r’) +Heret+H, 
Wd Fr 
+ a LX quid Pivot Fao}. (22) 
VL i 


The rate of change of field energy can be obtained 
in the same manner as Eq. (11) was obtained, the 
result is 
dU ihus* 


1 
hen [orl | 
dt 4Lqc® 1—exp(—hw/kT;) 
XE (n+1) exp(—hw/kT1)—n] 


+ ( Fa) a| 


a 
1—exp(—hw/kT2) 
X[ (n+ 1) exp(— hw ar,)—n)| 


(23) 


*D. Park and H. T. Epstein, Am. J. Phys. 17, 301 (1949). 
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By making use of Eq. (13), Eq. (23) becomes 


dU “| R, 
a-i3 1—exp(—hw ) 


X ((n+-1) exp(—hw/kT;)—n) 


R; 
(cagticas 
1—exp(—hw/kT2) 


x ((n+1) exp(—ha/RT»)—1) | (24) 


In order to calculate the noise power transferred to 
the system by R, we first determine the stationary 
value of n by setting Eq. (24) equal to zero, the value is 


R; R, 
exp(hw/kT;)—1 exp(hw/kT2)—1 


(Rit+R2). (25) 


This is the most probable value of n a long time after 
R, and R» (at temperatures 7; and 72) have been 
coupled to the circuit. We calculate the power trans- 
ferred to the system by R, by inserting the value of n 
given by Eq. (25) into expression (11) for the power 
transferred by R; when the quantum number of the 
circuit is m. The result is 


Rihw 1 
Pe an 


sferred by Ri = 1 - ——_—___—_—- 
L lexp(hw/kT;)—1 


R; R, 
f aeterityad/ 
exp(hw/kT,)—1 exp(hw/kT2)—1 


(R+R.)} (26) 


Equation (26) will approach a maximum if R2/R:>~, 
7: 0; the maximum value which is approached is 


hwdw 


Ryhw 1 
= a sete 
L lexp(hw/kT;)—11 exp(hw/kT,)—1 


Prox 


and this is the same as expression (34) of I. 


CAVITY RESONATORS 


The results of I and this paper, may be extended to 
apply to a single mode of a resonant cavity in the 
following way. For the dissipationless cavity the 
Hamiltonian for a single mode is identical with that for 
a circuit, and the interaction terms which bring in the 
dissipation will be the same in form. A study of the 
theory developed here shows that for any mode we 
can define an equivalent capacity C by the relation 
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Fr 2 
Vetectric -f- io=3¢] fE-a . (28) 
8r A 
The value of C obtained by Eq. (28) can be used in 
the noise formulas to calculate (V?),=[/(E-dl]?, over 
the same contour which appears in expression (28). For 
the quantities G/C and R/L which appear in (19a) of I 
and (12A) of this paper we substitute the ratio, 





w _— Energy dissipated per cycle 


x , 
2x Maximum stored energy per cycle 


and compute this ratio classically. 
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CONCLUSION 


Expressions (21) and (27) are the same as expressions 
(28) and (34) of I. We see that for a circuit damped 
by a radiation resistance the vacuum fluctuations are 
observable in electromotive force measurements at low 
temperatures. The available power tends to zero as 
the temperature approaches zero. The radiation resis- 
tance is seen to have the same classical and quantum 
effects as regards damping and noise, as an ordinary 
resistance. To first order there are no additional terms 
in the radiation resistance formula due to quantum 
effects. 
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Vacuum Fluctuation Noise*t 


J. WEBER 
Glenn L. Martin College of Engineering and Aeroneutical Sciences, University of Maryland, College Park, Maryland 
(Received October 8, 1953) 


An electron stream interacting with a damped oscillator is considered, The vacuum fluctuations and the 
thermal fluctuations can be observed in the noise. It is shown that an electron stream provides a means for 
precisely measuring the mean squared electromotive force for certain modes. 


INTRODUCTION 


N previous papers,'® to be referred to as I and II, 

we have shown that for a damped oscillator the 
results of precise measurements of the mean squared 
electromotive force are given by 


(1) 


lf hw hw 
(V?)\y¥=— ~-}- | 
ClL2- exp(hw/kT)—1 

In Eq. (1), C is the capacity, and w is the natural 
(angular) frequency of the oscillator. The first term of 
Eq. (1) represents the effect of the vacuum fluctuations, 
and the second term represents the effect of the thermal 
fluctuations. We consider here the possibility of ob- 
serving these small fluctuations by allowing an electron 
stream to interact with the oscillator and observing the 
resultant electron stream noise. 

It is well known’ that the use of electrons as test 
charges does not in general lead to precise field meas- 
urements. We will show, however, that in the experi- 
ments to be discussed a measurement of the mean 


*A brief report of this work was given at the June, 1953, 
Rochester Meeting of the American Physical Society. 

t Supported by the U. S. Office of Naval Research. 

! J. Weber, Phys. Rev. 90, 977 (1953). 

2 J. Weber, preceding paper, Phys. Rev. 94, 211 (1954). 

3 W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1944), p. 78. 


squared electromotive force can give precisely the 
value above. 


INTERACTION OF AN ELECTRON STREAM WITH 
A DAMPED ELECTRICAL OSCILLATOR 


Consider an electron stream which interacts with a 
damped electrical oscillator (Fig. 1). 


_—_—_—— «= 





Fic. 1. An electron 
stream interacting with ' 
a damped oscillator —L— , 
— 

Re 
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ELECTRONS?! 
The interaction can be imagined to take place by 


sending the stream of electrons near the condenser 
plates, through holes in the condenser plates, or through 
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a cavity resonator. The circuit is assumed to be in 
thermal equilibrium with the conductance which is 
maintained at temperature 7. If the damping is small, 
the effect of the conductance is mainly to determine 
the average electromagnetic field energy of the circuit. 
The wave-functions for the quantized fields of the 
circuit will not be significantly different from those of 
the undamped oscillator. Under these conditions we 
can employ the following Hamiltonian to discuss the 
interaction between an electron and the fields associated 
with the circuit, or a single mode of a cavity resonator: 


KH = P*/2m+-}(p?+w'g*) — (e/mc)A-P. (2) 


A is the magnetic vector potential, and we lei 
A= Ao(r)q(t). The variable p is canonically conjugate 
to qg. P is the operator corresponding to the electron 
momentum. It is unnecessary to include terms in (2) 
representing the conductance because there is no direct 
interaction between the electron and the conductance. 

We assume that the circuit is in an eigenstate of its 
unperturbed Hamiltonian before the interaction begins. 
For the perturbed wave functions of the system we 
assume the expression 

W =>) 5; ahh jo; expl — (i/h) (E+ Ey), (3) 

where y; is an unperturbed wave function for the fields 
of the circuit, @; is an unperturbed wave function for 
the electron. 

At the time interaction begins: a,=1, b,,=1, a;=0, 
ixn, b;=0, and j#m. 

It can be shown‘ that at any time ¢ during the 
interaction time, 


| ax (t)b,(t) |? 
4! WH rin y'|? sin*{ [ (Ex + k- En —Ey) ‘2h jt} 
a (Ext+ki— En ~Ey)? 


where 


e 
Hwa’ = [vero A-P)Wwoudrydr,. (5) 
mc 


Referring to (4), it is much easier to calculate ax 
than to calculate b;, and we use a method and approxi- 
mations first suggested by Smith.’ We consider the 
electron to be localized, so that A-P is a very slowly 
varying function of position over the region of the 
electron and the electron energy is not known during 
the interaction time. Following Smith® we write 


f $i*(A-P)oudro~ (A-P) dim, 


*W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, ara 88. 
*L. P. Smith, Phys. Rev. 69, 195 (1946). 
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and expression (5) becomes 


e 
Hwa’ * H xn’ Prbim= AoPrbim(Erx|q|Ern)—. (5A) 
me 


In (5A), (Erx|q|Erw) is the matrix element of g 
between the quantum states of the field with quantum 
numbers K and NV. Pw is the average value of the 
electron momentum over the initial and final quantum 
states of the electron. We assume that there are elec- 
trodes in the system beyond the interaction region 
which limit the electrons observed to those with 
velocities fairly close to the original electron velocity, 
and that the electron velocities are ultimately observed 
when the electrons have travelled a considerable dis- 
tance beyond the circuit interaction gap. Making use 
of (5A) and the initial condition b,,(4)=1, we can 
write (4) in the form 


427A PPro? | (Erk q Epn)|? sin? ($wx« yt) 
|ax(t)|?= * (6) 
me hrwrn* 


In (6) wx is the natural frequency of the oscillator, 
and (6) gives us the probability that the field has gained 
or lost a quantum at time /. It is interesting to note 
that (6) can also be obtained directly from the Hamil- 
tonian (2), if we quantize the field but treat the electron 
classically, by not regarding P as an operator. 

We assume that the interaction gap is small and of 
length /. The interaction time 7 will be given approxi- 
mately by 

t=Im/| Pw}. (7) 


From Eq. (5) of I we have 


(E*)= (1/c2)pXAe’), p?=CV*=C(El)?. (8) 


For a resonator, (8) defines C. 
Making use of 6, 7, and 8, we can write Eq. (4) at 
time 7 in the form 


P sin(4wxwt)\? 
(Erx q| Epn) ( - ) ; (9) 
heC 


| ax«(r)|?= 
hwKnT 

We let wxv7r=8, where @ is the electron transit angle. 
Making use of the matrix elements for the quantum 
states of the field we obtain for (9) 


e psin}é PsN+1 
sccm ef T(), oe Ket, 
hwCl 40 2 


e fsin}é@ P/N 
—|° l(5). for K=N-1, (11) 
hwCl 46 2 


lax(r)|?=0, for KAN+1. (12) 


Expression (12) states that the exchange of energy 
takes place in one-quantum steps. Equation (10) is 
the probability that the field will gain a quantum from 
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the electron, and (11) is the probability that the field 
will lose a quantum to the electron. We assume that 
the experiment is so arranged that (9) is small and 
therefore only single-quantum exchanges are significant. 

Suppose that M electrons interact with the circuit, 
and that a sufficiently long time elapses between inter- 
actions so that the circuit can return to a state of 
equilibrium with the conductance. This will be the 
case if the current in the electron stream is very small. 
Under these conditions we will have |ax(r)|*x.w4i:M 
electrons lose a quantum, and |a@x«(r7)|*x.n-iM elec- 
trons gain a quantum. If an electron neither gains nor 
loses energy we can say that the electromotive force of 
the circuit during that interaction time was zero. If 
an electron gains or loses a quantum we can say that 
the electromotive force during that interaction time 
was V=hw/e. The mean squared noise voltage for a 
circuit whose quantum number is V is 

Liv? 

(V?)(N)= 


hh? 


=—[|ax(r)|?xengit |@x(r)|?xon-1]M 
2M 


4 


hw sin}0\? 
w+4)/ . ): 
C 40 


(13) 


If we consider an ensemble, the ergodic theorem 
guarantees that the measured value at temperature 7 
will be the ensemble average. The ensemble average of 


N is 
> NV expl— (V+})hw/kT] 
a > v expl — (V+ })hw/kT ] 


Ay 


1 
= . (14) 
exp(hw/kT)—1 


Inserting (14) into (13) we obtain 


lf hw hw sin}0\? 
Vu=—| ma I( ). (15) 
CL2 exp(hw/kT)—1 40 


If the transit angle @ is small, (15) becomes 


1 fhw hw 
CL2_ exp(hw/kT)—1 


(16) 


A circuit, and a cavity, will have many modes. An 
experiment can be so arranged that the only electrons 
studied are those with energies between values Emax 
and Emin. This limits the number of modes considered 
to a definite number, namely those of frequency lower 
than wmax= (Emax—Emin)/h, because we are consider- 
ing one-quantum processes. The modes of frequency 


FLUCTUATION NOISE 


217 


higher than the lowest mode can be made to have a 
very small contribution because the transit angle will 
be large and the factor (sin}@/}@)? appearing in (15) 
will be very small. 

Accordingly we say that the contribution of all modes 
other than the principal mode can be made very small. 
We see that (16) agrees with (1) and that the electron 
stream provides a means for precisely measuring the 
mean squared electromotive force (including quantum 
effects) as given by (1), provided the transit angle is 
small. 


CONCLUSION 


We have studied the random changes of velocity of 
an electron stream interacting with a damped oscillator. 
The vacuum fluctuations are directly observable as 
noise in the electron stream if the circuit is at low 
temperature. 

One might wonder why the vacuum (radiation) fields 
outside of the circuit do not also contribute to the zero 
point electron stream noise. The radiation fields outside 
do not contribute because a free electron cannot radiate. 
This is well known and results from the fact that the 
conditions of conservation of energy and conservation 
of momentum cannot be simultaneously satisfied. The 
electron can exchange energy with the fields of the 
circuit because during the interaction time the electron 
is not free. Its momentum is not precisely known 
during the interaction time, because its position is 
known to be localized in the interaction gap. The 
electron can therefore undergo spontaneous emission to 
the circuit, even if the circuit is in its lowest state. 
This loss of energy by the electron is a purely random 
process and therefore contributes to the noise. This is 
the origin of the zero point noise contribution in this 
case, 

A factor which must be considered in doing a low- 
temperature noise experiment, is the noise (such as 
shot® noise), present in the beam before interaction 
with a resonator. The amount of this noise will depend 
on the manner in which the beam is prepared. The 
uncertainty principle does not preclude preparation of 
a low-current beam in which the electron velocities are 
closely grouped within a range substantially less than 
the velocity increment due to loss of a high-frequency 
microwave quantum. The vacuum fluctuation noise 
could be observed in the random changes of velocity 
of the electrons, after interaction. In any case, it is 
not essential that the noise in the electron beam before 
interaction, be less than the vacuum fluctuation noise 
This is because the latter noise can be observed as an 
increment in the noise already present. Somewhat 
similar procedures are employed for temperature meas- 
urement by microwave radiometers.’ 


6 W. Schottky, Ann. Physik 57, 541 (1918). 
7 R. H. Dicke, Rev. Sci. Instr. 17, 268 (1946). 
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Extension of Onsager’s Theory of Reciprocal Relations. I 


S. R. pe Groot anp P. Mazur 
Institule for Theoretical Physics, University of Leyden, Leyden, Netherlands 
(Received December 8, 1953) 


A generalization of Onsager’s proof for reciprocal relations between irreversible processes is developed 
in such a form that it can be used for vectorial and tensorial phenomena. This is achieved by means of an 
extension of the fluctuation formalism used by Onsager. 

The method is applied to heat conduction, diffusion, viscosity, and cross-effects in anisotropic systems, 
and reciprocal relations are derived for these phenomena, 


1, INTRODUCTION 


NSAGER' has established reciprocal relations 

between irreversible phenomena which he derived 
from the property of microscopic reversibility. These 
relations have found a wide field of application in the 
thermodynamics of irreversible processes.” * 

However, as Casimir‘ pointed out, Onsager’s proof is 
strictly valid only for scalar phenomena, As a matter 
of fact Onsager assumes that the irreversible fluxes can 
be considered time derivates of thermodynamic state 
variables. This is correct for scalar processes such as 
chemical reactions and relaxation phenomena, but not 
for vectorial processes (such as heat conduction, diffu- 
sion and electrical conduction) and tensorial processes 
(such as viscous flow). 

Cusimir* has proposed a method to avoid this diffi- 
culty, on which he has elaborated for the case of heat 
conduction in anisotropic crystals. This method can 
briefly be described as follows. Equations are established 
for the regression of an infinite number of local temper- 
ature fluctuations. To this set of equations the ordinary 
Onsager scheme can be applied since the “fluxes” are 
now indeed time derivatives of state variables (here 
the ju ai temperatures). In particular, reciprocal rela- 
tions between corresponding irreversible processes 
(Onsager relations) are found. However, these relations 
are only an intermediate result, since the equations 
used are not identical with the ordinary macroscopic 
Fourier law of heat conduction. Only by means of a 
subsequent mathematical treatment was it possible to 
find the implications of the intermediate Onsager rela- 
tions on the properties of the heat conduction tensor. 
In the derivation, constancy of the density of the 
system (i.e., absence of motion) was assumed. 

The present authors® have applied a similar method 
to electrical and heat conduction in the presence of a 
magnetic field. 

In this paper a different method is developed, which 
avoids the complications inherent in the approach 
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outlined above. The method consists of a generalization 
of Onsager’s original proof and enables one to derive 
directly reciprocal relations for irreversible processes of 
vectorial or tensorial nature. 
2. FLUCTUATION THEORY 

We consider an adiabatically insulated system. The 
thermodynamic state of the system is described by 
variables A;, Ao, --:, Am Which are even functions of 
the particle velocities, and variables Bn4;, Bayo, -**, Ba 
which are odd functions of the particle velocities (the 
B-type variables, or their divergences, may be time 
derivatives of A-type variables: see also Machlup and 
Onsager and Secs. 6 and 9). All variables are continuous 
functions of space and time coordinates. For conveni- 
ence the system will be divided into a number of cells 
of volume V*, in which the thermodynamic variables 
may be considered as uniform (here » numbers the 
cells). The deviations of the state variables from their 
equilibrium values are denoted by 


aXt=AY—(A)equ, (¢=1,2, ---, m) (1) 


Bu*= Be— (Be*)equy (R= m+1, m+2,---,n). (2) 


The deviation of the entropy of the system from its 
equilibrium value is given by the quadratic form 
AS=—4)0 4. V*V"(Di. 5 gij*’a"B;" 
+ don, 1 Ae’Be"Br’). (3) 

Since the entropy is an even function of the particle 
velocities no cross-terms between a and £6 variables 
appear in the expression (3). The probability distribu- 
tion for the a,“ and the 6,“ is expressed by 


P [I da,“dBy* = exp(AS/k) TT] darpur | 
" 


,i,k w,i,k 


f ' » fexpias k) [] dadBy*. (4) 
pi,k 


The following linear combinations of parameters are 
introduced : 


X#= (V*)0AS/da*=+>, VD; gij"’as’, (5) 
Y,"= (V4) 19AS, 0B," = —>, VS Aa” r. (6) 


6S. Machlup and L. Onsager, Phys. Rev. 91, 1512 (1953). 
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A number of averages, which will be used later on, 
can easily be found with the help of (4), (5), and (6): 


(eus#(t)X,"(t)) w= — 8 ,,8,,/V, (7) 
(By*(t) V1" (t)) ny =— kb, 6,, V+, 


Average values of products of a- and 8-type variables 
always vanish. 

Passing to the limit of continuous variables, the 
indices w and vy of (7) and (8), which indicate the cells, 
can be replaced by r and r’, which denote space coordi- 
nates, whereas the last two factors of (7) and (8) 
combine into a Heaviside-Dirac 6 function. Conse- 
quently (7) and (8) become 


(ai (r,t)X ;(t',t)) w= kb; 6(r—r’), (9) 


(Bx (r,t) V(r’ t)) w= — kbp (e—1’). (10) 


From (9) and (10) one can immediately derive the 
formulas 


(aj (r,£)Q(r’)X 5(8’,0)) w= -- Rb Q(e')b(r—v’), (11) 


(Bx (r,t)Q(2’)V i(2',t)) w= — Rb Q(e’)6(r—e’), (12) 
where {2(r) is a differential operator of the general form 


Q(r) = + a8 2p, 4, .(r)o” rere Ox, PAX240X3°. ( 13) 


The coefficients a,,,,, are independent of the state 
variables a and 6; the cartesian coordinates are denoted 
by 1, %2 and x3. 

The formulas (11) and (12) will serve as an extremely 
useful basis for the straightforward derivation of the 
reciprocal relations amongst phenomenological coeffi- 
cients. 


Remark 


It may be noted that with (5) and (6) the time 
derivative of (3) (entropy production per unit time) 
can be written as 


d(AS)/dt=>, V*(Diia"X4+-Ce BV"), (14) 


or 


U(as)/dt= f(LealX+E, Bx(r)Ve(r)}dr, (15) 


in the limit of infinitely small cells. 


3. MICROSCOPIC REVERSIBILITY 


As a result of the property of time reversal invariance 
of the equations of motion for individual particles, the 
a and 8 variables’ satisfy the following relations: 


(16) 
(17) 
(18) 


(a; (r,t)a;(r’ t+ 7)) w= (a; (r’ tas (0,t+7)) mv, 
(ari (1,t)Bx (0 t+ 7)) w= — (Be (0 ai (r,t+ 7)) mv, 
(Be (r,t)Bi(r' t+ T)) w= (B:(r’ t)Be (r,t+ T)) me 
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From these three relations it follows that 

(19) 
(20) 
(21) 


(ees (1,t) (0/ At)ec;(t’ t)) = (ar; (0b) (0/ Ot)axs (8,0) ww, 
(ce; (8,t) (0/t)B, (8’ ,t)) w= — (Bx (8’,t) (0/ At)axs (r,t) a, 
(Bx (4,t)(0/Ot)Bi (r,t) w= (Br(r’,t) (0/00) Bx (r,t) mw. 


Of course the time derivative in the last three relations 
should be interpreted on a microscope scale as a differ- 
ence quotient ;* however, for all practical macroscopic 
purposes this quotient can be considered as a real 
derivative. 

For simplicity’s sake we have not taken into con- 
sideration the influence of a magnetic field® or a rotation 
of the system on relations (16)—(18). 


4. ENTROPY PRODUCTION IN LOCAL FORM 


In order to apply the results derived so far to the 
actual physical processes, the macroscopic thermo- 
dynamical theory”* of these phenomena must first be 
recalled (in this section and the following). Let us 
consider a system of m components in which the phe- 
nomena of heat conduction, diffusion and viscous flow 
and their cross-effects may occur. The system may also 
be subject to external conservative forces. The entropy 
production can be calculated from the fundamental 
laws of macroscopic physics. In the case under con- 
sideration these laws are: 


The Mass Laws’ 


pdc,/dt= —divJ,, (k= | > ae) (22) 


where p is the density, c, the mass fraction of component 
k (3° cx=1), and J, the diffusion flow of k with respect 
to the center of mass motion (>-, J,=0). Furthermore 
we have 


pdv/dt= divy, (23) 


with v=p"', the specific volume, and v the barycentric 
velocity. In both Eqs. (22) and (23) d/dt stands for the 
substantial time derivative with respect to the center 


of mass motion 
d/dt= /dt+v- grad. (24) 


With (24) the formulas (22) and (23) can alternatively 
be written as 

Op, /dt= — div(p,v) — divJ,, (25) 
dp/dt= —div(pv), (26) 
where px=cxp is the density of component &. 


The Momentum Law 


pdv/dt= - DivP+>. peF,. (27) 


Here F, is the external conservative force per unit 


7 For vector notation used here, see the Appendix. 
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mass acting on component k: 
F,.= : 
where w, is the potential energy per unit mass of 


component k. The pressure tensor P can be split into 
two parts 


gradw,; with dw,/dt=0, (28) 


P= pb+T, (29) 


where 6 is the unit tensor, p the hydrostatic pressure, 
and II the viscous pressure tensor. 
With (24) and (26) one can write (27) alternatively as 


ag/dt= —Div(vg+P)+¥x Fi, (30) 


where g=pv is the momentum density. 


The Energy Law 


pde/di= — divJ,, (31) 


where ¢ is the specific total energy and J, the energy 
flow. These are given by 


e=u-t bv?+ D CKWk, (32) 


j.=J, +v- P+ om WS, (33) 


with « the specific internal energy and }v* the specific 
kinetic energy. Relation (33) defines the heat flow J,. 

The first law of thermodynamics is found from (31) 
with (23) and (27) 


pdu/dt= —divJ,—P:Gradv+>-y Fi-Jk. (34) 


Introducing the internal energy per unit volume u,= pu 


and applying (26), Eq. (34) can be written as 


du,/#t= —div(u,v+J,)—P: Gradv— Soy Fee Jk. (35) 


Gibbs’ Law 


Tds/dt=du/dt+ pdv/dt— >", uydc,/dt, (36) 


where 7 is the temperature, s the specific entropy, p 
the hydrostatic pressure (we consider fluids, where the 
elastic stress tensor reduces to a hydrostatic pressure 
only), and uy the chemical potential per unit mass. 


Entropy Balance 


With the help of (22), (23), and (34), Eq. (36) can 
be brought into the form of a balance equation 
pds/di= —divJ,+<¢, (37) 

where J, is the entropy flow, 


J,= (Ja— Doe uede)/T, (38) 


and where the entropy production o follows from 
To=—J,:(gradT)/T+ Sou Ja: ( Pi—T grad (us/T)) 


—fI; Gradv20. (39) 
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The three terms on the right-hand side are the result of 
entropy production caused by heat conduction, diffu- 
sion, and viscous flow, respectively. 

Another useful form of 7c, which follows from (39) 
when the definition (38) of the entropy flow is used, is 
To= 


—J,-gradT—>, Jy-gradi,.—M: Gradv>0, (40) 


where the quantity 


Le = Ut Wk (41) 
has been introduced. 

Just as (35) follows from (34), one can write instead 
(37), 


0s,/dt= —div(s,v+J,)+o, (42) 


where s,=ps is the entropy per unit volume. 


5. THE PHENOMENOLOGICAL EQUATIONS 


The entropy production (39) or (40) is a sum of 
products of “fluxes” and so-called “forces” (or “‘affini- 
ties”). Linear relationships between these quantities 
can be established: these are called the phenomeno- 
logical equations. Choosing the quantities occurring in 
(40) one can write 

J.= 


—L,,:gradT— > L,x- gradjix, (43) 
k=l 


J.= - L,,:gradT — > Lex: ‘gradjix:, 
ke! =] 
,n) (44) 


$ 


DY Lij, mn(Gradv) mn; 


m, nel 


(i, j=1, 2, 3) (45) 


I= “ 


where i, 7, m and n indicate cartesian coordinates. 

We are not concerned here with cross-effects between 
vectorial and tensorial quantities, although such effects 
might exist in anisotropic media. The present formalism 
could of course be easily extended to such a case. (In 
isotropic media these cross-effects do not exist according 
to the so-called Curie principle.) 

The quantities L,,, Lex, Les and Lew (k, k’=1, 2, 

-, m) are tensors (of the second order). Certain 
relationships between these phenomenological coeffi- 
cients exist, since not all fluxes and forces are inde- 
pendent. From >>; J,=0 it follows that® 


-,m); (46) 


> Lu=0, ¥ Ler=0, (&’=1, 2, -- 
k=l k=] 


5 Ly.=0, SL=0. (W’=1,2,--+,8). (47) 
k=! kel 


Thus (43) and (44) can be rewritten with independent 
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fluxes and forces: 


n—l 
J,=—L,,-gradT— > Lyx grad(f—fn), 
k=l 


n—1 
Jc= — Ly: gradT— Y Lyy- grad (jix:— fin). 
ki’ 


(k=1,2,---,m—1). (49) 
In (48) and (49) we are left with n*? phenomenological 
tensors (that is 9n? phenomenological coefficients). 

Let us now discuss the phenomenological equations 
(45). In the most general case the viscous pressure 
tensor II has 9 independent components. We shall be 
concerned here, however, with the case usually con- 
sidered of a symmetric tensor II, which has six inde- 
pendent components. Then in (45) only (Gradv)*, i.e., 
the symmetric part of (Gradv) remains. Rewriting 
(45) for this case, we have 


3 
x L(ij)(mn)(Gradv) (ma); (50) 


m,n 2) 


Ioa= — 


where the notations (ij) and (mn) indicate the sym- 
metrical character in the indices between brackets. 
Consequently we are left with 36 phenomenological 
coefficients Lyj)¢mn), instead of the 81 coefficients 
Lij.mn from (45). [When (Gradv) and If are brought 
to principle axes together, only 9 phenomenological 
coefficients are left. ] 


6. ENTROPY PRODUCTION IN TERMS 
OF FLUCTUATIONS 


In order to apply the theory outlined in Secs. 2 and 3 
to the phenomena described in the foregoing, one must 
proceed as follows: the change of an insulated system 
which in formula (3) was expressed in terms of arbitrary 
parameters « and 8, must now be specified as a function 
of the variables which determine the actual physical 
state of the system considered in Secs. 4 and 5. 

The change of entropy per unit time of the whole 
system of volume V is 


dS/dt= fies. ot)dV. (51) 


v 


The local change of entropy 0s,/0¢ can be expressed 
in terms of other state variables by means of the 
Gibbs’ relation (36). This relation is valid along the 
center of gravity motion.* In the case under consider- 
ation (isolated system), this motion is a fluctuation. 
This means that in the Gibbs’ relation terms in v [see 
formula (24) ] are of higher order than the local time 
derivatives, and may therefore be neglected.’ Conse- 
quently we can write 

T ds/dt= du/Ot+ pdv Ot— >> x wxdc,/ dt, (52) 


51. Prigogine, Physica 15, 272 (1949). 
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or alternatively, since }>y ciuer= u— Ts+ pr, 
Tds,/dt= Ou,/dt— > ¢ wrOp,/ dt. 
Introducing (53) into (51) we obtain 
dS/dt= fr 1(Ou,/Ot—>-_ wrOp,/dt)dV, (54) 


which can also be written as 


dS/dt= fi — (AT, To) T—(Ou,/dt—>; MeOpe, ‘ot) 
+ To (Oty, ot— Ps MOD, ‘ab)}dV, (55) 


where AJ =7T—T>, and where we take for 7» the 
equilibrium temperature. The change of total energy 
E for the whole system follows from (32) 


dE it~ f (ou, at+> WOP Ot+ dhpv? Ot)dV. (56) 
y 


Introducing this expression and (53) into (55), one 
obtains 


dS/dt= Ty dE a— [7% '(AT0s,/dt 
y 


+ >> 5 GeOpr/dt+ A4pv?/dt)\dV. (57) 


For an insulated system (constant Z£) (57) can finally 
be written as 


Td AS/dt= ~ f (araas,/at 
\ 


+>", AfixOAp,/dt+ Av-dAg/dt)dV. (58) 
Here the symbol A indicates the difference of a quantity 
and its equilibrium value. Use has been made of the 
fact that at equilibrium all parameters are constant in 
time, 7 and yw, are uniform, and v vanishes. Further- 
more conservation of mass has been applied. In passing 
from (57) to (58) the difference between p and its 
equilibrium value po is immaterial, since third order 
terms in (58) are neglected. For this reason, =pv in 
(58) can be considered as pov. 

It may be remarked that the result (58) could also 
have been found from the volume integral of a (40) 
under the same conditions and approximations. The 
derivation of (58) given here is, however, simpler. 

It is clear that (58) is of the form (15), which is 
appropriate for the application of fluctuation theory 
(Sec. 2) and microscopic reversibility (Sec. 3). The 
variables As,(r), and Ap;(r) are of the a type, whereas 
the components of Ag(r) are 6-type variables. (The 
variables A7’, Ag, and the components of Av are the 
corresponding X- and Y-type variables.) 
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7. FLUCTUATIONS 
To these variables we apply the relations (11) or 
(12). This gives 


(As, (r)Q(r)AT (r’)) y= RT Q(0')5(r—1’), 


(As, (r)Q2(r Ape (r’)) y= 9, 
(As, (r)Q(r’) Av, (r’)) = 0, 


(Aps(r)Q(r' Afix: (0’)) w= RT bce Q(2’)b(r—r’), 


(Ap. (r)Q(r')AT (’)) ny 
(Ape (r)Q2(r’) An; (r’)) ny 


(Agi(r)2(')Av,(r’)) w= kT i j2(')5(r—r’), 


(Ag (r)Q(r')AT (r’)) = 0, 
(Ag (r)Q(r’ Ape (t’)) w= 9, 


where i,j=1,2,3 indicate Cartesian coordinates. 
Furthermore, there are no correlations between the 
B-type variables Av and Ag, and any combination of 
the a-type variables, because no cross-terms between 
a’s and @’s appear in expression (3). 


8. RECIPROCAL RELATIONS FOR HEAT CONDUCTION, 
DIFFUSION, AND CROSS-EFFECTS 


In order to derive reciprocal relations for heat con- 
duction diffusion and their cross-effects the following 
expressions of microscopic reversibility, which are 
examples of relation (19), are needed 


(As, (r)(0/0t) As, (1’)) y= (As, (4’) (0/ dt) As, (1) wv, (62) 


(As, (r)(0/dt) Ape (t’)) = (Ape (t’) (0/ dt) As, (4) wv, 


(k=1,2,---,) (63) 
(Ap (r’)(0/0t) Ape (r)) ay. 


(k, k’=1, 2, +> 


(Apx(r)(0/ At) Ap, (r’)) ay 


-,n). (64) 
Introducing into these relations the entropy balance 
(42), the mass laws (25), and the phenomenological 
equations (48) and (49), one obtains 


(As,[div’{ —s,’Av’+ L,,’:grad’AT’ 
n 1 

+ > Ly’ grad’ (Apx’ 
kel 


=(As,'[ div{ —s,Av+ L,,:gradAT 


Ag n)} +o’ aw 


n—1 


+ > Lyx-grad(Afizx—Afin)}+o])m, (65) 
k=l 
(As,[ div’ { — px’Av’+ Ly,’ :grad’AT” 


n—1 
+ ye Lux’ grad’ (Afix’’ Afin’)} ))m 
| | 
= (Ap,'[ div{ —s,Av+ L,,:gradAT 
n—l 
+ > Lex grad (Ape —Ajfin)} +o ])m, 


k’ =| 


(66) 
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(Apil div’{ —px-’Av’+ Ly,’-grad’AT’ 


n—1 


+ SY Lure’ grad’ (Ape — Afin’)} mw 
| ae | 


= (Apy'[div{ —p,Av+ L,,-gradAT 


n—1 
r 2B Lig grad(Ajfix--—Afin)} ])m, (67) 
he’! = 


where dashes indicate dependence on v’. 


relations occur the quantities 


In these 


(68) 
(69) 


SyAV=5S,’Av+As,Av, 
prAv=p,.’Av+ Ap; Av, 


where s,° and p,° are equilibrium values. 
Applying (59) and (60) to (65), (66) and (67) one 
gets 


div’{ L,,’:grad’6(r—r’')} =div{ L,,-gradé(r—r’)}, (70) 


div’{ L,,’- grad’6(r—r’)} 


n—1 


= div{ B | (bine —bkn) gradé(r—r’)}, 
hk’ =| 


n—1 


div’{ 30 Lickers Geu-—Sen) grad’6(r—r’)} 
| ae | 


n--l 


=div{ S> Lewes Gnu Sern) gradé(r—r’)}, (72) 
| ae | 


since averages of third order terms, e.g. (Ap;’As,AV)a 
or (As,o"), vanish. 

Eliminating the Kronecker 6’s and the 4 functions* 
from the preceding relations one finds 


DivL,,=DivL,,', (73) 


Lunt Lar! = Livt Les’, 


DivL,..=Divl;,', (k=1,2, ---,n—1) 


Leet Ler’ = Lie t+ Lie’, 


DivLixn=Divliw', (Rk, k'=1,2,-+--,n—1), (75) 
where the symbol ' indicates transposing of the Cartesian 
coordinates. With the convention of taking all phe- 
nomenological coefficients zero in empty space, and the 
fact that these coefficients do not depend on the shape 


of the sample it follows 


L..= Lee’; (76) 


Lu=Ly.', (k=1, 2, (77) 


-++,m—1) 


Lin = Li. (k, k’=1, 2, ---,n—1). (78) 


Taking into account (46) and (47), relations (77) and 
(78) are also valid for k, or k’, or both, equal to n. 
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The formulas (76)-(78) are the reciprocal relations, 
which we wanted to derive for the phenomena of heat 
conduction, diffusion and cross-effects in anisotropic 
media. 

The preceding theory could alternatively have been 
developed starting for instance from the form (39) of 
the entropy production, and corresponding phenomeno- 
logical equations and sets of variables in Secs. 6 and 7. 

Finally, we would like to make the following remark. 
It may at first sight seem surprising that relations 
(77) and (78) are found only for values of k and k’ up 
to n—1, whereas in the starting point (63) and (64) 
they could also be equal to m. This can be understood 
because effectively one of the relations (63), and 2n—1 
of the relations (64) yield no information. From (64) 
for instance it is seen by summing over k, k’ that one 
obtains 


(Ap(r)(0/dt)Ap(r’)) m= (Ap(r’)(0/dt)Ap(r))w. (79) 
Substituting (26) into this last relation this gives 
(Ap div’Ag’) y= (Ap’ divAg)y. (80) 


According to the argument at the end of Sec. 7, both 
members of (80) vanish. Machlup and Onsager* have 
already discussed that correlations between a variables 
of the type (79) disappear when @ variables, related to 
the a’s in a way as expressed by (26), are necessary to 
describe the thermodynamic state of the system. 

9. RECIPROCAL RELATIONS FOR VISCOSITY 


Reciprocal relations for viscosity can be derived from 
the following expression for microscopic reversibility, 
which is an example of (21) 


(Ag, (r) (0/dt)Ag ;(1’)) = (Ag; (r’) (0/0t) Ag; (r))w. 
(i, j=1, 2,3). (81 
Substituting (30) with (29) and the phenomenological 


equation (50) into (81) we find 


3 @ 3 
(ae) 7 | -a0vag/+ >> L’ (3) (mn) 


l=1 Ox, mn=l 


1/dAv,’ DAr,’ n OApix’ 
SED 
2\ Otn' Oty’ k=l Ox; Fal w 


a 3 
~(ae/[X x i — Av,Agit+ > Lai) mn) 
l=1 Ox, 


m, n=l 
1/0Av, OAry» 
x (—"+ =) 
2\ O%m OX» 





n OAR, 
+Em(—) |). 2 
k= Ox; T Ay 


Here use has been made of 





> oxFi.—gradp= — ¥ pif grad(witux)}r 
k=l k=l 


=— D> ps(grada)r=— Dd pe(gradApe)r, (83) 


k=! k=| 
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in which the Gibbs-Duhem relation has been applied, 
and where the subscript 7 means constant temperature : 


ds px(gradAfix)r= dx px gradAg,—s, gradAT. (84) 

Since averages of third order terms vanish and since 
no correlations exist between a- and 8-type variables, 
we find from (82), with the help of (61) 





0 if 3 
pa eg [Lane 6;,6(r— r’) 
Umn Ox, 21 OX m’ 
0 
+--- snbte—r)} | 
Ox," 


0 1; 0 
= . pigs Bos , 5j,0(r—r’) 
L,m.n Ox; 21 0Xm 
0 
{ ind(e—r)] | (85) 


OXn 


Eliminating the Kronecker 6’s and the 6 functions, we 
find the following results: 


L (13) (nity + L nj) (14) -_ Ly (mi) + L (mi) (19) (86) 


> (0, OXm)L (13) (mi) = Dm (9, OXm)L (mi) (13): (87) 
With the convention that the coefficients vanish in 
empty space this gives 


(i, 7, l,m=1, 2,3). (88) 


L (ij) (mi) = 4(mi) (1j)+ 


These are 15 reciprocal relations amongst the 36 
viscosity coefficients. This leaves us with 21 inde- 
pendent coefficients. 

It can be noted that in isotropic media one has two 
independent viscosity coefficients, but no reciprocal 
relations. 


10. CONCLUDING REMARKS 


In the preceding sections, reciprocal relations (76) 
(78), (88) have been derived for vectorial and tensorial 
phenomena in continuous systems. In this way general 
results have been found for heat conduction, diffusion, 
viscosity and cross-effects in moving media. However, 
we did not include chemical reactions and other scalar 
phenomena into the considerations, since Onsager’s 
formalism can be applied to these effects without any 
extension of the theory. Furthermore, only conservative 
external forces have been taken into account, which 
means that electromagnetic phenomena have not been 
dealt with. This will be done in a subsequent paper. 


APPENDIX ON NOTATION 


We use essentially the Milne system of tensor 
notation.’ The exterior product of an ordered pair of 


*L. Rosenfeld, Theory of Electrons (North-Holland Publishing 
Company, Amsterdam, 1951). 
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vectors a, b is a tensor 


T= ab, components: T in = ayby. (89) 


The divergence of a tensor and the gradient of a vector 
are written as 
DivT, components: (Div7);=}°4(0/0x)T%:, (90) 


Grada, components: (Grada) = (0/0x,)ak. (91) 


The interior products between a tensor and a vector 
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are denoted by 
(T-a):=> T xd, (92) 


(93) 


T-a, components: 
a-7, components: (a-7);= >> x ax7'4. 


Finally, 


Tr: U=) i. TiV ei (94) 


is the interior product of two tensors, T and U, con- 
tracted twice. 
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Extension of Onsager’s Theory of Reciprocal Relations. II 


P. Mazur ANnv S. R. pE Groor 
Institute for Theoretical Physics, University of Leyden, Leyden, Netherlands 
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The extension of Onsager’s theory of reciproca! relations between irreversible processes, developed 
previously by the authors, is applied to electric conduction in anisotropic crystals, and the symmetry 


properties of the conduction tensor are derived. 


1, INTRODUCTION 


N a previous paper' the authors have extended 

Onsager’s theory for reciprocal relations between 
irreversible processes in such a way that it could be 
directly applied to vectorial and tensorial phenomena 
(see I, Sec. 1). Results were obtained for heat conduc- 
tion, diffusion, viscosity, and cross effects. It was 
assumed that external forces, taken into account, were 
conservative. Thus electromagnetic irreversible phe- 
nomena were not treated. It is the purpose of this paper 
to apply the general theory outlined in I, Secs. 2 and 3 
to electromagnetic We shall consider the 
case of electric conduction in anisotropic crystals at 
uniform temperature. In Secs. 2 and 3 the macroscopic 
phenomenological theory of electric conduction is 
developed. In Sec. 4 we then derive an expression for 
the entropy production in an energetically insulated 
crystal in terms of local fluctuations of state variables, 
as required for the application in Secs. 5-7 of the 
formalism from I, Secs. 2 and 3. In such a way the 
symmetry properties of the conduction tensor are 
derived. 


processes. 


2. ENTROPY PRODUCTION IN LOCAL FORM 


Let us consider a system, consisting of a rigid ion 
lattice and of electrons, in an electromagnetic field. 
The entropy production can be calculated as follows: 

Charge conservation is expressed by 

Op,/ a= —divi, (1) 


'S, R. de Groot and P. Mazur, preceding paper [Phys. Rev. 
94, 218 (1954) ], referred to in the following as I 


where p, is the electrical charge density, and i the 
electric current. 
Conservation of energy can be written as 


de,/dt= —divJ,, (2) 


where e, is the density of total energy and J, the energy 
flow. These are given by 


€, = uy +} (E*+ B’), (3) 
J.=J,+cEXB, (4) 


with , the density of internal energy, }(E*+ B?) the 
density of electromagnetic energy (E is the electric and 
B the magnetic field), and cEX B the Poynting vector. 
Relation (4) defines the heat flow J,. Subtracting 
Poynting’s theorem 


40(E?+ B*)/at= —divcEX B+i-E, (5) 
from (2) one obtains the equation for the internal 
energy 

6u,/dt= —divJ,+1- E. (6) 
Furthermore, we need the Gibbs’ equation 
Tds,/dt=du,/dit—>-, urdp,/dt, (7) 


where 7’ is the temperature, s, the density of entropy, 
ux and p, the chemical potential per unit mass and the 
density of component & (ions or electrons). The time 
derivatives in this equation are substantial derivatives 
with respect to the center of mass motion. Taking the 
velocity of the ion lattice zero we can neglect the center 
of mass motion, because the ions are heavy as compared 
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to the electrons. We have then instead of (7): 
T9s,/d1= du,/dt— (u/e)dp./ dt, (8) 


where u is the chemical potential and e the charge per 
unit mass of the electrons. We have taken into account 
the fact that the density of the ions is constant (p, is 
the electrical charge density due to both electrons and 
ions). 

In accordance with the approximation made above 
no equation of motion is needed, whilst no convection 
terms occur in (4). 

From (1), (6) and (8) the entropy balance equation 
can be derived 


ds,/dt= —divJ,+c, (9) 


with the entropy flow 


J,=(J,—in/e)/T, (10) 
and the entropy source o from 
To= —J,-(grad7)/T+1i-{ E—T grad(u/Te)} 
= —J,-gradT+i- { E—grad(u/e)} >0. (11) 
At uniform temperature (11) reduces to 
To=1i-{ E—grad(u/e)} 20. (12) 


Expressing E in the electromagnetic potentials g and A 


E=—gradg—c'dA/dt, (13) 
(12) becomes 
To= —i-{grad(f/e)+c'd A/dt} 20, (14) 
where 
f=puteo (15) 


is called the electrochemical potential of the electrons. 


3. THE PHENOMENOLOGICAL EQUATION 


With the flux and the force occurring in (14) we can 
establish the linear relationship 


i= — L(B)-{grad(f/e)+c"'dA/dt}, (16) 


which is Ohm’s law. Here L(B) is the electrical con- 
ductivity tensor which can be a function of the mag- 
netic field strength B. This equation can alternatively 
be written as 

c0A/dt= — grad(a/e)— R(B)-i, (17) 
where R(B)= L~'(B) is the resistivity tensor. 


4. ENTROPY PRODUCTION IN TERMS OF 
FLUCTUATIONS 


The entropy production d,S/d? of the whole system, 
kept at uniform temperature, can be found by inte- 


RECIPROCAL 





225 


RELATIONS. II 


grating (14) over the volume of the system, 


d,S/dt= —T ‘fii {grad(f/e)+cdA/dt}dV 
y 


=—T fe (i/e)dp./dt+i-cdA/dt}dV 
v 
—7- f Gai ‘e)-dQ, (18) 
a 


where (1) has been used and Gauss’ theorem applied. 
The last term, which is an integral over the surface Q, 
vanishes when the system is materially insulated (i 
vanishes at the surface). 

If furthermore the system is also insulated for heat, 
it follows from the volume integral of (9) with (10), 
and from (18) that the change in the entropy of the 
whole system with time is 


dS/dt= —T f ((a/e at+i-cOA/at}dV, (19) 
- 


or, taking into account that at equilibrium 4 is uniform, 
i vanishes and all variables are constant in time, 


dAS/dt= —T fe (Api/e)dAp,/dt 
y 


+Ai-c@dA/dt}dV, (20) 
where conservation of charge has been applied, and 
where the symbol A indicates the difference of a quan- 
tity and its equilibrium value. We have obtained the 
change of entropy as a function of fluctuations of local 
state variables. It has the form (I, 15) required for the 
application of the formalism derived in I, Secs. 2 and 3. 
However, this formalism is based on the consideration 
of an energetically insulated system. It is therefore 
necessary to investigate whether such a condition 
leaves expression (20) unmodified. For this purpose 
let us write down the law of conservation of energy for 
the whole system which follows from (2), (3), and (4): 


(d dt) { waV+( dt) [ (B+ B’)dV 
Vv Vv 


=~ [3yaa~c { (BXxB)-da. (21) 
2 2 


Energetic insulation means that no energy fluxes enter 
through the limiting surface, i.e., both terms on the 
right-hand side of (21) vanish. The fact that the heat 
flow J, must vanish at the boundary has been used 
already as a sufficient condition to obtain formula (20). 
On the other hand electromagnetic insulation of the 
system, i.e., vanishing of the last term of (21), is 
impossible since varying charges and currents give rise 
to energy changes in free space. Therefore, energetic 
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insulation must imply here the constancy of a quantity 


[wav fre + B’)dV, 


V 


(22) 


where the first integral is taken over the material 
system, and the second is to be extended over the whole 
of space. Of course the material system must contain 
all relevant sources of electromagnetic fields. If now 
the fields vanish sufficiently rapidly at infinity 


( (ex B)-dQ 


vanishes and constancy of (22) is achieved. 


5. FLUCTUATIONS 


In formula (20) we have the variables Ap,(r) of the 
a type, whereas the components of AA(r) are of B-type 
variables (see I, Sec. 2). They are continuous function 
of space coordinates r. The quantities A(f/e), and the 
components of Ai are the corresponding X- and Y-type 
variables. The variables Ai and Ap, are connected by 
Eq. (1). 

The relation (I, 11) and (I, 12) read for these vari- 


ables 
kTQ(r’)b(r—r’), 
(¢=1, 2, 3) 


(Ap, (r)Q(r’)Ap(r’)/e) ay 
(23) 


(Ap. (r)Q(r’) Ai; (r’)) w= 9, 
(AA, (r)Q(0') Ai; (r’)) w= RTQ(e')6,6(e—8’), 


(i, 7=1,2,3)$ (24) 


(AA, (r)Q(r')Afi(r’)/e)w=0, (i=1, 2, 3) 
where i and 7 indicate the Cartesian coordinates. 
6. MICROSCOPIC REVERSIBILITY 
Microscopic reversibility can be expressed as follows 
(Ap. (r)(0/dt)Ap,(r’)){ B,B’} 
= (Ap,(r’)(0/dt)Ap.(r))»{ — B,— B’}, (25) 


(Ap.(r)(0/dt)AA «(r’)) wf B, BY} 


= —(AA;(r’)(8/dt)Ap.(t))u{ — B,— B’}, (26) 


(AA ;(r)(0/dt)AA ;(r’))»{ BL B’} 

= (AA ,(r’)(0/dt)AA ;(r))w{ — B,— B’}, (27) 
which are examples of (I, 19), (I, 20), and (I, 21) 
respectively. With time reversal, i.e., all particles re- 
tracing their path, the magnetic field reverses its 
direction everywhere. In formulas (25)-(27), B and B’ 


So Ks’ S2"Gaootrt 
indicate the magnetic field strengths at the positions 
r and r’, where the averages are performed. 


7. RECIPROCAL RELATIONS FOR ELECTRIC 
CONDUCTION 
In order to derive reciprocal relations for electric 
conduction in anisotropic crystals, we insert the law of 
conservation of charge (1) and the phenomenological 
equation (17) into the expressions for the microscopic 
reversibility (25)—(27), 


(Ap. div’ Ai’) = (Ap,’ divAi)w, (28) 


(Apef (0/0x,;')Ap/e+>. ; Ri; (B)Ai;’}) 0 
= —(AA/S. ;(8/0x,)Ai,)m, 


(AA if (0/0x;)Ap/et+ doe Ry’ (B Ain} nv 
= (AA j'{ (0/dx,)Ap/e+ x Rix(— B)Aix})w. 


(29) 


(30) 


With the (23) and (24) we find that both members of 
(28) vanish, whereas (29) and (30) become 


(31) 
(32) 


(0/dx,’)6(r—r’) = —> ; 6;;(0/0x,)5(r—r’), 
ar Rx (B’)b,5(r—r’) =>>, Ru(- B)6.5(r—r’). 


Eliminating the Kronecker 6’s and the 6 functions, 
(31) gives an identity whereas (32) yields the result 


R;;(B) = R,;(— B), (33) 
or,-in matrix notation 
R(B)=R'(—B), 


where the sign ' indicates the transpose matrix. Formula 
(34) is the desired result for the symmetry properties 
of the electrical resistivity tensor. 

We may remark that (25) did not lead to any result, 
since both terms became identically equal to zero [see 
(28) ]. Such a behavior for a correlation between a-type 
variables, when 6-type variables, related to the a’s, are 
taken into consideration for the description of the 
system, was also found in I, Sec. 8 and was first noted 
by Machlup and Onsager.’ We have also seen that (26) 
leads to no physical result [see (29) and (31) ] since it 
is an identity. This means that a correlation between 
a variables and a related 8 variable is identically equal 
(but with opposite sign!) to the correlation between 
this 8 and this a. Or in other words, the property of 
microscopic reversibility is identically satisfied in this 
case. The complete result (34) is obtained from relation 
(27) alone. 

The authors are indebted to Dr. R. Fieschi for some 
useful comments. 


(34) 


2S. Machlup and L. Onsager, Phys. Rev. 91, 1512 (1953). 
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Photomultiplier and oscillographic study of positive breakdown streamers yields values of current and 
distance of tip advance as a function of time. From these the relatively constant number » of excess positive 
ions left behind by the streamer per cm advance and the tip velocity 2 are obtained. These are related to 
the linear electron density m. per cm of streamer channel plasma and the electron drift velocity », in the 
channel by n,0.= nv, with 2,>%¢. Since v, is related to the gradient X, in the channel by well-known drift 
velocity data, it is possible to limit the range of values of nm, and 2v,. The limiting conditions are that n,>n, 
So?X dx<V,z, where V, is the applied potential, and finally that Y. must be sufficiently large to maintain 
the channel conducting despite dissociative recombination and dissociative attachment losses. In longer 
channels heating cannot be neglected. The dense positive space charge left behind by the electron current 
in the ionized channel of radius R causes a radial expansion of the excess space charge to a radius R’ by 
incoming electron avalanches leading to a broad transient luminosity for some distance behind the tip. 
The tip and the conducting channel taking the return stroke, however, retain their small radius R. 


HE streamer mechanism of breakdown leading to 

filamentary sparks initially proposed by H. 
Raether and independently by J. M. Meek and the 
writer, has been generally fairly well established through 
the observations of Lawrence and Dunning‘on,' 
by Raether* for uniform field geometry and by the writer 
and his students in corona studies, and by Allibone and 
Meek’ and Meek and Saxe‘ in point to plane impulse 
breakdown. The studies of Fisher’ and his associates 
and Bandel® in the writer’s laboratory have shown that 
while very near threshold the breakdown starts as a 
low-order Townsend discharge with photoelectric libera- 
tion at the cathode, the eventual filamentary spark 
comes from a streamer breakdown in the space-charge 
distorted gap. Thus while in plane parallel geometry the 
threshold for breakdown is set by that for a Townsend 
discharge, the mechanism at all times is a streamer 
mechanism. In overvolted plane parallel gaps and in 
all asymmetrical gap breakdown the breakdown begins 
with streamer formation, and in some cases the sparking 
threshold is set by the threshold for a streamer 
formation. 

While both anode and cathode directed streamers 
occur in midgap breakdown with heavily overvolted 
plane parallel gaps, by all odds the most effective 
streamer process, in virtue of its conservative nature, is 


* Some of the investigations underlying this paper were sup 
ported by the U. S. Office of Naval Research and by the Research 
Corporation of America. 

1E. O. Lawrence and F. G. Dunnington, Phys. Rev. 35, 396 
(1930). 

2H. Raether, Ergeb. exakt. Naturwiss. 22, 86 (1949); H. 
Raether and E. Flegler, Z. tech. Phys. 16, 436 (1935); Z. Physik 
a 315 (1936); 104, 219 (1936). H. Raether, Z. Physik 112, 463 

1939). 

*T. E. Allibone and J. M. Meek. Proc. Roy. Soc. (London) 
A166, 97 (1938); A169, 246 (1938). 

‘J. M. Meek and R. F. Saxe, Nature 162, 263 (1948); Allied 
British Industries and Research Association Report, Section 
L-Dielectrics in General, Reference L/T 183 (unpublished). 

5L. H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951); 
G. A. Kachickas and L. H. Fisher, Phys. Rev. 82, 318, 519 (1951); 
88, 878 (1952); 91, 775 (1953). 

®H. W. Bandel, Phys. Rev. 93, 649(A) (1954). 


the cathode-directed positive streamer. It is a study of 
the more detailed properties of this streamer process 
that forms the basis of this paper. 

Such streamers have been studied in the positive 
point stepped leader strokes of lightning discharges 
by McEachron,’ in the positive point-to-plane impulse 
breakdown streamer by J. M. Meek and R. Saxe, and 
recently for the preonset positive corona streamers by 
Amin® in the writer’s laboratory. These studies yield 
certain quantitative data from which the inferences in 
this article derive. 

In brief the mechanism of the streamer process is as 
follows: Assume that near the anode the geometrically 
determined field distribution, and the density and 
mean free path of gas ionizing photons created by the 
avalanche are adequate. Then the arrival of one ade- 
quate electron avalanche, or a suitable convergence of 
avalanches at the anode, leading to a limiting accumula- 
tion of positive ion space charge density and a sufficient 
number of active photons, permit a streamer to start. 
Under these conditions the vector addition of the space 
charge field and the initiating anode gradient are such 
as to cause the photoelectrons generated by the ava- 
lanches to initiate new avalanches along the field axis 
as these converge on the space charge. Thus the space 
charge will propagate itself outward towards the 
cathode as a positive streamer. The important factors 
in the advance are adequate photon density, the 
strength of the space charge tip field, and its extent 
relative to the photoionizing free path. The idealized 
quantitative threshold for such a process has been 
derived by the writer and Wijsman.* 

If the streamer tip field is maintained adequate by 
current supply from the anode and by appropriate field 
conditions in the gap, it will advance across the gap to 


7K. B. McEachron, J. Franklin Inst. 227, 149 (1939); also, 
personal communications between B. F. J. Schonland and L. B. 
Loeb, February 21 to August 11, 1952. 

*M. R. Amin, J. Appl. Phys. 25, (1954). 

*L. B. Loeb and R. J. Wijsman,J. Appl. Phys. 19, 797 (1948), 
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the anode with its relatively dense plasma of electrons 
and positive ions. At the point of juncture of the 
streamer with the cathode, the steep potential gradients 
resulting cause a wave of ionization to move from 
cathode to anode along the streamer plasma channel. 
This wave, called the return stroke in lightning and 
observed by Meek and Saxe in long sparks and in this 
laboratory on short ones, progresses with velocities up 
to 10" cm/sec, the velocity depending on the potential 
gradient at juncture and electron density in the plasma. 
It increases the existing ion densities of the order of 10" 
electrons/cm* in the streamer channel to the 10'’ or more 
corresponding to total ionization characterizing the 
brilliant filamentary spark. 

In what follows, it is our intention to discuss the 
conditions in the streamer during the advance from 
anode to cathode. In Fig. 1 is shown the potential fall 
along the streamer channel in a gap with a streamer 
that has nearly crossed the gap. The dashed curve A 
is a pictoralization of the concept which has generally 
been assumed under varying conditions. Here the 
plasma is considered very highly conducting, and ca- 
culations for example have been made as to the fields 
ahead of lightning stroke channels assuming it to be 
equipotential with the anode. Actually the measure- 
ments of Meek and Saxe‘ indicate a considerable current 
flow as streamers cross a 50-cm gap, so that for reasons 
to be given the actual conditions in the channel must 
be more like those shown in the solid curve B of Fig. 1. 
A further peculiar paradox appears in the observations 
of stepped leader strokes in lightning discharge, and in 
photomultiplier cell studies of streamers by Meek and 
Saxe. Here, while the actual observations of the diam- 
eter of return stroke channels in lightning show that it 
is small (20 cm and 0.3 cm, respectively), the diameters 
of the stepped leaders are some 10m and _ photo- 
multipliers show the streamers to have 20-cm diameter. 
Amin, on preonset streamers, observed shoulders of 
transient luminosity extending in time well beyond 
that of the sharply defined tip luminosity. While the 
advancing avalanche in Raether’s cloud track pictures 
has a certain small diameter, once the anode and cathode 
directed streamers start to advance in midgap break- 


voltage 
< 


potential 


Point 











x —eD 
Tip 
Distonce from anode 
Fic. 1. Potential V of the breakdown streamer channel as a 
function of distance x from the anode in a gap of length D. Dashed 
curve A as frequently depicted in the past. Full curve B as indi 
cated by observations of Meek and Saxe and Amin. 
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down of overvolted gaps, there is a sudden swelling of 
the condensed cloud to at least twice the original 
avalanche radius about such streamer tip, though the 
later actual spark channels are narrow. The interpre- 
tation of these contradictory observations constitute 
the purpose of this article. 

Experiment permits measurment of the time between 
initiation of the streamer at the anode (electrically 
indicated on the oscillograph) and its arrival at a slit 
normal to the streamer path and at a measured distance 
from the anode viewed by photomultiplier and recorded 
by oscillograph. The plot of distance-time curves at 
once yields the value of the tip velocity 1, at any point 
of streamer advance. Simultaneous measurement of 
current to the anode yields the current i at any dis- 
tance x from the anode, so that current and tip velocity 
can be related at that point. Meek and Saxe observed 
that, except at the start, current and tip velocity in- 
creased in proportion for gaps up to 50 cm as the tip 
advanced. For gaps greater than 50 cm, Allibone 
and Meek had observed the velocity at first to 
increase and then achieve a constant value. Amin, 
with preonset streamers that cross only part of the gap 
before positive ion space charge distortion near the 
plane cathode deflects and stops them, observed an 
initial high velocity followed by a decline as the 
streamer approached the end of its run. Kip," English," 
and Amin* for preonset streamers, and Meek and 
Saxe for impulse breakdown streamers for positive 
point in gaps under 50 cm, observed that the quantity 
of charge that flowed per unit length of streamer path, n, 
was remarkably constant for a given streamer type. It 
however varies as between lightning, breakdown, and 
preonset streamer types. Amin also observed that in 
general the intensity of luminosity produced by excita- 
tion in the corona discharges parallel ionization, and 
that the light production as the streamer tip advanced 
was remarkably constant except at the very beginning 
and during the cessation of advance. It is then possible 
to state that the quantities of net positive charge » left 
behind in the channel per cm streamer advance and 1%, 
the tip velocity of the streamer advance, can be meas- 
ured. It is also likely that in a given streamer type both 
(n.+mn), the total ionization per cm, and n, the net 
positive charge per cm left behind in the current, are 
nearly constant once the streamer is properly launched 
in its career and advances. 

The range of values of observed streamer tip velo- 
cities extends roughly from 510° to in excess of 108 
cm/sec, with most values above 107 cm/sec. Now the 
current i flowing up the channel requires that there be a 
potential v, and a potential gradient XY, active down the 
channel to maintain it. The drift velocity v, of the 
electrons in the channel is related to the field X, at a 
given pressure p by the law v,=A(X,/p)! in the range 


A. F. Kip, Phys. Rev. 55, 599 (1939); W. N. English, Phys. 
Rev. 71, 648 (1947). 
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of velocities indicated, where the values of X./p and 
ve can be taken from observations such as those of 
Bradbury and Nielsen,’ or else may be calculated 
roughly from theory. If v, is set equal to %, then even at 
10’ cm/sec the corresponding values of X,/p are very 
high, such that if gas density in the channel is constant, 
(no heating), the values of X, observed integrated over 
the length of the streamer exceed the applied gap 
potential V considerably. It is thus clear that the drift 
velocity v, of the electrons in the channel is less than 
v,, the velocity of advance of the tip, which depends on 
the tip field and mean free path for photoionization. 
Now since the measured current i= nev, it must also be 
related to the number of conducting electrons , per 
unit length of streamer and the drift velocity v, of those 
electrons. Hence it is necessary to write that 


i= NeV,;= NLU, 
such that 
N=N0-/ V4. 


With nv,=n,2,, it is seen that evaluation of m and x 
yields n.v, but does not yield any direct knowledge of 
either v, or n,. However, there are a number of factors 
relating to the values of m.v, and X, that will serve to 
help fix , and », in order of magnitude or better. If the 
ion production per cm of streamer is in fact constant 
over most of the length, then the uniformity of the 
streamer channel may be assumed, so that in what 
follows the field strength X, causing the current flow 
may also be assumed constant along the channel as in 
Fig. 1. 

As the streamer advances, the total number of posi- 
tive ions and electrons created per cm length of tip 
advance is given by n+n,. Of these, m electrons are 
drawn from the channel as current, yielding the charge 
ne= Ji! idt/x electrons per cm of streamer that reach 
the anode and a linear excess positive ion charge of n 
per cm along the channel. The number of electrons left 
behind is m, and these carry the current along the 
channel as the streamer advances with a velocity 2,. 
In consequence of the conditions outlined, the following 
limiting considerations apply: 

(1) Values of v, must be such, at the existing channel 
temperature and constant pressure p, that the reduced 
value of X./p corresponding to the potential fall down 
the channel X, obeys the condition: 


f Xdx=V,, 
0 


where V, is the potential drop across the channel of 
length x. This sets an upper limit to v, and a lower limit 
to Ne. 

(2) It is clear that m, must be at least equal to » and 
probably should be greater than n., for it is unlikely 


"R.A. Nielsen and N. E. Bradbury, Phys. Rev. 49, 338 (1936); 
R. A. Nielsen, Phys. Rev. 50, 950 (1936). 
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TABLE I. Estimated time in microseconds for recombinative 
reduction in ion concentration under various assumptions. 


a 
cm*/ion sec 





1x10-° 
1x10-5 
1x10~° 


1X10°% 


that more than half the electrons will be withdrawn 
from a plasma initially as dense in ionization as n+n, 
divided by the cross-sectional area of the channel, i.e., 
~10" ions/cm’. This yields a lower limit to m, in 
relation to n. 

(3) X, must be of such value that with the , electrons 
there is enough ionization by collision present to make 
up losses from the channel caused by (a) diffusion 
(generally small in ~10usec), (b) recombination of 
electrons and molecular ions, (dissociative recombina- 
tion), and (c) electron attachment to molecules, 
(dissociative attachment). This condition sets a mini- 
mum value to X, and to »,, and a maximum value to n,. 
It must also be noted that, with the possible exception 
of the stepped lightning leader stroke, the streamer 
tip and a short region immediately behind it only are 
luminous enough to be observed and that the streamer 
channels under consideration much behind the tip are 
nonluminous. Hence much active ionization and excita- 
tion cannot occur, and this also influences the maximum 
value of X, and of temperature in the channels. 

The decay processes of (3) will be discussed first, 
since some definite decisions may be derived. Of these, 
only dissociative recombination and dissociative attach- 
ment are very effective in air, which will be the ex- 
emplary gas treated. Considering the recombination in 
air, data are as yet incomplete. Biondi and Brown," in 
microwave plasma in Ox», observed coefficients a of the 
order of 10-7 cm*/ion sec which might be ascribed to 
this loss mechanism. The loss follows a time decay 
according to n,=no/(nyal+1), where a is the coefficient 
of recombination, 1 is the initial ion density, and m, that 
after ¢ sec. On this basis Table I has been prepared, 
showing the time in microseconds for decay of no to n, 
in ratios 0.1 and 0.01 for the possible range in values 
of a and ion densities » found in streamer channels. It is 
seen that an appreciable decay of m,/m) cannot be 
expected in streamer channels under a matter of micro- 
seconds. Since the advance of all but very long streamers 


2M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 
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TABLE II 


Net charge v% Ne/n 
per cm cm/sec assumed 


8x 10° 


Streamer 
type 


Corona 4X 10' 8 
preonset 


positive 


2X 10° 
1X10? 
1X 10’ 


Breakdown 
point to 
plane 
positive 


Stepped 5x 10" 1.6 10° 


lightning 
negative 


such as in the longest sparks and lightning discharge 
lies under this time scale, recombination will not figure 
seriously as a loss factor other than in such channels. 
Attachment of electrons to form O;~ ions in the rela- 
tively hot streamer channels is unlikely because of the 
low energy of such ion formation, On the other hand, 
Harrison and Geballe’ have observed cross sections for 
dissociative attachment of electrons of 3 volts energy 
in air with O, molecules to form O~ ions to be about 
3X10-" cm*. The average energy of electrons in air 
at an X/p of the order of 20 to 30 lies around 3 ev. 
Attachment is detected down to an X/p=20, where 
it leads to a value of n/p of 5X 10 attachments per cm 
advance in the field at 1 mm pressure, At X/p=50 the 
value of n/p=1X10-*. At 760mm in air n=3.8 at 
X/p= 20, so that the mean free path L for attachment 
is 2.6mm, As electrons attach in such encounters 
according to n,=nge~"!", the value of x to reduce n,/no 
to 0.1 will be 5.8mm. With a drift velocity of 1107 
cm/sec, this reduces the electron concentration for 
electron energies of 3 volts to 0.1 in 5.8 10~* sec, with 
electrons advancing 5.8 mm in that time. This process, 
then, is a serious source of electron removal as long as 
the average electron energy remains above 3 ev. Once 
the current ceases to flow and X,/p falls below 20 or 
less, all electrons of the swarm above 3 ev stand a good 
chance of attaching as the electron energy falls below 
3ev in some 10~’ sec. Electrons of lower energy will 


TABLE II. Radial expansion limits of various 
streamer channel types. 





Radius of 

observed 

glow in 
cm 


Channel 
should 

expand 

‘em 


Channel X, Xr 
ions R radius kv 
Streamer cm em em ? to 





Pre-onset 510° 1x10"? 150 200 1.010" Some expan- 

(+) sion observed 
by Amin 

2000 3400 85 10 


Breakdown 4.5 X10" 
+) 


( 
Stepped 
leader 
(—) or 
(+) 


5 x10" 1500 2000 1000 100-900 


18M. A. Harrison and R. Geballe, Phys. Rev. 91, 1 (1953). 
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Delimitation of electron concentration in streamer channels for various streamer types. 


Xe/p 
from % 
volts/cm 
per mm 


“10 


T°K 
assumed 


300 


v 


le Xe 
cm /sec volts/cm 


7600 


2280 
4600 
4000 


2X 10° 
1X10’ 
5X 10° 


8X 10° 5070 


not attach. The effectiveness of such attachment is 
clearly shown in the Trichel pulse corona at 760 mm 
where enough electrons attach to form O7 ions and 
choke off the discharge in 10~* sec within 0.5 mm of the 
point. It should be noted that once ionization ceases 
with much dissociative attachment, perhaps half the 
negative carriers or more will be O~ ions. The ion-ion 
recombination with positive ions having a large cross 
section can, at high ion densities, produce a large de- 
crease in carriers in intervals of microseconds. 

To prevent such loss of electrons, there must be a 
value of X,/p in the channel sufficient to create new 
electrons for all those captured and lost. Harrison and 
Geballe show that the number of electrons produced 
by electron impact per cm is less than until X/p 
exceeds 32.5 in air. However, the electron current ob- 
served amplifies below this, so that some ionization by 
collision is detectable down to an X/p=20. Thus, if 
the density of excitation and ionization in the channel 
is so low that ionization of excited states, i.e., ionization 
by successive impacts, cannot occur, the value of X,/p 
should be 20 or above for streamer channels in air. In 
dense and highly excited channels such as possible in the 
photographed stepped leader channels of lightning, 
X/p may not have to be so high. 

It is now of interest to consider these limitations as 
applied to observed streamer processes. Before doing so 
it must be noted that, where currents and current 
densities in the streamer channel become high and 
streamer advance lasts of an order of a microsecond, the 
energy input into the channel of dense current flow can 
lead to an appreciable heating of the channel. Since 
pressure is constant, say at 760 mm, the density of the 
gas is reduced. This decreases the value of X, needed 
to yield the effective value of X./p causing a drift 
velocity v,. Calculations made on the basis of Meek and 
Saxe’s data indicate that heating can take place at 40- 
cm advance out of the 50-cm gap length to the extent 
of some 1200°C. Much higher temperatures are pre- 
cluded since there is no visible luminosity of the 
channels. The rise in temperature must come as a 
result of ion movement in the field through collisions 
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with molecules, only some few percent coming from 
excitations and ionization. The rise to 1200° would 
reduce the value of X, needed at 760 mm by a factor 
of four. Such heating does occur in lightning streamer 
channels and long sparks where time intervals exceed a 
microsecond. In the short time intervals of Amin’s 
preonset streamer, advance heating is unlikely. 

Table II gives the results of an attempted analysis on 
three known types of streamers and clearly indicates 
the limitations considered. Unfortunately data are 
meagre. It is likely that the velocities of Meek and 
Saxe’s streamers are too low as given. These were 
estimated from uncorrected time-distance curves of 
Meek and Saxe by the writer. The correction would 
certainly have increased the initial velocities by as 
much as a factor of two, and perhaps more. The data 
from lightning represent average values and are thus 
not necessarily self-consistent as to relation of charge, 
velocity, etc., thus yielding too high a value for the 
current by a factor of two. It is to be noted that Amin’s 
streamers which extinguish after some 1.6 cm travel have 
an X./p of the order of 10, which is inadequate to 
produce much ionization. The value of X,, of 7600 volts 
is consistent with the potential drop during the 1-cm 
advance before current declines and fulfills the 
SX dx<V requirement. The underestimate of Meek 
and Saxe’s tip velocities at the start gives low values 
of X,/p and of X,. For the same streamer, after 40 cm 
travel across the gap with 10 amperes of current and a 
velocity which could easily be 1.3 10" cm/sec instead 
of 1X10’ cm/sec, n./n lies above unity and is more 
nearly two with X,/p above 20 and with appropriate 
heating yielding X= 4000, a value in harmony with the 
applied potential. The data in the case of the stepped 
lightning leaders are not seriously inconsistent and 
appear reasonable. Actual estimates of X, for lightning 
stroke channels range from 1000 to 2000 volts/cm by 
Schonland," to 3000 by McEachron.’ With the high 
electron densities in such channels, these estimates are 
not unreasonable. In any event, the examples show the 
type of analysis possible and indicate a need for more 
comprehensive and accurate measurements of », and n 
for different streamers. 

So far the linear number density , and n of carriers, 
or better the number of charges per cm length of 
streamer, have been dealt with by leaving out of con- 
sideration the volume number density. The difficulty 
in defining the volume density arises from the uncertain 
values of the diameter of the streamer channels. From 
theory it would be expected that the diameter of the 
advancing streamer tip should remain relatively small, 
because of the required charge density for propagation 
as well as because of the limited photoionizing free paths 
and the limited electron diffusion radius of the initiating 
avalanche head. Further evidence that the actual 
current-carrying section of the streamer is confined to 


4B. F. J. Schonland (private communication). 
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narrow channels, comes from the diameter of the spark 
channel illuminated by the return stroke. This indicates 
that the region in which enough electrons exist for the 
rapid propagation and multiplication of the return stroke 
is confined to a small-radius channel along which X, 
maintains the channel conducting. If now the observed 
radius R of the spark channel is taken as that of the 
streamer tip, evaluation of the quantity m at once 
permits calculation of the charge density and radial 
surface field at a distance R from the axis. Such a 
calculation is shown in Table III for the three types of 
streamers. It is seen that, with the values of » given, 
the radial fields at R yield values of X,/p which are 
very impressive. 

These fields will of course not materialize, for, as 
soon as X,/p reaches values in excess of perhaps 35 in 
air, ionization by electron avalanches converging 
radially toward the streamer channel of radius R will 
spread the positive space charge radially outward, the 
electrons converging into R and some contributing to 
the curreat of nm, electrons moving up the streamer 
channel. Assuming that spreading ceases when X,/p 
falls to 20 in the expanded channel, a radius R’ of each 
channel can be calculated. This radius R’ carries most 
of the excess positive charge of n per cm at a density of 
roughly 5X 10" ions per cm*, Now it has been observed 


undetectable 
light emission 


| l= N.ev, 


x10 ions/cm? 


yak per cm® 
+ ++tieee + + 

ht 
9 YW a ees 
+ + +44lMloe se + + + 


} vv 
vv Vv Wich vo" 


+ ions/cm 
© electrons/cm 


emission 


° 


N,+N carriers/cm 


'x! Conducting channel, n, electrons/cm 
++ Excess + charge, f ions/cm 

vvw Photons accompanying spread 

\ Electron flow 


Fic. 2. Schematic drawing of the breakdown streamer tip. The 
central conducting channel of radius R is indicated as well as the 
transient luminous flaring of the excess positive space charge by 
radial flow of electron avalanches. The tip advances downward 
and the luminosity expands radially with decaying intensity 
from R at the tip to R’ and well behind. 
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by Meek and Saxe that, during the passage of the 
streamer tip in long sparks, there is a cusp-shaped 
luminosity that extends out radially at least 10-cm 
beyond the streamer axis as sensed by their photo- 
multiplier. After this passes, the streamer channel is 
largely dark until the return stroke illuminates a 
channel of some 3-mm radius or less. In the case of 
lighting discharge, the radius of photographed vigorous 
steps with heavy currents runs out to some 10 meters. 
In such strokes, the channel at the cloud end of the 
stroke may remain visible for some little time. In this 
case the pilot leader invisible to the camera advances 
20 to 200 meters with an active conducting channel 
of R=10cm illuminated by the return stroke from 
ground some 10 milliseconds later, and has as well the 
expanded channel of positive space charge of radius R’ 
which, with its roughly 5X10" electrons per cm’, is 
illuminated only by the step flash from the cloud end 
within some 10-100 microseconds. After ionization and 
illumination, the step ionization of radius R’ decays, 
and it is only the original channel of R=10 em which 
has sufficient conductivity owing to the field X, to 
carry the return stroke 

It will be noted from Table III that the observed 
values of what might be R’ are less than those com- 
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puted. This is not surprising, for, as radial expansion 
continues, the time rate of ionization and accompanying 
excitation decline, and what is preceived by photo- 
multiplier or photographic plate corresponds to values 
considerably less than R’ depending on the sensitivity 
of the detector. Amin could observe only at a value 
of radius greater than 0.05 cm from the streamer axis. 
That he did not observe luminosity between 0.05 and 
0.1 cm is not surprising. That, however, there was a 
transient luminosity after the intensely luminous peak 
passed the slit, is shown by the shoulder of luminosity 
following the tip and of such shape as only to be 
accounted for by ionization and excitation occurring 
long-after even an especially broad tip had passed the 
slit. The resolving power of Meek and Saxe’s system 
was not such as to have revealed the details of the fine 
structure of the tip luminosity as observed by Amin, 
while their radial transient tip expansion could well be 
observed with their heavy currents. From the evidence 
presented, even though obsexved luminosity and cal- 
culated values R agree only in order of magnitude, it is 
believed that the nature of the transient tip shape and 
luminosity is accounted for. The transient space charge 
expansion described is illustrated schematically in Fig. 2, 
which is self-explanatory. 
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The Scattering of Electromagnetic Waves by Turbulent Atmospheric Fluctuations* 
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The statistical theory of turbulence is applied to the problem of density fluctuations in the troposphere 
and the ionosphere. For suitable wavelengths, for which the so-called similarity region (Kolmogoroff 
spectrum) of the spectrum of turbulence is relevant, a closed formula can be given for the scattering cross 
section. It contains as only parameter the turbulent power dissipation S, and its angular dependence is 
given by (sin}@)'**, @ being the scattering angle. The values of S required to explain ionospheric scattering 
are in excellent agreement with values found from investigations of meteor trails. Tropospheric data cannot 
be fitted with the assumptions of dry-air turbulence alone. The inference is that humidity fluctuations play 
an essential part in tropospheric scattering. A preliminary study of these latter fluctuations gives satisfactory 
results. Further investigations (and experimental data) are needed, however, to work out a quantitative 


theory 


IGHT waves are scattered by random fluctuations 

of the refractive index. In what follows we derive 
the scattering of elementary waves by random fluc- 
tuations which are produced by turbulent perturba- 
tions. The general idea underlying this study has been 
suggested by a number of authors, especially Megaw' 
and Booker.’ It will be shown that, under certain con- 
ditions, the scattering produced by these fluctuations 


* The research in this document was supported in part by the 
U. S. Army, Navy, and Air Force under contract with the Mass 
achusetts Institute of Technology 

1E. C. S. Megaw, Nature 166, 1100 (1950), and Proc. Inst. 
Elec. Engrs. (London) 100, 7 (1953) 

2? H. Booker and W. E. Gordon, Proc. Inst. Radio Engrs. 38, 
401 (1950), 


can be expressed in terms of only one parameter, the 
turbulent energy S dissipated per cm* per sec. The 
conditions of validity of this relation are well fulfilled 
for the scattering of meter waves in the E layer of the 
ionosphere ; for tropospheric scattering other parameters 
such as the inhomogeneity of potential temperature 
and specific humidity play an important part. 
A. SIMPLE DERIVATION OF THE SCATTERING 
FORMULA 
1. Scattering Cross Section 


In this section we derive the expressions by simple 
qualitative arguments and leave the exact derivations 
for Sec. B. 
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We calculate the scattering which a light beam with 
the wave vector ko suffers in a region of space of volume 
V, which contains a medium whose dielectric constant 
€ fluctuates: e= €9+ Ae, where Ae is a function of space. 
We assume that the time variations are sufficiently 
slow and do not affect the scattering. Then the scattered 
electric field amplitude (E= E,e'“*-™'-")) at a distance 
R from the scattering volume (R>V') is given by 


+ 
1 
4 


E,=—— : | faraecee sinx. (1) 
2 Jy 


Here Ep is the electric-field amplitude of the incident 
wave (Ejnc= Eoe‘“@*™"*)), X is the wavelength divided 
by 2x, x is the angle between the direction of the inci- 
dent field and the scattering, and 
K=|K| =|ko—k,| = 2k sin}@, (2) 
where 
k= |ko| = [ky] =A~". 


We introduce the cross section odQ for the scattering 
per unit volume of the scattering volume into the solid 
angle dQ: 
od2= (R?/V)(E,?/E,), 
and get 
odQ= | M|? sin*xdQ/VX4(4er)?, (3) 
with 


M= f drde(nje (3a) 


For the ionosphere, we assume that Ae is due to fluc- 
tuations in electron concentration, proportional to the 
density fluctuations Ap of the carrier medium: 


Ae= gAp/p, (4) 
and 


g=—wn"/w*?; wn?=(1/e) (N/m), (5) 


where .V is the density of free electrons in the medium. 
In the troposphere, we will have to cope with fluctuations 
in density, potential temperature and humidity. Because 
of the large dipole moment of the water molecule,’ this 
latter contribution is particularly important. The dielec- 


tric constant may be written as 
p gmb p’ smb 
e—1= Lssxtor (= )+o7 (; -) (6) 
T\ °K T?\ °K? 


In (6), p is the pressure of air, p’ the partial pressure 
of water vapor. Since p/T~p, we best express Ae in 
terms of density fluctuations: 


g Ap’ 9p’ g/cm*® 
de=0.4549(- ,) +s4x101- ~ ar|( — -). 
cm om °K 
(6a) 


In (6a), p refers to the density of air, p’ to the density 
of water vapor, both in g/cm’. In what follows, we shall 


3C. M. Crain, Phys. Rev. 74, 691 (1948). 
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develop a description of the density fluctuations Ap 
from a statistical dynamics of turbulence. Since the 
problems involved in the discussion of the humidity 
fluctuations [second term in (6a) ] are of rather different 
nature we shall discuss them separately, and presently 
we shall discuss the density fluctuations in dry and 
isentropic air only. 


2. Density Fluctuations in Homogeneous 
Turbulence 


First we connect the density fluctuations with the 
velocity fluctuations by means of Bernoulli’s law: 
Local velocity differences Av will be accompanied by 
pressure differences Ap, and density differences Ap, 
according to 

Ap/p=Ap/ p= (Av)*/vx7’, (7) 


where v7’ is the average square of the molecular velocity. 
We now concentrate our attention on the velocity 
fluctuations uncer conditions of ‘iomogeneous tur- 
bulence.‘ We may picture this situation as follows: there 
are external causes which constantly produce large 
eddies of a certain dimension Lo and velocity 1. These 
eddies divide soon into smaller eddies, say, of size 
L,=alo, with a<1. The velocity of these smaller eddies 
embedded in the larger ones is v;. (Measurement of », 
is relative to the environment, i.e., relative to the 
motion of the large eddy.) These eddies divide again 
into smaller ones L,=a*Lo, with a velocity v2 relative 
to their surrounding. In this dividing process, the energy 
fed into the largest eddy is transferred to smaller and 
smaller ones. A constant amount of energy per volume 
and time is fed into the larger eddies from an outside 
source. The dividing process ends with that eddy size 
at which the effect of the molecular viscosity is large 
enough to dissipate the energy into heat. 

We now establish the quantitative relations which 
exist in this process. The energy per unit volume con- 
tained in one eddy is of the order pv,”. The lifetime of 
such an eddy will be of the order /, = L,,/v,. Hence, the 
eddies of size L,, lose energy to smaller ones (size Ln41) 
with a rate (energy/time volume) : 


S,~pr,*/L. (8) 


Since we have a stationary process, the loss S,_, of the 
eddies one size larger to those of size n must be equal 
to S,; hence, S, is a constant independent of n: 


pr,*/La=S. (8a) 


S is the energy transmitted through the eddies from the 
energy source (larger eddies) all the way down to the 
smaller ones. The order of magnitude of S is given by 
the transfer from the largest eddies: 


oe S=poo*/Lo. (8b) 


4 The theory of turbulence as used here was first suggested by 
A. N. Kolmogoroff [Compt. rend. acad. sci. U.R.S.S. 30, 301 
(1941) ]. Our treatment is closest to the ideas of G. F. v. Weizsiicker 
[Z. Physik 124, 614 (1948)] and W. Heisenberg [Z. Physik 124, 
628 (1948)]. 
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We can use the magnitude of S in order to determine 
the size of the smallest eddies: the energy per cm* and 
sec dissipated by molecular viscosity is given by 
~n(dv/dx)*, where do/dx is the rate of change of » per 
unit length. The smallest eddy is the one in which this 
energy reaches S. Since (dv/dx)~(v,/L,), we get for 
the smallest eddy, whose velocity is vg and whose L 
is Ls, 

nv s’/ L gs. 


Using the relation (8a): pvs*/L.g=S, and also (8b), we 


get 


Lo 'Ls cS (pvolo/n)*". (9) 


In words, the ratio of the sizes of the largest to the 
smallest eddies is the }-power of the Reynolds number, 
associated with the eddy-producing large scale kine- 
matics. 

We can identify the velocities v, with the magnitude 
Av used in (6). We consider regions in space of the linear 
size L, J. fulfilling the relation, 


Lg<L<lLo. (10) 


Let us then assume that 1,=LZ; then Av=v,, is the 
average deviation from its surrounding of the velocity 
in that region. We then get from (6) the average density 
deviation (Ap), from its surrounding in a region L: 


(Ap) = p(0n/0m)? = p(vo/0m)?(L/Lo)t. (11) 


Let us illustrate these results by a few examples: 

(a) In the froposphere, at 10-km height, we have 
p=3.6X10 g cm™*, n»=2xX10™ g cm™ sec”. We 
estimate the order of magnitude of size and velocities 
in turbulent gusts to 1 km and 10 m/sec, respectively. 
Hence we may put 


Lo= 10° cm, (12) 


vo= 10° cm/sec, 
and, therefore, 
R=1.8X108, Lo/Ls=1.55X 108, 


S=0.36 erg cm™ sec. 


Ls=0.65 mm, 


The smallest eddies are a fraction of a cm large. 

(b) In the E-layer of the ionosphere at 100-km height, 
we have p= 2X 10 gcm™. The viscosity is independent 
of pressure, and, therefore, again »=2X10~g cm™ 
sec™', From the very scant data about velocities and 
eddy sizes we infer roughly: 


vo=5X108 cm sec, Lo=5X 10cm, (13a) 
and hence® 
R=2.5X 104, 


S=0.5X 10™ erg cm™ sec. 


Ls=2.5X 10? cm, 
(13b) 


We now proceed to discuss the humidity fluctuations. 
A rough estimate of the order of magnitudes indicates 


Lo /Le= 2x 10°, 


‘ This estimate is in good agreement with the values given b 
C. deJager [Mem. soc. roy. sci., Lidge, Series 4, XXI, 223 (1952) 
and obtained from an analysis of meteor trails. 


V. F. WEISSKOPF 
that the effects of humidity in the troposphere are prob- 
ably much stronger than the effects of the fluctuations 
of the density of the dry air. As can be inferred from 
(7) and (19), the average mean square fluctuation 
(Ap*) of the latter density is of order p(vo/v)*. With 
the data as given by (12), and with »4~4X 10‘ cm/sec, 
we get 

(1/p*)(Ap?) w~0.4X 107°. (14) 


We infer from (6a) that for p’~10-%, T7~300°, a 
(Ap”)w/p’ or (AT?),,/T? of magnitude (14) produces a 
(Ae), twice as large as the dry-air density fluctuation of 
(14). Meteorological evidence indicates, however, that 
the fluctuations (Ap”),, and (A7T*),, may be considerably 
larger: Measured (A7*),,/7? values are of order of mag- 
nitude 10~°;* unfortunately humidity measurements 
are scarce, but indicate’ fluctuations that may be con- 
siderably larger. Practically nothing is known about 
the process of turbulent mixing of inhomogeneously 
humid air. Thus no irformation about short-range cor- 
relation of humidity in turbulent air is available. With 
some knowledge of the dynamics of turbulence it 
should, however, be possible to calculate approximate 
correlation functions from measured large-scale fluc- 
tuations (over dimensions of the order Lo). Thus, for 
instance, we may assume that, in an atmosphere with 
a negative gradient of potential temperature, convection 
produces large “wet” eddies (they need not be actual 
clouds) embedded in comparatively dryer air. The dis- 
sipation of this ‘surplus humidity” into the surrounding 
medium is then to follow closely the dissipation of the 
kinetic energy of the wet eddy by the breaking-up 
process described above. This leads to the tentative 
conclusion of a spectrum of humidity fluctuations very 
similar to the spectrum of the fluctuations of »*, and 
this again is equal to the density fluctuation spectrum. 
Should this indeed be the case—a close study of this 
point is under way—the knowledge of large-scale 
humidity variations (Ap’)) would serve to determine 
the humidity fluctuations (Ap’); in a volume of order 
L compared to its surrounding. 
In fact we would get from (11) 


(Ap’) L/ (Ap’)o sad (Ap) L/ (Ap)o ane Vn’, ‘yg? = (L, /To) 4, 


Unfortunately very little is known about the large-scale 
humidity fluctuations (Ap’)p. 


(14a) 


3. Calculation of the Scattering Cross Section 


We now determine the magnitude M appearing in 
(1) and defined by (2). With (4)® we write 


(14b) 


g 
M=-— ff arao(nes if 
Po 


*See Electrical Engineering Research Laboratory, University 
of Texas, Reports Nos. 47, 1950, and 53, 1953 (unpublished). 

? Electrical Engineering Research Laboratory, University of 
Texas, Reports Nos. 54, 1951, and 6-01, 1953 (unpublished). 

®In case of tropospheric scattering, the dry-air term of (6a) 
gives g=0.45p(g/cm'). 
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where po is the average density, and we try to determine 
this magnitude on the basis of our picture of homoge- 
neous turbulence. These concepts will be applicable 
only if the length K~ lies between Ls and Lo: 


Ls< (2k sin}@)—' < Lo. (15) 


The integral appearing in (14) is a Fourier coefficient 
of the density fluctuations. We can expand the density 
p(r) in a Fourier series within the scattering volume V 
(which we may assume to be a cube): 


1 
p(t) =— 2 alkide mf, (16) 


with the inversion 


ptk,)= f dro(rie™ . (17) 
. 


It is then clear that M, as given by (14), is nothing but 
M = (g/po)p(K). (18) 


We shall now have to establish the relation between 
p(k) and the quantity (4p), introduced in Sec. (2). 
Now (Ap) is built up by the fluctuations whose spatial 
period is of order L. Because of the random nature of 
these fluctuations, different wavelengths will not 
interfere, and we have 


1 1sV di 
- Sy |o(k) |? ( yf k°dk| p(k) |?. 
V2 kvi/L V2\ 292] Jy, 


The interval k’’—k’ is of order 1/ZL itself and centered 
about K=1/L. (V/2x*)k’dk is the number of Fourier 
components with wavelength between k and k+dk. 
This gives us roughly : 


(Ap) ?= 


1 
(Ap) 7° p(1/L)|?. (19) 
Or 


Hence, 


2 


g\? 
u\=6r+(~) V3 (Ap) :?) 
Po 


and inserting (Ap),? from (11), we get 
vy \* L¥ 

|= org ( ) ) 

tu/ Lot | rear 


Inserting this into (3) gives 


dQ, (20) 


Vo ) L"*/8 sin*x 
vu Lo 3 Kf 


vaze'( ; 


v 


where a factor of order unity (3/8) is omitted. Setting 
L=K~ and using (2) gives, finally, 


2’ Vo 4 x 1/3 
gue (=) ( ) (2 sin}@)~"* sin’y. (21) 
Lo Um Lo 
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The validity of this expression is limited by the condi- 
tion (10). It is only applicable as long as 


Lo <2k sing0< Ls". (22) 


We find that the turbulent conditions enter the cross 
section only in the form vo*/ Zo** ; hence, the cross section 
is proportional to (S)** and depends only upon the 
energy dissipation S. 

We note the characteristic angular dependence 
(sin3é)-"*, The dependence upon the wavelength is 
different in the troposphere and in the ionosphere. In 
the former, g’ is independent of A, and we get o~A'". 
In the latter, we get from (5b) a wavelength dependence 
~ 18/3 

If the conditions (22) are no longer fulfilled, we expect 
deviations from (21). The case where = (2k sin}@)™ 
is comparable to or smaller than Lg is of special interest. 
In this case, the eddies of that size are attenuated by 
molecular dissipation, and (Ap), is then smaller than 
(11). In particular, it will fall off strouger than L** 
with decreasing LZ. Let us put instead of (11), for 
example, 

(Ap) = p(00/vm)?(L/Lo)?"F(L/Ls), (23) 
where F(x) is a function which is equal to unity for 
x>>1 and which falls off rapidly for «<1. We then get 
a factor | F(A/2Ls sin}0){* multiplied into the cross 
section (21). Hence, the scattering falls off more 
strongly with decreasing A or increasing @ if (2k sin}@)~ 
<Ls. 

B. QUANTITATIVE THEORY 


1. Cross Section 
With Eqs. (1) and (2), we can write the cross section 


(1) as 


9 2 


| [dean eer sin’xdQ. 
Vv 


odQ= ———| 
(dar)? Atp? V | 


Now 


1 | 2 
ff arapceyene 
p’ ivy ' 
ss fae ~ ff aRap(R)ao(R+ 
p 


9 


(Ap”) wv 
= f dre C(r). (24) 
p? 


Defining the Fourier-transformed C(k) of the corre- 
lation function C(r) by 


1\? 
cww=(2) facncay 
2r 


g 1 (Ap*) a 
od Q= (= noes 
(49)? A4N op? 


with K = 2k sin}@. 


(25) 


we get 


ecw) sin’ydQ, (26) 
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2. Velocity and Density Spectrum in the Statistical 


Theory of Turbulence’ 

We shall use a Fourier series expansion of the velocity 
field as given in Eqs. (16) and (17); this enables us 
to write the fundamental Navier-Stokes equation in 
the form 


; i) k 
Ve +i > (k- Vy) Vy wt kvy+i-py=0. 
k’ p 0 


(27) 


We shall assume an incompressible medium 


(k- vy) =0. (27a) 
This may sound paradoxical in view of our attempt to 
calculate the density fluctuation Ap. Actually our as- 
sumption merely implies that the divergence free part 
of the velocity field is dynamically much more im- 
portant than the irrotational components. It also 
amounts to assuming that the potential energy stored 
in density variations is much smaller than the kinetic 
energy of the vortices. With this in mind, we shall now 
simply calculate the pressure fluctuations Ap, and then 
calculate Ap with the aid of 


p(r)= polp(r)/po ]”, 


po, Po being average values of density and pressure, and 
y=C,/C,=1.4 (for diatomic molecules). Multiplying 
(27) with k and realizing that for k#0 


pr = Apx, 


(28) 


we have 


Apu= — (p0/k*) dour (Ke Ver) (View), 
and hence 


Apr= — (p0/vpo)?k? > (Ke Vier) (Kevin). (29) 


So we now turn our attention to the velocity field v(k). 
Equation (27) gives, upon multiplication with v(—k), 


pd fae 
_ (Vis Vik) = tp De (Ke Ver) (Vi Vie’) 


2 dt 
+nk?(vy-v_x). (30) 


We recognize $pv(k)-v(—k) as the mean kinetic energy 

density carried by the wave number k, since 
ho(v?(x))w= 4p de (Ver Vx). 

Summing over all k’s in (30), we get the total power 

balance: 


d fp 
S=— ( dD e(VarV ») 
dt\2 


=ip>. (k: vy) (v x’ Ve w+ > R?(VyrV =P (30a) 
k,k’ 


® Much of the content of this section is to be found in G. K. 
Batchelor’s recent publication on the theory of homogeneous 
turbulence [The Theory of Homogeneous Turbulence (Cambridge 
University Press, London, 1953) ] as well as Heisenberg’s original 
paper (reference 4). 

1 We also use %=0(k). 
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The first term on the right-hand side describes the 
transfer of kinetic energy to different wave numbers k’, 
the second term the viscous dissipation of energy. We 
shall now define a stationary situation within a region 
(Lo*) completely enclosed in the domain over which 
(27) holds: this region then contains a largest eddy of 
linear dimension Lo and characteristic velocity v9. This 
eddy is coupled to the outside of that region by virtue 
of the “transfer” term in (30a). We assume that the 
effect of this coupling is to maintain the average 
velocity v» of this eddy by means of a power supply Sp. 
Provided So is constant in time, an equilibrium will be 
reached in which the average v(k) is also independent 
of time. 
From (30a) we see that So must be of the form 


So= ap ( v9°/Lo), 


with @ an absolute constant (independent of the values 
of v9 and Lo), depending only on the large scale geometry 
of the power-supplying region vutside Lyo*. Subse- 
quently, we shall put a=1 and define S» by 


So= p(vo*/Lo). (31) 
If the Reynolds number Ro=pvol/n is sufficiently 
large, the dissipative term will enter into play only for 
wave numbers k>>1/Lo. It will affect eddies of size Ls 
and velocity vg, for which the “local” Reynolds number 
has dropped to 1: 
pL svs/n= 1. (32) 
Once wave numbers of order 1/Ls are reached, the 
frictional power dissipation replaces the power transfer 
to higher wave numbers. So we get another equation 
characterizing vg and Ls: 


So=n(vs/Ls)*. (32a) 
We shall use (32) and (32a) to define the two quantities 
vg and Ls: 


vg= (Son/p*)'*; Ls= (9*/Sop?)". (33) 
We see that the three “external” parameters So, 7, p 
set an absolute scale of bength and velocities for the problem 
of energy transfer and dissipation in turbulent flow. 
To carry this idea through in a more quantitative 
way, let us define a spectral intensity distribution F(k) 


for the velocities: 


+>. Vi V =f dkF (k). 


0 


(34) 


(In this definition, isotropy of the velocity spectrum 
has been assumed.) The dissipative term in (30a) is 
then 


(35) 


nf dkk*F (k). 


0 





SCATTERING OF ELEC 
Since (35) represents the total power absorbed, we 
have, with y=kLs: 


So= (2n/Lst) [ dyy*F (Ls~'y). 
0 


Using (32a), we see that F(Ls~'y)=15*LsE(y) defines 
a universal function E(y) normalized to 1: 


=f dy2yE(y). (36) 
0 


Determination of E(y) or F(R) 
(a) Inertial range 


Provided Ls<Lp, there is a region k<1/Ls, in which 
the shape of the velocity spectrum F(k) is determined 
by the transfer mechanism and not affected by the 
viscous dissipation. In this range F(R) should be inde- 
pendent of n, or vs*LsE(kLs) independent of . Clearly 
this can only be satisfied with a power law for E, since 
Ls contains n. Putting 


E(kLs)=constX (kL s)", 
we get, with (33): 


k"vs?L 5" le kimi (n+1 , 


and independence of n gives n= — 5/3. 

To normalize F approximately, we can tentatively 
assume that this spectrum holds for all & values between 
1/Lo and 1/Ls and that beyond both these limits the 
spectrum is cut off. On the high wave number side, the 
viscosity is certainly to act as a cutoff, whereas on the 
low end the power source produces naturally eddies 
of a certain maximum size Lo. With these assumptions 
the normalization condition (36) gives us: 


i/Ls 
const X (20/0) f dkki= 1, 


1/Lo 


(We see here that the exact shape of the spectrum at 
the lower end is immaterial as far as the normalization 
goes.) Hence, 


const} (So/n)L st = 3 (So/p)?", 
and 
F(k)= 3 (So/p) ik’, 


(b) Tail of Velocity Spectrum 


For this region no really good solution of the problem 
has been given. The simplest way to deal with the 
problem is to consider the transfer of kinetic energy 
from small to large wave numbers as a damping effect 
on the motion of the large eddies. Thus the concept of 
an eddy viscosity ’(k) is introduced to describe the 
drain of energy on an eddy of size k~ by eddies of size 
<k-. If we assume that n’(k) can at all be expressed 
in terms of F(k’) (k’<k), a unique expression results 
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from dimensional arguments: 


n'(K)=constXp f dk’ F (k’)/k* (38) 
k 


The value of the constant can be estimated from the 
argument that n’(k) should be large compared with 9 
for k<1/Ls and becoming equal n at k=1/L 5. Hence, 


n=constXp f dk'| F(k’)/k®}}; 
1/Ls 


with (37), this gives: 
const = (4/3)\/§=1. 


We can now picture our stationary power transfer as 
a dissipation process whereby the energy .S; dissipated 
in eddies k’<k or transferred to the velocity com- 
ponents vy’, with k’>& is given by 


(40) 


k 
Se= 2a b)+0) f dk’k2F (k’). 
0 


The condition of stationary transfer implies that no 
energy is accumulated in a given wave number interval 
and hence that S, is independent of k and equal to So. 
With (38) we thus get the following equation for F(R): 


[ dk F(R’)/k™ Pn 


ae 


k 
f aewrra’, (41) 


So = 2 | p 


The solution of this equation is found to be"! 


F(k) = (8S0/9p)?/*k->8 (1+ (k/Rs)*)*, (42) 
with 


kg= (3Sop?/8n*)'"4. 


As we see, for k<ks, we find again our result (37) with 
a slight—and for our purpose, immaterial—change of 
the normalization constant. Also the value kg is essen- 
tially identical with 1/Ls as given in (33). For k>ks, 
F(k) behaves like k~?: 


PF (k)=8** (Sop/n)*k™. (43) 


It might be interesting to compare here ks with ko= 1/Lo 
and kw=1/Ly, Lu being the mean free path of the 
molecules of the gas: From simple gas kinetics, we have 


(n/p) = (24/3)0m/ku, 
and 


R= lo/tuLm@ (Reynolds number). 


From (33) we then obtain: 


kg= Rho, (44a) 
[see also (9) ] and 
ku=(Su/So)ks, (44b) 
" The solution of F.q. (41) is due to J. Bass, Compt. rend. 228, 
22 (1949). 
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where we have introduced S y= puy*km in analogy to Sp. 

Equation (44a) shows that ks>>ko if only the Rey- 
nolds number is large enough. 

Equation (44b) decides the more subtle question 
whether hydrodynamic concepts apply at all in the dis- 
cussion of the dissipation process. ky>ks is a necessary 
condition for it, and it holds only provided the power 
supply So is not too large. We shall discuss the nu- 
merical aspect of these conditions in Sec. C. 

Our analysis of the velocity spectrum is now essen- 
tially completed, and we shall presently return to a 
discussion of the density fluctuations as given by Eq. 
(29). 

The correlation function C'(r) introduced in (24) may 
be expressed in terms of the py (ox= Ap, for k 0): 


(Ap?) wC (1) = (Ap(R)Ap(R+r))., 


1 
ff aRap(R)ap(R+r) 
Vy 
= 2 u(pup—n)we****. 
[ Note: The remaining averages—-once the space aver- 


ages are carried out—are time (phase) averages. | 
With (29) and (p*)s5po?, we get 


Po . 
co=( ) > kote! SS ((k- ve-) (Ke ve_x’) 


Y Po k k’ ke’? 
x (k- vuer) (Ke vg k)) ave 


The sum >>, can be collapsed if we notice that only 
] 5 

the combinations 
(a) k’=k”’, 
(b) k’=k—k”, 


k—k’=k—-k”, 
k—k’=k” 


give nonzero contributions in the average. Thus >> xx” 
reduces to 


2 Sir (Ke vier) (> Ve) aX (> Viens) (ik Via) ave 


Furthermore, since the incompressibility implies (k- Vv) 
=(), we have: 


((k- vy) (kev w= (Ky Ve) (Kye ¥ ve’) w= 4] Va? | 2K, 


where 


k,=k—n'(k-n’), n’=k’/k’, 


and, therefore, 


b.?= [ik (kok) Y/R". 


This gives 
((Ap*)/p”)C (r) 
= 2(p0/v po)? » k-teiks > CL vee | 2a] Vina? | 2a 
[Ak — (k-k’) 
“4e(k—k’) 
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Since we need only the Fourier-transformed C(k) 
of C(r), [see (25) and (26)], we write the k sums in 
terms of Fourier integrals with the aid of the substitu- 
tion 


FV (2n) *f ak. 


Introducing at the same time F(k) by (34a), we get 


((Ap?)m/p2)C(r) 


= 1 (po/7 po)? (2m) sf ake 4gik-r 


x fake er k—k'))( -_ ), 


or, in view of (26): 


(Ap?) m/p?C (k) = x (po, ‘y po)*k «fawre 


kek! — (k-k’)?\2 
x F(\/k—k’ ( ). (45) 
k(k—k’)? 


We shall first evaluate (45) for a case 


hvKRKRs. (46) 


In that case, we shall use the spectrum F(k) as given 
by (37) and use a straight cutoff at k 2k, as well as for 
k < ko. We shall see, however, that with the assumptions 
of (46), the k’ integral is essentially independent of the 
two limits. The &’ integral in (45)—let us call it /(k)- 
is most easily evaluated in bipolar coordinates: 


k’'=kr;, |k—k’|=hkro, dk’ =2rk'ryr.drjdro. 
This gives for J(k): 
J (k) = (8.So ‘Op)4!3 (2ark 8) ff ardratowr 14/8 


* [ (ri? —re?)?— 2 (ry?-+ 12?) +1 2/16 

= (8S0/9p)** (2rk-'8) HH (Ro/k; Rs/R). (47) 

H is a dimensionless integral and with (46) approxi- 
mately an absolute constant. So we have 


((Ap?) ay ‘p)C (k)=21? (po VY ho)? (So p)*k Sry. (48) 


An approximate integration gives for 7, assuming (46), 
H=1.2+1.6(k/2ks)??+-:-. (49) 


(In all practical cases, k is probably very much larger 
than ko and not so far from ks. We, therefore, did not 
evaluate corrections « ko/k in #7.) 

In the limit of very high wave numbers k, 


k>ks, (50) 
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the main contribution to J (k) will arise from the shaded 
regions of Fig. 1. So we may write 


I(k)= f dk’F (k’)F(\k—k’|) sin‘a 
=f dk’ F (k’)F (k) sin‘a. 
hk’ <ks 
Introducing again dimensionless variables z: k’= kz, 


we get 


J (Rk)S=2(8So/gp)**k" 3 (ks nen f 


s<ks/k 


dzz~*'* sinta, 


with 


ks>k (50), sin’a=sin*y (see Fig.1), 


and hence 


faz 5/3 sinta 2m (3/4) (Rs /k)*/*& (16/15), 


and 


J (Rk) (8S0/9p)*2ak-!* XK (8/5) (Rs/k)*. (51) 


So H(ks/k) is 8/5(ks/k)®”, compared with 1.2 for the 
case kXks. We see that the two expressions (47) and 
(51) for H(ks/k) give almost identical values for k= ks: 


H= 1.2 and 1.6, respectively. 


We, therefore, conclude that the formulas hold up to 
(or down to) values rather close to that limit and that 
an interpolation should be easy. 

Let us finally write down the cross-section formula 
corresponding to the two cases k<kg and k>ks. 

According to (48) and (16) we have 


9 


g . ae 
odQ= — (po/v po)? (So/p)**K-® 4H (K/kg) sin*xdQ. 
8X4 


Now (p0/ypo) = (3/yvom’), where v,* is the mean square 
molecular velocity, and y= 1.4 for oxygen and nitrogen. 
Then finally, with K = 2k sin}#, 


oA Q= hg? (So! [3y M 4) 


& 
 A'3(2 sin!6)~" “u(2 sin}0) sin?xdQ. 
ks 


So, for the two cases, by using the extreme values (49) 
and (51) for H, and substituting So from (31), we 
finally get 

0.6" (09/0.4)*A! Lo 8[2 sin (0/2) }-8* sin’x, 


[2k sin(0/2)<ks]; 


70.82" (00/0) 9X7 Lo LL 2 sin (8/2) | sin2x, 
2k sin(0/2)>>ks. 














Fic. 1. The integral J (&). 


C. APPLICATION TO SPECIAL CASES 
1. Ionospheric Scattering 
We apply our scattering formula (21) to the experi- 
ment of Bailey et al.," in which radiation of 50 Mc was 
scattered by the £ layer. By using the same geometry 


as Bailey et al.” we obtain for the ratio P,/P; of the 
power received to the power transmitted : 


P, bA 


on , 
P;, sin (6/2) D* 


where 6 is the thickness of the scattering layer and A 
is the aperture of the receiving antenna. We use the 
following numbers which correspond to the setup in 
their experiments: 


A=10 cm, A=3X108cm’*?, D=1.2X10* cm, 
b=5X10'cm, @=24°. 

For g? we use (5) with wy= 1.5 Mc and the turbulence 
constants as given in (13a). 

Substituting these values, we get 

P,/P.=1.0X10~-" [theoretical from (21) ], 
whereas the experiments have given 
P,/ P,=0.36X 10~'* (experimental). 


This is a remarkably good agreement. We note that 
L= (2k sin}@)~'= 250 cm, which, according to (13b), 
is just equal to Ls. Hence, we actually should expect a 
somewhat smaller result than (21) and a steeper 
falling-off than (21) when going to larger angles or 
smaller wavelengths. 


# TD. K. Bailey e al., Phys. Rev. 86, 141 (1952) 
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2. Tropospheric Scattering 


We have compared our results with the data of the 
experiments of (a) Round Hill, Massachusetts;” 
(b) Cheyenne Mountain, Colorado; (c) the North 
Sea ;'* and (d) the Caribbean Sea.'® 

In experiment (a), we have (see Fig. 2): D= 310° 
m; A=1.5 cm; a=antenna lobe width=0.6°; 6=scat- 
tering angle=2.4°; and H=minimum height of inter- 
section =1.8 km. The useful scattering volume is 
V=(4D sin}a)*/sind. 

Throughout, in these four experiments, we shall 
compare the actual received (through scattering) 
power, P,., to the power received in free space over 
the same distance ?;. Thus the antenna characteristics 
are eliminated, and we get 

P,./ Ps 


4(40V/D*). (54) 


Using (54) with (53), and with 1, Zo as given in (12), 
and g=0.45p, corresponding to the dry-air term of (6a), 
we get 

P,./ Ps=10-". 
The experimental data indicate a ratio of order 10~, 
that is, a factor 10‘ stronger. 

















Fic. 2. Geometry for tropospheric scattering (narrow beams). 


8 Private communication 

4 Chambers, Herbstreit, and Norton, Nat. Bur. Standards, 
Report No. 1826, 1952 (unpublished ) 

8 FE. C. S. Megaw, Nature 166, 1100 (1950); Proc 
Engrs. IIT, 100, 1 (1953) 

16 For these and similar experiments, see T. J. Carroll, Nat. Bur. 
Standards, Report No. 1416, 1952 (unpublished). 
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In experiment (b) (and the following ones), we have 
a slightly different geometry: the beams are wide, and 
it is the form-factor of the scattering cross section 
rather than the lobe width which determines the useful 
scattering volume. We take, as a representative case 
in (b), a result obtained with D= 3.6 10° m, A=10 cm, 
6= minimum scattering angle= 3°14’, and 7= minimum 
height of intersection = 2.54 km, and get P,,/P;=10", 
compared to an observed 10~’. Again, we are a factor 
10~ off. 

That the Cheyenne mountain experiments are quite 
typical is seen from the data from (c) and (d). The very 
weak \ dependence of the cross section ( «\*) makes 
comparison easy, as far as orders of magnitudes go. 


D. DISCUSSION 


Further ionospheric experiments would be necessary 
to tell us whether the proposed picture of the dynamics 
of turbulence represents a reasonable approximation. 
Since in the troposphere the Reynolds numbers are 
generally much larger than in the ionosphere, we expect 
in general that our model is even better suited for 
tropospheric application. But there, in terms of dry-air 
fluctuations, an increase of the turbulent power output 
by a factor 10° would be necessary to account for the 
observed data, and this seems entirely inconceivable. 

A natural explanation seems then to hold fluctuations 
in humidity responsible for the effect. If the assump- 
tions made at the end of Sec. 2 are valid, we infer from 
(6a) and (14a) that, with say p’=10~%p, T7300°, only 
a very smal] value for the large-scale humidity fluc- 
tuations (Ap’)» is necessary to explain the observed 
scattering: (Ap) o?/p”’=2x10~. No measurements of 
(Ap’)o? and the humidity fluctuation correlations are 
available yet. Measured large-scale humidity fluctua- 
tions in and outside cumulus clouds" give variations in 
Ap’/p’ of the order of 10 percent over distances of 500 m. 
Fluctuations in a cloudless atmosphere are probably 
much smaller but might still be sufficient (1 percent) to 
explain the effect. 

A detailed investigation of the humidity effect (and 
concurrently of the temperature effect) appears to be 
most important, and is under way. 

We wish to thank Professor Henry Booker (Cornell) 
and Dr. J. de Bettencourt (M.I.T.) for many stimu- 
lating discussions. 


17 J. S. Malkus, Sci. American 189, 31 (1953) 
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None of the current theories of He® and He‘ solutions is really satisfactory. In order to decide which of 
these makes the correct approach to the problem, experiments on the heat of mixing can be very useful. 
It is shown here that various theories predict remarkably different behavior for this quantity. In particular 
de Boer and Gorter theory gives rather high values for heat of mixing per mole of He® A comparison of 
the theoretical and experimental results should thus show clearly the need of Taconis hypothesis in ex 


plaining the various properties of He’ and Het solutions. 


EVERAL preliminary attempts have been made to 
explain the deviation of solutions of He’ in liquid 
He‘ from ideal behavior along nonclassical lines. Among 
these the theory of Heer and Daunt' gives values of 
vapor pressures which show the least mean square 
deviation from the measured values. Recently Sommers? 
has shown that reasonable agreement with the experi- 
mental vapor-pressure data is also obtained on the 
basis of van Laar’s theory’ of a “regular solution.”’ 
Thus it is not very clear which of the two divergent 
opinions is the proper one, and along which direction 
further improvement of the theory is to be sought. 
Considerable information about the proper choice of 
the model should, however, be obtainable from measure- 
ments of the heat of mixing, since the various theories 
predict remarkably different behavior. Unfortunately, 
sufficient experimental data are not available at present 
to come to any decisive conclusion, but it appears 
worthwhile to record for future comparison some of the 
more important theoretical results which, incidentally, 
suggest some fertile regions for experimentation. 
According to van Laar’s theory, the solution is 
accompanied by a heat of mixing 


NaN bab a;! a, 2 
eueiccee ( & ) (1) 
(NabstNabs)\ 3 Oe 


where .V refers to the number of atoms, a and 6 are the 
usual constants occuring in van der Waal’s equation of 
state, while the subscripts 3 and 4 refer to He* and Het 
components, respectively. It is obvious that AU is a 
positive quantity and is independent of temperature. 

The theory of Heer and Daunt also gives a positive 
heat of mixing for dilute He’ solutions. It is easily seen 
that for this case 


3 ¢(5, 2) v3" r i 
2 £(3/2) PNT 
where 2;° and »,° are the atomic volumes per atom of 


He’ and He’, respectively, while 7 is the \ temperature 
of the pure He‘ component. This expression holds so 


(2a) 


'C. V. Heer and J. G. Daunt, Phys. Rev. 81, 447 (1951). 
2H. S. Sommers, Jr., Phys. Rev. 88, 113 (1952). 
3 J. J. van Laar, Z. physik. Chem. 72, 723 (1910). 


long as we can treat He‘ as degenerate, and He* as 
nondegenerate in the pure state as well as in solution. 
Above 7» the He* component also becomes nonde- 
generate, and (2a) is replaced by 


3 vs’ /T\! Ty\! 
AU=-N;kT ( ) {0.162-+0.015( ) 
2 vX\ T T 


Ti 3 
+0.0059( ) or , (2b) 
r 


where we assume .V3<.\,. Since for dilute solutions we 
can take 7,~ 7 , Eqs. (2a) and (2b) give values of AU’ 
over a practically continuous range of temperature. 
Another theory of He* and He‘ solutions, due to de 
Boer and Gorter,’ has also attracted a good deal of 
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Fic. 1. The computed values of (AU) moiar, the heat of mixing 
of liquid He?’ in liquid He‘, in dilute (He*) solution according to 
(a) van Laar’s theory of classical regular solutions (curve marked 
C.R.S.), (b) Heer and Daunt’s statistical theory (curve marked 
H.D.), and (c) de Boer and Gorter’s model (curves marked de B 
and G,—infinite dilution and de B. and G., 1 percent solution). 

To compute the C.R.S. curve, Eq. (1) was used with a4=2.77 
X10*, a3=2.21K10* (cm*/mole)*, b4= 19.2, b;=23.8 cm*/mole 
For curve H.D., Eq. (2) was plotted with Nv’=27.6 cc, and 
No; = 37.6 cc (N=Avogadro’s Number). See text for computa 
tions of the de B. and G. curves. 


‘J. de Boer and C. J. Gorter, Physica 16, 225 (1950). 
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Fic. 2. The variation of (AU) moise as a function of He* concen- 
tration at a constant temperature of 1.1°K according to the three 
models quoted in the text 


attention. Using Eqs. (8) and (32) of their paper and 
dropping the distinction between internal energy and 
enthalpy, we have in this case 
Ns 
AU = E(x7/*— x7/6), 
NstNu 


(3a) 


where x and x» denote the fraction of He‘ atoms which 
comprise the normal fluid in solution and in the pure 
state, respectively, and Zp» is a constant. It is easily 
seen that AU =0 for T > 7», as in this region x= x= 1. 
Again, at 7=0, AU =0, for both x and x» are zero here. 
In the region 7 <7, SU increases monotonically with 
7, since x always increases faster than x. For 7,<T 
<To, x is stationary, while x is still increasing con- 
tinuously. This results in a monotonic decrease of AU 
(see curve for 1 percent solution, Fig. 1). It is also 
noticed that AU shows strong dependence on He’ con- 
centration (Fig. 2), but becomes independent of it 
provided (N3/N4")-0, where N4"=«N4. Equation (3a) 
for this latter case takes the simple form 


(Al ) motar= ORT, (3b) 


where (AU) moiar denotes the value of AU for a mole of 
He’ in solution. The condition for diluteness quoted 
above, namely that (V;/\4")—0, is more restrictive 
than the corresponding condition in the usual solution 
theory which only demands that N3/N4-—0; and this is 
due to the necessity for the application of Taconis’ 
hypothesis® on which the theory is based. 

In Fig. 1 we have shown the variation of (AU) motar 
with temperature for a di/ufe solution according to the 
three theories discussed here. The curve for 1 percent 
He’ solution in de Boer and Gorter’s theory is also 

5 Taconis, Beenaker, Nier, and Aldrich, Physica 15, 733 (1949); 
see also J. G. Daunt, Phil. Mag. Suppl. I, 209 (1952). 
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included to show the effect of concentration on the heat 
of mixing in a seemingly dilute solution. In Table I the 
numerical values of (AU) molar according to the three 
theories are given. 

The following features of Fig. 1 are noteworthy: 
(a) The regular solution theory gives the same AU 
values even for 7>T7). (b) Heer and Daunt’s theory 
also leads to a finite AU for 7>T7). (c) De Boer and 
Gorter’s theory predicts rather high values of AU, 
especially near 7,. However for T >To, de Boer and 
Gorter’s model gives AU=0. Experiment should, 
therefore, be able to distinguish between the applica- 
bility of all the three models. It should be noted, how- 
ever, that since the Bose-Einstein model of London® 
for liquid He‘ does not give the large rate of increase 
of entropy between 1°K and 7», it would be expected 
here also that Heer and Daunt’s model, based as it is on 
Bose-Einstein statistics, would also underestimate the 
rate of rise of AU with temperature. It would appear, 
therefore, that only by appeal to experiment above 7» 
as well as below 7» could a dccisive choice be made 
between the various models. Observations of the varia- 
tion of AU with concentration should also lead to an 
unambiguous theoretical choice (see Fig. 2). So far 
only a single experimental observation of AU has been 
reported by Sommers’ at 1.1°K. Exact figures, however, 
have not been given, though the result is claimed to be 
in reasonable agreement with the theoretical value 
obtained from (1). Without any information about the 
He’ concentration (a knowledge of which is important 
in de Boer and Gorter’s theory) and the precise meas- 
ured value of AU, further discussion of the isolated 
observation cannot lead to any conclusion.* 

Lastly, it may be pointed out that if we are dealing 
with concentrated He’ solutions the theory of Heer and 


TABLE I. Heat of mixing for a mole of He’ as a result of forming a 
dilute solution in Het. 


(AU) molar in cal/mole He*® 
Heer and Van Laar 

Daunt (C.R.S.) 
(Dilute) (Dilute) 


3.4 


de Boer and Gorter 
Dilute 1 percent 





13.2 7.3 

15.6 10.7 
18.0 14.1 
20.4 17.6 
22.8 21.2 
25.2 24.1 
Zero Zero 
Zero Zero 


. 


PP PONS 
eee See 


A 
A 
A 
3.4 
A 
A 
4 


6 F. London, Phys. Rev. 54, 947 (1938). 

7 Sommers, Keller, and Dash, Phys. Rev. 91, 489 (1953). 

* Note added in proof.—Sommers, Keller, and Dash [Phys. Rev. 
92, 1345 (1953) ] have since published details of their experiment. 
They report (AU )motar= 1.98 cal/mole He’ for a 8.6 percent solu- 
tion at 1.02°K. This is to be compared with the following theoret- 
ical values for (AU )motar: CRS =3.02, H.D.=0.68, de B. and G. 
= 3.35 cal/mole He’. In this particular computation from Eq. 
(3a) we have used ‘quadratic model’ for Gibbs free energy of 
pure Het (see Daunt, reference 5) instead of the ‘linear model’ 
used in earlier calculations. 





HEAT OF MIXING OF He? 


Daunt, unlike the other two theories, predicts a negative 
heat of mixing. In this case the He* component is 
degenerate in the pure state as well as in a mixture 
while the He* component, which is degenerate in the 
pure state, becomes nondegenerate (except for very 
low temperatures) in solution. For this case we have 


3 T\3 Ty\! 
au=_var|1—0514(— ) -0462(—) 
2 To T 


Ty\? 27/3 Vu 
-00225(—*) one | “(—) 
T 5 \4r/ 2, 
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where 7™ is the degeneracy temperature in the pure He® 
case. From Eq. (4) we can obtain the temperature at 
which the heat of mixing changes sign. If the observed 
temperature variation of AU for dilute and concentrated 
solutions turns out to be similar in character to that 
predicted in Eqs. (2a), (2b), and (4), the relevance of 
statistics to the problem of liquid helium would be more 
firmly established. 

It is a pleasure to record my thanks to Professor J. G. 
Daunt for his interest in the above investigation and for 
many valuable suggestions. I am also thankful to the 
Institute of International Education for arranging the 
award of a U. S. Government fellowship. 
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Range Measurement of Low-Voltage Electrons*t{ 
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Determinations of the ranges of electrons between the energies of 600 and 2000 volts are difficult to per- 
form since the short ranges of the particles cannot be detected by the usual physical methods. A biologically 
active molecule such as an enzyme can be used as detector in this energy region, the amount of inactivation 
in uniform layers of the enzyme being a function of the range of the electron. The ranges of the very low 
energy electrons determined in this manner were found to be considerably less than those predicted by the 
Bethe formula for energy loss if no allowance for scattering and straggling is made. If about 40 percent loss 
of range due to this is assumed, then theory and experiment are in fair agreement. Alternatively, a constant 
correction of 100A to be subtracted from the calculated range brings theory and experiment into agreement. 


INTRODUCTION 


HE measurement of the ranges of electrons in 

solids is difficult due to the statistical fluctuation 
of energy loss and to the multiple scattering which 
electrons suffer in each collision. In the low-energy 
region, between 600 and 2000 volts, the ranges of 
electrons are so small that the usual physical methods 
of measurement are not applicable. The use of absorbing 
foils is no longer feasible; the ranges are also too small 
to allow use of cloud chamber methods to any degree 
of accuracy even at 2000 volts. Since the use of low- 
voltage electrons as penetration probes into various 
kinds of structure is attractive, an experimental 
determination of the range of low-voltage electrons in 
solid material is of interest. The quantum-mechanical 
theory of energy loss as developed by Bethe! using the 
Born approximation assumes the interaction between 
the incident electron and the nucleus of the absorber 
atom to be weak and the probability of an electron 


* Abstracted from a dissertation presented for the Ph.D. degree 
at Yale University. 

t This work was performed while the author was a Predoctoral 
Public Health Research Fellow of the National Cancer Institute. 

t Assisted by the U. S. Atomic Energy Commission. 

1H. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, No. 1, p. 491. 


undergoing more than one scattering process while 
traversing this field to be infinitely small. However, 
when the velocity of the particle is such that these 
conditions no longer hold, higher-order approximations 
to the solution must be used. The transition from the 
region where the theory of energy loss, as developed 
by Bethe, holds to regions where it is no longer appli- 
cable will be gradual. 

In the low-energy region, the high sensitivity of 
biological materials to radiation can be utilized as a 
means of detection of the ranges of the electrons. In 
the present experiment, a layer of an enzyme of thick- 
ness greater than the range of the incident electrons 
was used as an absorber. When a uniform layer of the 
dry enzyme is irradiated with a sufficiently large 
number of electrons, all the enzyme molecules within 
the range of the electrons are inactivated; the enzyme 
beyond the range of the electrons is unaffected by the 
radiation. After irradiation, the material is dissolved 
off the cover-slip, and assayed for the activity remain- 
ing. Since the amount of enzyme originally in the sample 
is known, the weight of the enzyme equivalent to the 
fraction inactivated is easily found. The surface area 
of the enzyme exposed to the electron bombardment 
is known from the area of the cover-slip; from the 
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amount of the material affected by the radiation, the 
surface area exposed, and the density of the material, 
taken as 1.3 g/cm’, the range of the electron is found. 
Since the range is calculated in the region where 
additional radiation of a given voltage causes no 
further inactivation, the range as found by this method 
is the distance which the electron travels in the forward 
direction. 


EXPERIMENTAL PROCEDURE 


The enzyme invertase was used in these experiments 
because of its stability after drying and exposure to 
high vacuum, and the high degree of accuracy of the 
assay. The assay was that of Sumner and Howell.* 
This enzyme catalyzes the hydrolysis of sugar into 
monosaccharides, and follows first-order reaction 
kinetics as long as the substrate is in excess. By provid- 
ing a large excess of sugar and allowing the reaction 
to proceed over a long period of time, the presence of 
very small amounts of active enzyme can be detected 
with high precision. A change in activity of 4 few 
percent from a total of five micrograms of material 
can be measured in this manner. Under the experi- 
mental conditions used, range differences of the order 
of ten angstroms could be detected. 

The enzyme, melabiase free, from Nutritional 
Biochemicals Inc., was dried down from quartz distilled 
water in 0.05-ml amounts onto stainless steel cover-slips, 


great care being taken to insure even spreading of the 
solution over the surface of the cover-slip. Various 
methods of drying were tried in order to get a uniform 
layer over the surface. The most consistently uniform 
results were found when the samples were freeze-dried. 
A fine crystalline network could be seen on the surface 























200 800 400500 e000" 
Evectrons {me 
Fic. 1, Logarithm of surviving activity of invertase as a 
function of electrons/cm* and electron energy. 


* J. B. Sumner and S. F. Howell, J. Biol. Chem. 108, 58 (1935). 
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of the cover-slip. The dry samples were irradiated in 
vacuum (10-' mm Hg pressure) by a simple electron 
gun consisting of a heated tungsten filament and 
accelerating grid. The energy of the accelerating 
potential measured between the filament and the 
irradiation plate was read on a standardized voltmeter. 
The amount of irradiation given to the samples in 
electrons/cm*? was measured from the known area of 
electron beam and from the product of the electron 
current picked up on the irradiation plate times the 
time of irradiation. The samples dried down on the 
stainless steel cover-slips were placed on a metal bom- 
bardment plate in the irradiation chamber and exposed 
to the electrons by successively rotating the samples 
into the beam. 


EXPERIMENTAL RESULTS 


The fraction of the enzyme surviving the irradiation 
was investigated as a function of the number of elec- 
trons incident. Two distinct regions are apparent in the 
resulting curves (see Fig. 1). The initial slope is due 
to the inactivation of the enzyme within the range of 
the electrons; this trails off into a region which becomes 
nearly horizontal when all the molecules within the 
range of the electrons have been inactivated. The 
slight slope of this horizontal portion is presumably 
due to inhomogeneities in the invertase layer and to 
photons generated by the electron beam. The fraction 
which is not affected directly by the electrons can be 
found by extrapolating the almost horizontal part 
back to zero dose; this is equal to that portion of the 
enzyme beyond the range of the electron. From the 
amount inactivated, the range can be calculated by 
the method explained above. 

Ranges were determined in this manner for electrons 
of energies of 100 to 2000 volts. Five micrograms of 
enzyme were irradiated in the 600-volt sample while 
50 micrograms were used in the 1500- and 2000-volt 
determinations. A greater amount of scatter was 
found in the data at the higher energies when large 
amounts of enzyme were dried down on the cover-slips. 

Figure 2 shows the results of the range measure- 
ments plotted against energy ; the dotted line represents 
the ranges as calculated by Lea* from the Bethe theory 
of energy loss, assuming the validity of the extra- 
polation of the expression down to low energies. The 
values have been corrected for ranges in material of 
the density of protein. The constant range found 
experimentally from 100 to 600 volts represents the 
thickness of one invertase molecule. The smallest unit 
which can be affected corresponds to the single mole- 
cule, 90A thick. Deuteron and high-energy electron 
data on invertase* have shown the sensitive unit to be 
a cylinder of radius of 24A and length 83A; this corre- 


*D. E. Lea, The Action of Radiation on Living Cells (Cambridge 
University Press, Cambridge, 1947), p. 23. 

* Pollard, Powell, and Reaume, Proc. Natl. Acad. Sci. (U.S.) 
38, 173 (1952). 
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sponds to a molecular weight for the enzyme which 
is in good agreement with the value found from dif- 
fusion experiments. The present data provide further 
evidence that the single enzyme molecule acts as an 
active unit of uniform sensitivity throughout. The 
amount of inactivation remains constant until the 
incident electron has enough energy to penetrate 
beyond the top layer of molecules. At 600 volts the 
measured range of 90A can be compared with 200A, 
that predicted by theory. At energies greater than 600 
volts, the range increases smoothly with energy. As can 
be seen from Table I, the difference between theory 
and experiment becomes less pronounced with in- 
creased energy; at 1500 and 2000 volts the discrepancy 
observed is a small fraction of the total range. At 
lower energies, the distance that the electron travels 
is less than the figures given by Lea. A large part of this 
discrepancy is probably due to scattering of the elec- 
trons. Williams® estimates that the penetration range 
is less than the path length range by about 40 percent, 
which would give fair agreement. The constantly 
decreasing discrepancy shown in the last column of 


TABLE I. Predicted and observed values of ranges 
of low energy electrons. 








Percent deviation 
from theory® 
(probably due to 
scattering) 


Range in angstroms 


Theory 
(Bethe) 


Energy of 
electron 


(volts) Observed* 





90+ 10 
230+40 
400+ 80 
620+ 120 

11304225 


600 195 
900 350 
1200 545 
1500 770 
2000 1300 








* These values were obtained by drawing a smooth curve to fit the data 


shown in Fig. 2. : 
> The percentage deviation of the experimentally observed values of 


the range of an electron of a given energy from that predicted by theory 
decreases with increasing energy. 


Table I indicates other factors may enter, such as a 
constant correction the order of 100A which is to be 
subtracted from the calculated range. This correction 
could easily be due to failure of the underlying assump- 
tions of the theory at very low electron energies. 


DISCUSSION 


In traversing an absorber, the average electron 
travels a tortuous path, and it is only a rare particle 
that penetrates the absorber completely in the forward 
direction, undeviated from its original direction of 
motion. The range of initially monoenergetic electrons 
is not a clearly defined quantity as has been shown by 
White and Millington® in their measurements of the 


SE. J. Williams, Proc. Roy. Soc. (London) A130, 310 (1930). 
* P. White and G. Millington, Proc. Roy. Soc. (London) A128, 
701 (1928). 
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Fic. 2. Experimentally determined ranges of low energy elec- 
trons compared with theoretical values calculated by Lea from 
the Bethe theory of energy loss. 


energy distribution of electrons after penetration of 
mica foils of various thicknesses. For a given initial 
energy, the number of electrons which emerge after 
the penetration of a foil of a given thickness steadily 
decreases as the thickness of the foil increases. A 
thickness can be found which reduces the number of 
electrons which penetrates to zero. This thickness is a 
measure of the true maximum range that is measured 
in the present experiment. The point where no further 
inactivation of the enzyme is seen for an increase in 
electrons incident on the enzyme can be taken as 
corresponding to the foil thickness that effectively 
stops all electrons of that energy. It has been shown by 
Hereford and Swann’ that the error in range deter- 
minations in foil measurements increases with increasing 
energy due to the greater statistical fluctuation in 
energy loss per collision with electrons of higher energies. 


CONCLUSIONS 


The values of ranges as determined here represent 
the distance which the electron travels in the forward 
direction. If the electron scatters in such a way that 
the penetration range is about 40 percent less than the 
path length range, the results are in fair agreement 
with theory. Alternatively, it may be assumed that a 
constant correction the order of 100A must be sub- 
tracted from the calculated ranges for electrons over 
600 ev in energy. 


ACKNOWLEDGMENTS 


The author wishes to thank Professor E. C. Pollard 
for his suggestion of the problem and for his guidance 
and help in carrying it out, and also Dr. Franklin 
Hutchinson for his advice and discussions on the 
experiment. 


7F. L. Hereford and C. P. Swann, Phys. Rev. 78, 727 (1950). 





PHYSICAL REVIEW 


VOLUME 94, 


NUMBER 2 is, 


The Theory of Liquid Helium 


G. V. CHESTER 
Wheatstone Physics Laboratory, King’s College, London, England 
(Received June 12, 1953; revised manuscript received August 7, 1953) 


The free energy, F, of an assembly of interacting helium atoms is expressed in terms of the trace of the 
density operator, exp (—8H), where 8=1/RT, H is the Hamiltonian and T the temperature. The Hamil- 
tonian is written as Ho+gW, where Ho is the part corresponding to the kinetic energy and gW the potential 
energy. The resulting expression for F is expanded in powers of g, the first two terms of the series being 
calculated explicitly. The first term, which is independent of g, gives the free energy of the London theory, 
and leads to all the usual results. In particular the transition at the lambda temperature, 7), is of the third 
order. The second term in the expansion of F raises the transition to one of the second order; all the second- 
order derivatives of this term are discontinuous at 7), while 7, and 87)/ép are the same as in the London 
theory. Numerical values are obtained for the specific heat and the discontinuity in the specific heat. These 
are c.umpared with experiment and it is found that there is an improvement as compared with previous 


theories 


I. INTRODUCTION 


HE theories of liquid helium that have so far been 
proposed, lead in some measure to an under- 
standing of the lambda transition, and cf the anoma- 
lous behavior below the lambda temperature. These 
theories are usually divided into two types according 
as to whether they explain the problem presented by a 
liquid, in terms of a gaseous model, or in terms of a 
solid model. They are generally associated with the 
names of London and Landau, respectively. Recently 
Temperley' has compared these two types of theories in 
a general manner. He concludes that the London type of 
theory is more satisfactory near the lambda tempera- 
ture, while the Landau type gives better results at low 
temperatures, particularly near absolute zero. This is, 
of course, exactly what might be expected from the 
different assumptions inherent in the two approaches. 
The original model proposed by London?? was, 
however, very crude in that the mutual interactions 
between the helium atoms were not taken into account. 
The purpose of this paper is to present an extension of 
this thoery in which this defect is partly remedied. 
There have been several attempts to improve the orig- 
inal theory. The first was by London himself.‘ This 
was based on the assumption that the density of single- 
particle states, with wave vectors k, lying between k 
and k+dk, was to depend not on k’dk but on k*dk. The 
constant, y, was determined so that the lambda transi- 
tion became a second-order transition. The results of 
this assumption are too well known,*~* to require any 
elaboration. For our purpose it is sufficient to note that 
the assumption has never been justified theoretically. 
Schiff’ showed that London’s theory was the first-order 
1H. N. V. Temperley Proc. Phys. Soc. (London) A65, 490 
(1952). 
* F. London, Nature 141, 643 (1938). 
3 F. London, Phys. Rev. 54, 947 (1938). 
‘F, London, J. Phys. Chem. 43, 49 (1939). 
‘F. London, Proceedings of the International Conference on 
Low Temperatures, Cambridge, 1946 (Physical Society, London, 
( 
Or B. Dingle, Advances in Physics 2, 111 (1952). 
™L. I. Schiff, Phys. Rev. 59, 751, 758 (1941). 


term in a “quasi” virial expansion of the partition 
function. He calculated the next term but found that 
there was practically no improvement over the original 
theory. Such an expansion is necessarily divergent 
for a liquid phase in any case. Other treatments 
have been given by Bijl, de Boer, and Michels,® 
Goldstein,’and Matsubara." All these theories, however, 
contain assumptions of an arbitrary nature, which have 
not so far been justified. In what follows, a new mode of 
analysis will be given. This consists in expanding the 
free energy F, in powers of a coupling constant g. The 
way in which g enters into the theory is readily seen if 
the hamiltonian of the system, /, is written in the form, 


H=Hot> gw(ris), 
i<j 
(1.1) 


ry [ri—r;|, 


where H, is the kinetic energy of the system, and the 
other term in Eq. (1.1) is the potential energy due to the 
interactions between the helium atoms, the positions of 
which are given by the vectors r;. By using Eq. (1.1), 
the free energy may be written in the form 


(1.2) 


F=> g"F n, 
now) 


where the F, are independent of g. We shall calculate 
Fy and F,, only. 

We can employ our theory to interpret the experi- 
mental facts in two different ways, which may be 
termed loosely the qualitative and quantitative aspects. 
If we make g very small then we might expect that the 
first two terms in Eq. (1.2) would give an accurate 
account of the behavior of a weakly coupled Bose- 
Einstein assembly. This aspect of the theory is of im- 
portance, as considerable doubt has been thrown on 


8 Bijl, de Boer, and Michels, Physica 8, 655 (1941). 
* L. Goldstein, J. Chem. Phys. 9, 273 (1941); 10, 472 (1942). 
© T, Matsubara, Progr. Theoret. Phys. Japan 6, 714 (1951). 
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London’s original theory.":"? These doubts arise from 
the fact that it is difficult to see how the behavior of a 
liquid can be represented in any way by means of an 
ideal gas. Indeed, many have considered the qualitative 
agreement of the theory with experiment to be no more 
than fortuitous. Thus as our theory takes into account, 
in a rigorous manner, the first order departures from the 
ideal gas model, it should provide evidence for or 
against London’s theory. Quantitatively we can com- 
pare the result of the theory with experimental data, 
using for g the value determined by de Boer™ from 
calculations of the second virial coefficient of helium at 
higher temperatures. 

In the next section the terms Fy and gf; in Eq. (1.2) 
are calculated. The result is expressed in terms of a 
general interaction potential between the particles in 
the assembly. In carrying out this calculation in detail 
certain approximations are made; with these approxi- 
mations it becomes obvious that the lambda tempera- 
ture itself, and the dependence of the lambda tempera- 
ture on the density, are the same as in London’s theory.* 
In the third section the thermodynamic properties of 
the model are investigated from a qualitative point of 
view. It is found that all three second-order derivatives 
of F, with respect to T and V, are discontinuous at the 
lambda temperature. This is in agreement with experi- 
ment, and marks a definite improvement over the 
London theory. Computations of the specific heat have 
been carried out for two types of interaction, and the 
results are compared with experiment in Sec. 4. With 
de Boer’s potential,” it is found that the shape of the 
specific heat curve below the lambda temperature is now 
much nearer that found experimentally. The magnitude 
of the specific heat at the lambda temperature is correct, 
for very reasonable values of a parameter ro which 
appears in the theory. The sign of the discontinuity in 
the specific heat is, however, opposite to that found 
experimentally. If, however, we use a potential that 
approximates closely to the potential of the mean force 
between helium atoms, then the break in the specific 
heat has the correct sign, while the results below the 
lambda temperature are unaltered. Thus we can con- 
clude that both qualitatively and quantitatively the 
model gives results which are an improvement over 
previous theories. Unfortunately it does not seem pos- 
sible to calculate explicitly any of the higher order 
terms in Eq. (1.2). 


Il. THE EXPANSION OF THE FREE-ENERGY 


Consider an assembly of N helium atoms each of 
mass m in a rectangular box of volume V. We write 


1 . D. Landau, J. Phys. (U. S. S. R.) 5, 71 (1941). 

2 N. N. Bogolyuboy, J. Phys. (U. S. S. R.) 11, 23 (1947). 

18 J. H. de Boer and A. Michels, Physica 5, 945 (1938). 

“W. H. Keesom, Helium (Elsevier Publishing Company, 
Amsterdam, 1942). 
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Eq. (1.1) in the form, 
N 
H=> p2/2m+gW, 


i=1 

where p, is the momentum of the ith particle, and gW is 
the potential energy of the system. The analysis that is 
required, to expand F in powers of g, has been developed 
in a previous publication."* It was shown there that the 
partition function, and hence, the free energy, may be ex- 
panded in powers of g provided that either (a) the po- 
tential energy w(r;;) has no singularities at which it be- 
comes positively infinite, or (b) that w(r;,;) represents the 
interactions between particles that have finite incom- 
pressible cores. If, however, the potential energy is 
positively infinite only at isolated points then it is 
impossible to expand the free energy in this manner. 
The case where w(r,;) becomes negatively infinite is of 
no physical interest and will not be considered. Quite 
generally it is clear that the potential energy of any two 
atoms or molecules must become very large and positive, 
and eventually infinite, whenever the two particles 
approach sufficiently close to one another. Therefore, if 
we wish to expand the free energy for an assembly of 
helium atoms in powers of g, then we must assume that 
they have finite incompressible cores. This seems to be 
perfectly justified, and such potentials have been used 
in many previous calculations. Thus, w(r;;)=-+- © for 
|ry—r,;| =7;;<2ro, where ro is the radius of the incom- 
pressible core. We now use the formulas developed in I; 
the partition function Z is given by 


Z=Zo+gZ,+0(g"), 


(2.1) 


(2.2) 


where, in Eq. (2.2), 
Zo=> G, exp(—BE)), (2.3) 


and 


Z:=-BL GWu exp(—BE,). (2.4) 


In Eqs. (2.3) and (2.4), G; is the number of states 
associated with the energy level E;, and W ;; is given by 


(2.5) 


Wom f xi*Wxidr,: - «dry. 
8) 


The functions x; in Eq. (2.5) are the correctly symme- 
trized solutions of the wave equation for NV perfectly 
elastic spheres, the E, being the corresponding eigen- 
values. The above equations are equivalent to Eqs. 
(1.17) and (4.16) of I. The free energy F is given by 


F=—B" logZ. (2.6) 
Consequently, to the first order in g, 
F=—B™ logZ )— g8'Z,/Zo. 
From Eqs. (2.7) and (1.2) it follows at once that 
Fo= —8" log( 3) G. exp(—BE,) J, 


6G. V. Chester, Phys. Rev. 93, 606 (1954). This paper will be 
referred to hereafter as I. 


(2.7) 


(2.8) 
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and 
F\=> GW exp(—BE))/> G. exp(—BE)). 


We notice that since Ff depends on fp, it is not inde- 
pendent of the parameters specifying the interaction 
potential. It is probably impossible to evaluate either 
G, or W,; rigorously, and to made further progress it is 
necessary to find suitable approximations for them. In 
the case of helium the radius of the incompressible core 
ro has a value of about 1-1 10~-* cm. Furthermore the 
volume available to each atom V/N is, at the densities 
we are interested in, about 5X 10-* cm*. On the other 
hand, the volume of the incompressible core is about 
5X10-* cm*. We shall therefore make the approxi- 
mation of replacing G, in Eqs. (2.3) and (2.4) by G/,, its 
value for the free-particle system. To this degree of 
approximation, Fo is the free energy of an ideal Bose- 
Einstein gas. We next make the approximation of 
replacing the elastic sphere wave functions x; in Eq. 
(2.5) by the correctly symmetrized free-particle wave 
functions V,. The region of iniegration S;, is, for the mo- 
ment, left unaltered. This insures that W ,, remains 
finite. From Eqs. (1.1) and (2.5) it is seen that W,, is 
the sum of a number of terms of the form /%w(r;;) 
Xdr,---dry. In each of these terms we shall make the 
further approximation of extending the restricted 
integrations over the coordinates that do not appear in 
the potential function, w(r;;), to cover the entire volume. 
The integrations over the coordinates that do appear in 
the potential function are still to be restricted to that 
region of configuration space, for two molecules, such 
that r;;> 27. It does not seem to be worth while investi- 
gating more refined approximations until the results of 
these very simple ones have been established. 

With these approximations, fy and F, become 


Fo= —8™" log>” G/ exp(—BE)), 
F,=¥ GW 1 exp(—BE)/XG? exp(—BE). 


(2.9) 


(2.10) 
(2.11) 


An explicit expression has been given for Fo by London."* 
We shall therefore confine our attention to F;. The 
function W ,;, to our degree of approximation, can easily 
be calculated in the usual manner. It is given by 


: N(N-1) 
Wu=td Y moe Kae +———Ko._ (2.12) 
loth’ 2 


The symbols m, in Eq. (2.12) are the set of numbers that 
define the state /. That is the state of the system is 
taken as being defined by the set of numbers, (m,), that 
specify the number of particles with wave vectors k. 
The m run from 0 to N and satisfy the relation 


am = N. 


16 F, London, Phys. Rev. 54, 947 (1938). 


(2.13) 
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The function Ky,» is given by 


Kuw=V" f f wha) 


Iri—re| >2re 
Xexp[—2xi(k—k’)-(ti—12) Jdridr, (2.14) 


while Ko=Kx,x and is thus independent of k. Com- 
bining Eqs. (2.11) and (2.12), we obtain 


N(N-1)_ 
F,=} y ® Tighiy Ke, ee + = Ko. 
kek’ 2 


(2.15) 


The vi, are the mean values of the m, that appear in Eq. 
(2.12), the means having been taken with the free 
particle weights exp(—BE,)G/°/Z». They are therefore 
identical with the free-particle occupation numbers of a 
Bose-Einstein gas, and from Eq. (2.13) satisfy the 
relation N= }"y/,. Now it is this relation that defines 
T, and 07/dp, where p is the density. Both these 
quantities will consequently be identical with those of 
the ideal gas approximation. This last statement brings 
out the essential nature of the approximation of re- 
placing G, by G;’. If this had not been done, F would 
have been dependent on ro and therefore the zero-order 
approximation to 7, and 07)/dp would have been 
dependent on ro, and would be different from the values 
they have in the ideal gas approximation. Thus, if a 
more accurate evaluation of G, could be carried out, it 
should be possible to obtain a value of 7) nearer to that 
found experimentally. For convenience we list the 
properties of the iy: 


iy =[Lexp(\+a)—1}", allk; T>T7), 


ix=(Lexp(Ak’)—1}"',k>0; T<T), (2.16) 


io= N-> Nix; T< Ty. 
k+0 


In Eq. (2.16) \=h?/2mkT, where k is Boltzmann’s 
constant. The statistical parameter a is determined, asa 
function of T and V, for T>7), by the relation yy 
= N. For T <7) a is identically zero. The condensation 
temperature 7} is given by 


T= (h?/2mrk)(N/VE(8) }}, (2.17) 


where {(#) is the Riemann zeta function of order 3. 

It is convenient to reduce F;, to a still more explicit 
form. In Eq. (2.15) we replace the Ky by their 
average values, the averaging being done over all 
angles in k and k’ space. This is legitimate because we 
are eventually going to replace the summations in (2.15) 
by integrations, and the only angular dependence comes 
from the Ky,x-; the ix depend only on |k|. This means 
that we can carry out the angular part of the integra- 
tions at once. Thus, dropping the irrelevant constant, 


F, becomes 
F,=} > > fiyhhy (Ky. x’). 


|i] k’| 


(2.18) 
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In Eq. (2.18), 


4 
(Kx) =— w(r) sin(2rkr) sin(2rk'r)drjdro, 
V2kR’ 


r>d2ro 


where r= |r,;—r2|. The above expression can be readily 
reduced to the form, 


(2.19) 


167 
(Ke,x)=— 
RR'V. 


w(r) sin(2rkr) sin(2rk’r)dr. 


2ro 


The lower limit, 270, in Eq. (2.19) occurs because in Eq. 
(2.14) the mnagetens over r; and rz are restricted to 
the region 7:22 2ro. It is now convenient to divide the 
calculations into two parts corresponding to tempera- 
tures below and above the lambda temperature: 


(a) T<T). In this range of temperature we have 


F\=Fy=$2> Dd tintin (Ku). 


[ie |e | ik’ | 


(2.20) 


When the summations in Eq. (2.20) are replaced by 
integrations, care must be taken not to suppress the 
state |k| =0, by using a density of states proportional 
to k*, which is zero for |k| =0. This can be avoided by 
writing, 


(Kx, «+70 > fix( Ky, 0). (2.21) 


a> 2 NN 
[| ke’ | +0 
The summations may now be safely replaced by inte- 
grations. The states |k| = | k’| +0 contribute nothing to 
the double integral. This is because the integrand, and 
all its derivatives with respect to T and V are measur- 
able on the line k= k’, and these points form a set of zero 
(plane) measure. The quantity (Kx,x) has already been 
calculated in Eq. (2.19), while (Kx, o) is given by 


8r 7” 


(Kx,o)=— | w(r)r sin(2rkr)dr. (2.22) 


2ro 


Combining Eqs. (2.22) and (2.19) with (2.21) and re- 
placing the summations by integrations, we have 


Fy = arf w(r)[VIP2+forl jdr, (2.23) 


2ro 


oe 


-{ k sin(2rkr)[exp(Ak?)—1}-"'dk. (2.24) 


0 


Unfortunately J cannot be calculated in terms of 
known functions but it can be easily expressed in the 


form, 
T= (x/d)*(r/2)Ss-, (2.25) 


where the functions S,~ have been introduced for con- 
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venience later; they are defined by, 


=> exp(—r*r?/md)/n*”. (2.26) 


n=l 
Using these results, together with the relations 


figo=N(1—7!), and (#/Ao)!=N/VE(9), 


where 


\o= (A)ror, and r= T/T), 


we have finally, 


Fy = pf x*w (x) 
70 


XL (r9/25) (Ss )*+ 7 (1— 2) Ss" dx, 


where xo=2ro/a, P=44RNo*/¢(3)RV, and R is the gas 
constant. The variable of integration has been changed 
from r to x=r/a, and S; is now given by, 
ita , 
=> exp(—ax?/n)/n”, 


n=l 


(2.27) 


(2.28) 
where a= 7°o"/X. 
(b) T>T\. We now have, 
F\=F,*= ¥ DY rigtiy (Ku). 


{ke ji k’| 


(2.29) 


When we pass to the continuous-spectrum approxima- 
tion, and replace the summations by integrations using 
a density of states proportional to k’, we shall 
suppress any contributions from terms of the form 
No Dd snjeo%n( Kx, 0) and (fio)*(K 0, 0). The latter should not 
be present in any case, as the summation is over un- 
equal {k| and |k’|. The former should be present. It is 
easily seen however, that because fo is of order NV?" these 
terms are of order V*” at most, and so are statistically 
negligible compared with the rest of the sum which is of 
order N?. Thus it would not matter whether these terms 
are present or not, provided that we merely required the 
function F,*. We are, however, concerned not only with 
F,*, but also with its first and second derivatives with 
respect to T and V, and the derivatives of the sup- 
pressed terms are not statistically negligible at the 
lambda temperature; thus 070/9T and 0*7»/dT? are 
both of order NV at 7). In Eq. (2.29) the i, depend on 
a, Eq. (2.16), so when F,* is differentiated with respect 
to T it will also have to be differentiated with respect 
to a because of the implicit dependence of a on 7. Thus 
terms will arise in the differentiated series which were 
not present for 7<7). For example, in the first differ- 
entiation we get terms of the form [exp(Ak?+a)—1}°. 
When we now pass to the continuous spectrum approxi- 
mation a term such as this will give rise to an integral 
which diverges, as a—0, in the same manner as the 


series >> e~**/n! diverges for a—0. However all such 
n=l 


integrals are multiplied by factors of the form da/d7, 
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which go to zero, for a—0, just sufficiently fast for the 
product to yield a finite result (Appendix). It is just 
these terms which make up for the apparent suppres- 
sion of terms like O%9/9T > \x\40%(Kx, 0). However, 
terms will now arise in the double sum, which give 
contributions of the form (Afi9/8T)*Ko,o) and (d*fio/ 
9T*)fio Ko,o). These terms should not be present since 
they arise from terms for which |k|=|k’|=0. This 
difficulty can be easily overcome by writing Eq. (2.29) 


as, i : 
Fyt=4 > DS tigtiv(Ku ur) —4 (tio) Ko,0), (2.30) 
{ke jm |e’ | 


where in Eq. (2.30) the summation is to be over equal 
values of |k| and |k’|, and the second term exactly 
cancels out the unwanted contributions from the states 
|k| = {k’| =O; the states |k| = |k’| +0 give no contri- 
bution to the integral for the same reason as was given 
previously for the case 7<7,. We may now safely re- 
place the sums by integrations and get 


Py Y pf x?w (x) 78 /2¢ (S3* °dx— 4 (fio)*(Ko, 0), (2.31) 
zo 
where 
~ 
S,°=>) exp(—ax*/n—na)/n*”, 
n=l 
and r and P have the same meaning as before. 

From Eqs. (2.27) and (2.31), Cy,” and Cyi* may be 
calculated, where Cy,;~ and Cy;* are the contributions 
to Cy the specific heat at constant volume from gf," 
and gF’,*, respectively ; as the calculations were limited 
to the region 7 <7) we shall merely quote the result 
for ( V1 ; 


Prig r* ri 
= f sas) fi (2)~ fla) fa (2.32) 
7: zo c 
The functions /,(x) and fo(x) are given by 


Si(x) = 383 (2¢ —_ Ss; )— 62.55 (¢{—S; ~) 
— 32(S5~)?-+-2°S7- (¢— Sy) 


Cy — 


(2.33) 
and 


fo(x) = 2S; —325,° +257, 
where 


9 


z= ax"/d 


f=¢(9). 


The discontinuity in the specific heat can also be cal- 
culated from Eqs. (2.27) and (2.31). It is found to be 
given by 


and 


(ACy1) = (Cy —Cyr )r =r 


= PT,*t \(@a/aT*yr =n f x*w(x)S38ydx, (2.34) 


70 


where 
s=>, [1—exp(—ax*, n) |n-4, 
n=l 


(@°a/A7*)r =r, is given in the Appendix, and S; is the 
common value of S;~ and S;* at 7), that is for a=0. 
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Ill. THE THERMODYNAMICS OF THE LAMBDA 
TRANSITION 


We shall now use the expressions given by Eqs. 
(2.11) and (2.18) to deduce the qualitative behavior of 
the model at the lambda temperature. Our main interest 
is to determine the nature of the discontinuities in the 
derivatives of F. These arise from the discontinuities in 
the derivatives of the 7, which in turn depend on the 
discontinuities in a. As the first-order derivatives of a 
are all continuous at the lambda temperature (Appen- 
dix), it follows that the first-order derivatives of F are 
continuous at this point. In particular the entropy, 
S=—(0F/dT)y and the pressure, p= —(0F/0V)r are 
continuous at 7). To study the second derivatives of F 
we require the following relations, 


(OF o/da) =0, (3.1) 
and 


(OF ;/da) +0. (3.2) 


Equation (3.1) is equivalent to the relation N= Doxiix, 
and follows immediately when Fo is calculated in the 
usual manner.'7'* Equation (3.2) is obvious from the 
form of Eq. (2.18). It follows from Eq. (3.1) that the 
nth derivatives of Fy depend only on the (m—1)th de- 
rivatives of a. Thus, as the first discontinuous deriva- 
tives of a are of the second order, the first discontinuous 
derivatives of Fo will be of the third order; for example 
the gradient of the specific heat. This of course is a well 
known result of the ideal gas approximation. On the 
other hand, from Eq. (3.2), the mth derivatives of F;, 
will depend on the mth derivatives of a, and hence the 
first discontinuous derivatives of F will be of the second 
order. Now we have 


ve ap #F 
cnn) (),-- Ga 
ar}, Natl, aTaV 
ap #F 
(—) --(—). @ 
avs » av? 


Thus, the theory predicts that all three quantities on the 
left-hand side of relations (3.3) will be discontinuous 
at 7). This is in agreement with experiment, and repre- 
sents a considerable improvement over the London 
theory which predicts that all these quantities should 
be continuous. It should be noted, however, that the 
experimental values correspond to discontinuities in 
derivatives of the /otal free energy, whereas we have 
only examined the behavior of the first and second 
terms of series (1.2) for F. But it would seem to be 
purely accidental if the discontinuities arising from the 
higher order terms in series (1.2) exactly cancelled 
those of the first two terms. 

Our general qualitative conclusions concerning the 
discontinuities depend directly on the statistics of the 


‘7 B. Kahn, dissertation, Utrecht, 1938. 
18 A. R. Fraser, Phil. Mag. 42, 156, 165 (1951), 
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particles. They therefore lend considerable support to 
London’s hypothesis that the anomalous behavior of 
liquid helium is closely connected with the type of 
statistics obeyed by the helium atoms. 


IV. COMPUTATION OF SPECIFIC HEAT— 
COMPARISON WITH EXPERIMENT 


The contribution Cy;~, to the specific heat Cy, has 
been calculated for two types of interaction potential. 
The first type of potential was identical with that used 
by de Boer" to calculate the second virial coefficient of 
helium at low temperatures. That is, gw(r) was assumed 
to be given by 


mond (7) -(1) } 


g is identical with the quantity 4¢ in de Boer’s paper, 
and @ is the scale factor introduced in Eq. (2.27). The 
constants ¢ and o were assumed to have the same values 
as used by de Boer, namely «=1.41X10~" erg and 
o=2.561X10~* cm. This potential was substituted into 
Eq. (2.32), the integrand tabulated as a function of «x 
for various values of 7, and the integration performed 
numerically. The results are shown in Fig. 1, curve C, 
while curve A represents the experimental results.” 
The value of ro was chosen so that the specific heat had 
the correct experimental value at the lambda tempera- 
ture. With a value of ro>=1.09X10-* cm there is re- 
markably close agreement, below the lambda tempera- 
ture, between the theoretical and experimental results. 
Moreover, this value of ro is in good agreement with the 
value of 1.1X10~* cm obtained from kinetic theory. 
However, at the lambda temperature itself the dis- 
continuity, calculated from Eq. (2.34), has the wrong 
sign and is very large (~5R). The gradient of the 
specific heat on the high temperature side of the lambda 
point has also been computed and is found to be very 
small and negative (~—1R). Thus, the theoretical 
behavior at 7, is in complete disagreement with 
experiment. This is perhaps disturbing in view of the 
excellent agreement below the lambda temperature. 
With the value of 7 that we have chosen, the specific 
heat becomes negative for r<0.3. This clearly indicates 
that the approximations we have made are breaking 
down in this region of temperature. This is not alto- 
gether surprising considering the nature of the approxi- 
mations. It may be mentioned that with a slightly 
smaller value of ro the specific heat would be positive 
over the whole range. 

In view of the marked disagreement with experiment 
at the lambda temperature, it was thought worthwhile 
to see if any improvement could be obtained by using a 
different type of potential. From the numerical cal- 
culations it was obvious that merely changing the value 
of ro would not alter the qualitative results obtained 


(4.1) 


19 W. H. Keesom and A. P. Keesom, Physica 2, 557 (1935). 
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Fic. 1. The specific heat of liquid helium. A—experimental 
values; B--London theory; C—theory of this paper using de 
Boer’s potential [Eq. (4.1)'] for the interaction between the helium 
atoms; D—this paper using approximate potential of the mean 
force. 


with de Boer’s potential. It was however clear that if 
the potential was assumed to have a “repulsive hump” 
at a distance given by x= 1.6, then the discontinuity in 
the specific heat would have the correct sign and the 
gradient on the high-temperature side of the lambda 
point would be large and negative. Now a potential of 
this kind corresponds closely to the potential of the 
mean force between helium atoms. Furthermore, by 
using this type of potential we are taking into account 
more accurately the fluctuations in density of the num- 
ber of atoms in the neighborhood of any particular 
atom. Thus, although the introduction of this potential 
is somewhat arbitrary, it is not unreasonable on physical 
grounds. 

It was not considered worthwhile to attempt to 
represent this type of potential in any great analytical 
detail and then perform a numerical integration to 
obtain the specific heat. It was assumed that for our 
purpose a sufficiently good representation of it could be 
obtained by simply changing the sign in de Boer’s 
potential at a distance given by x= 1.6. The main defect 
of this potential is that it does not go to zero for large x 
as —x~*, but as +2~*. However, the contribution to the 
integrand is very small at these values of x and this 
defect will therefore not be very important. The results 
obtained with this potential are shown in Fig. 1, curve 
D. To obtain the correct value for the specific heat at 
T, it was necessary to change fp slightly to a value of 
1.11 10~* cm. It is seen that below the lambda temper- 
ature the curve is indistinguishable from that obtained 
with De Boer’s potential. At the lambda temperature the 
discontinuity in the specific heat has the correct sign, 
while the specific heat itself falls off rapidly above the 
lambda temperature. The break in the specific heat is, 
however, too small. It seems almost certain that with a 
sufficiently refined “mean force potential” the behavior 





252 G.N. 


at the lambda temperature could be still further im- 
proved. Such calculations are hardly justified when it is 
remembered that the lambda temperature itself is not 
correctly predicted by the theory. 

In conclusion it is worthwhile considering whether 
the present treatment exhibits any sort of gas-liquid 
condensation phenomenon. This question is obviously 
important, because if it could be shown that the present 
treatment does in fact exhibit a gas-liquid type of tran- 
sition then this would lend considerable support to the 
simple ideal gas theory of London. Unfortunately, there 
appears to be no simple method of answering this 
question. The most straightforward method would 
seem to be to plot a number of isotherms and see if they 
show any signs of “critical behavior.” This would in- 
volve a very large amount of numerical work which has 
not, as yet, been carried out. It is, however, doubtful 
whether the present method would exhibit any really 
realistic gas-liquid transition. This is because only two 
terms in the expansion F have been calculated (approxi- 
mately); it is very likely that many more terms in the 
expansion would have to be calculated before a realistic 
transition occurred. 

The numerical work in this section was first carried 
out on a desk machine. It was subsequently checked by 
Dr. M. P. Barnett on a punched card machine, using 
techniques previously developed” for the evaluation of 
molecular integrals. The author wishes to thank Dr. 
Barnett for the care with which these calculations were 
carried out. He also wishes to thank Mr. F. Booth for 
considerable help in the preparation of the manuscript. 
The author is indebed to the Central Research Fund of 
London University for the loan of a Marchant calculat- 
ing machine, and to the Department of Scientific and 
Industrial Research for a maintenance grant. 


APPENDIX 
The statistical parameter, a, is defined as a function 
of p and T (that is as a function of 7/T)) by the equa- 
tion, 


N=Durx (a). (A.1) 


In the continuous spectrum approximation, this be- 


comes 


N=(4/\) IV > eons, (A.2) 


n=l 


” M. P. Barnett and C. A. Coulson (to be published). 
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where \=h?/2mkT. Equation (A.2) holds for T>T7); 
for T=7T,, a=0, and Eq. (A.2) becomes 


N= (x/do) 1V5(§), 


where ¢ (4) is the Riemann zeta function of order 3, and 
o= (A)r.7,. Dividing Eq. (A.2) by (A.3), 


(A.3) 


oe 
cr i=> eon. gt, 


n=) 


(A.4) 


From Eq. (A.4) the derivatives of a may be calculated 
by direct differentiation. The calculations are made very 
much easier if the formula given by Robinson”! is used. 
He obtains an expansion for >) ,e~"*n~ of the form 


)p 
5 eo) (AS) 


> on +*=T(1—p)aX “+> 


n=) p= 
where {(u—p) is the Riemann zeta function of order 
u—p, and '(1—,) is the gamma function of argument 


1—y. This expansion is valid for |a| <2m, and all u. It 
is easily shown, using (A.5) and (A.4) that for small a 


(T>T)), 
0a a\} 3 
(2) incon 
oT T 2T» 


Thus da/8T—>0 as a0. Moreover, as 0"a/d7™ 
=0O(m>1) for T<T), it follows that da/dT is con- 
tinuous at 7=7). In a similar manner, 


(8a/8T*)r =7,= Of (3) 2/8472, (A.7) 


showing that 0@’a/@7? is discontinuous at 7=7). 
From Eq. (A.4) the following results can be easily 
deduced: 


(A.6) 


. tafe Ja 
=lim >> e~™n-! —, 
oT 


a0) 


(A.8) 


n=l 


3 
t(%)— 
27) 
and 


3 ¢() er Oa\? « Pa 
-— = tim] & cmnl(—) -> cmon (A.9) 
4 T;? al n=l oT n=l oT? 


These relations have been used repeatedly in the text. 


21 J. E. Robinson, Phys. Rev. 83, 678 (1951). 
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The intensity of solar soft x-rays (50---230A) as computed by Elwert is found to be sufficient to cause 
the ionization of the ionospheric E layer. On the other hand, preionization of molecular oxygen by ultra- 
violet chromospheric radiation (A<1020A, Nicolet) could perhaps also be admitted, if it could be accepted 
that the dissociation of atmospheric oxygen occur in a high transition layer of considerable thickness 
(100-150 km). The first process is probably predominant. 


1. INTRODUCTION 


CCORDING to the usual theory the £ layer is 
formed by ionization of molecular oxygen by 
ultraviolet radiation. In 1948 Bates and Hoyle! proposed 
a theory of formation by solar x-rays at about 40A. In 
a first note in 1951,? we pointed out some difficulties of 
the usual! theory and mentioned the x-ray theory 2s one 
possible solution. Meanwhile Elwert* has calculated 
x-ray emission from the solar corona; he found that a 
softer radiation (50 to 200A) should be most important 
for the formation of the ionospheric £ layer. 

While x-rays would cause ionization of all atmos- 
pheric molecules, the commonly accepted process 
should be selective and concern only oxygen molecules. 
Nicolet‘ suggested the wavelength range 900 to 1000A 
as responsible for ionization of O. by an assumed 
preionization effect. 

In this situation the two theories and the correspond- 
ing deductions must be compared. This has recently 
been done by Choudhury® who calculated the absorp- 
tion cross sections required in the two theories, and in 
more detail by the present authors.* We feel that a 
mutual comparison of these results together with recent 
developments in this field should be of interest. 


2. IONIZATION OF O; BY ULTRAVIOLET LIGHT 


If Oz is ionized in a specific process, the shape of the 
corresponding layer, i.e., its height and thickness, will 
depend on the distribution of O2 molecules and on the 
cross section of the process itself. On the other hand, 
the resulting ionization depends essentially on the in- 
tensity of the ionizing radiation. 


Distributions of Molecular Oxygen 


Many authors, including Penndorf,’ suppose that 
molecules recombine by a three-body collision process. 
This process depends in a sensitive manner on the 
molecular density. The resulting transition layer is 


1D. R. Bates and F. Hoyle, Terr. Mag. 53, 51 (1948). 

2 E. Argence and K. Rawer, Compt. rend. 233, 1208 (1951). 
3G. Elwert, Z. Naturforsch. 7a, 202 (1952). 

4M. Nicolet, Mem. Roy. Met. Inst. Belgium 19, 124 (1945). 
5D. C. Choudhury, Phys. Rev. 88, 405 (1952). 


* E. Argence and K. Rawer, Ann. gtophys. 9, 1 (1953). 
7R. Penndorf, J. Geophys. Research 54, 7 (1949). 


sharp (about 10 km), and its height is lower than that 
obtained for the E layer by radio measurements 
(maximum at about 125km). This is an important 
difficulty because there is only one parameter at our 
disposal (i.e., the cross section of ionization) to adjust 
to the well-known height and thickness of the ionized 
layer; we can prove that this is not possible when the 
transition is sharp and low.® In our former discussion,’ 
we pointed out that perhaps another recombination 
process should be considered. Recombination by radia- 
tive two-body collision has already been considered 
by Majumdar* who found a very high transition layer. 
While Rakshit® with the same hypothesis obtained a 
low and very thin transition, recently Moses and Wu" 
arrived at a layer of more than 30-km thickness situated 
between 100 and 130 km (see Fig. 1). 

We think that the discussion on Oy» dissociation is not 
yet final. Penndorf’s calculation is heavily critized by 
Moses and Wu. But these authors consider only the 
contribution of oxygen to the energy balance which 
determines the temperature. It seems doubtful whether 
this is justified on account of the radiation absorbed by 
nitrogen. 

The theoretical approaches made hitherto are based 
only on static considerations, neglecting completely 
dynamical influences. It is now well known that turbu- 
lent movements and ionospheric winds are rather im- 
portant in the £& layer. In that case the thickness of 
the transition layer, obtained by static calculations 
only, cannot be identified with the observed para- 
meters of a real layer.'' We can suppose that even the 
sharp theoretical transition layers calculated by 
Penndorf (Fig. 1) are extended by turbulence. Thus, 
without judging the different hypotheses, we think 
that the numerical results of Moses and Wu are ap- 
proximately acceptable. Recent rocket observations at 
1475A show that absorption begins at 140km and 
reaches a maximum at 105 km." As this wavelength is 
absorbed by O:, this result must be interpreted in 
favor of a broad transition layer situated between 90 
and 150 km. 


*R. C. Majumdar, Indian J. Phys. 12, 75 (1938). 

*H. Rakshit, Indian J. Phys. 21, 57 (1947). 

“ H. E. Moses and T. Y. Wu, Phys. Rev. 83, 109 (1951) 

'M. Nicolet (private communication). 

” Friedman, Lichtman, and Bryan, Phys. Rev. 83, 1025 (1951). 
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Dissociation 100 


Fic. 1. Rate of dissociation of oxygen molecules 
in the high atmosphere. 


Distribution of Ionization 


We have calculated the ionization obtained in the 
case of a monochromatic radiation ionizing only O2 
molecules for some models of transition layers. The 
distribution of the number density N’ of O2 is supposed 


to be 
N’= No’ (1—6,')'/0’40 


above the lower transition limit. and a constant fraction 
of the total number density below it. The data of our 
four models A, B, C, D have been indicated in Fig. 2 
together with Penndorf’s theoretical density values 
and that of Moses and Wu. The corresponding ioniza- 
tion was calculated with different assumed absorption 
coefficients (viz., cross sections) such that in each case 
the maximum of ionization was found at 125 km (this 
height is well known from ionospheric observations). 
Thus we obtain the ionization curves of Fig. 3. Curve 
C and D must be rejected because the calculated thick- 
ness is too small; curve B is most similar to the result of 
ionospheric observations on the E layer. The cross 
section effective for ionization should be 1.33X 107"? cm? 
in this case. Choudhury used a simple exponential 
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variation of NV’ as an approximation to the values of 
Moses and Wu. He found a cross section of 0.66-0.88 
X10~" cm’; the maximum of ionization was assumed 
to be at 120 km. Taking account of the difference in 
altitude, the two results agree very well. 

The corresponding model B for the transition layer 
(Fig. 2) is rather broad and high. In any case the transi- 
tion should be found at high altitudes, if the usual 
theory of specific ionization could be acceptable at all. 


Solar Radiation Causing Ionization 


The intensity of solar radiation producing the E layer 
can be obtained from the observed electron density 
and the cross section calculated above; it should be 
9.310? quanta cm~ sec~. In the range of preioniza- 
tion, 900 to 1020A, the intensity in the solar spectrum 
at the top of the atmosphere is estimated to be several 
times this number.” Unfortunately, rocket measure- 
ments have not yet been made in this special wave- 
length range. Now Elwert'* doubts whether this radia- 
tion could arrive at the altitude of 130km without 
heavy losses by Ne absorption. Recently published 
results on Ne absorption'® indicate a high absorption 


Yam 


90 


Fic. 2. Particle density of molecular oxygen (broken lines: 
results of Penndorf and Moses and Wu; full lines: our models 
B, C, D) 


4M. Nicolet, Ann. géophys. 8, 141 (1952). 
4G. Elwert (private communication). 
‘6 Weissler, Lee, and Mohr, J. Opt. Soc. Am. 42, 84 (1952). 





ORIGIN OF 


150 


0 Qs 1 


Fic. 3. Calculated electron density for our four models (the 
recombination coefficient has been assumed to be constant; the 
maximum electron density is the unit on the abscissa). 


below 980A; the absorption is exp(—500z/cm) for 
standard conditions. This radiation cannot reach the 
height of the E region. Above 980A there seems to 
exist a “window”; the absorption coefficient has a 
minimum at 1026A with 60 instead of 500 cm~. With 
this value we find an attenuation of 1/e at a pressure 
of 1.6X10-'mm Hg for the case of absorption in the 
atmosphere.'* This pressure exists at an altitude of 
about 130 km.'’!8 Only radiation from the “window” 
could thus reach the EZ region without a too heavy loss. 
It is questionable whether the amount of incoming 
radiation in the window is sufficient. As L,(972A) is 
outside the window, and as the quantum energy of 
L(1025A) is probably insufficient to produce preioniza- 
tion, Elwert’s objection could be justified. Only if there 
were another important radiation between 980 and 
1020A could the theory of preionization be maintained. 


3. IONIZATION BY X-RAYS 


In this case the ionization holds for all atmospheric 
molecules; an estimate of its effective section can be 
obtained with a simple model calculation. Instead of 
the exponential density variation used by Choudhury, 
we prefer a model with a linear variation of tempera- 


16 This Nz absorption will not produce ionization because the 
quantum energy of 12---13ev is lower than the ionization 
potential of N2. 

( 1” Havens, Koll, and La Gow, J. Geophys. Research 57, 59 
1952). 

18 An eventual dissociation of Nz does not seriously destroy this 
argument because it is certainly small at altitudes inferior to 
150 km. 
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ture.” The height of the maximum electron density, 
depends on the recombination law. We think there are 
arguments that it is nearer to a variation of a (the re- 
combination coefficient) with the square root of number 
density” than to a constant value a. The condition for 
the maximum is® 


o secxN nH n/(1+bH,)=4$ or 1, 


for these two assumptions, where a is the cross section, 
x the zenith angle, V., H,» the number density and 
scale height at the height of the maximum, d the coeffi- 
cient of the linear temperature gradient ; b ~0.015 km™". 
It follows for a maximum at 125 km that 


o secx=0.68 or 1.35X10~'* cm’. 


This is lower than Choudhury’s estimate.’ Conse- 
quently we think that a longer wavelength of radiation 
must be considered, namely 100- - - 200A (60- --120 ev, 
instead of 181).” 

Elwert’s calculation of solar x-ray emission’ is based 
exclusively on astrophysical data. He only introduced 
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Fic. 4. Electron production for different wavelength ranges in 
the case of Elwert’s corona model with 10° °K. 
J. A. Gledhill and M. E. Szendrei, Proc. Phys. Soc. (London) 
ee 427 (1950); M. Nicolet and L. Bossy, Ann. géophys. 5, 275 
1949). 
* Argence, Mayot, and Rawer, Ann. géophys. 6, 242 (1950). 
21 The rocket measurements of Friedman" concern only wave- 
lengths below 10A; the maximum of absorption is obtained for 
87 km. This radiation could thus be perhaps one cause of the 
ionization of the D layer, but not of the EZ layer. 
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the electron density of the solar corona, its temperature, 
and the cosmical relative abundance of elements. 
Taking account of ionization, recombination, and ex- 
citation he finds radiation by free-free, free-bound, and 
bound-bound transitions. The most important contribu- 
tion comes from the latter; the most probable excitation 
process is by electron impact. 

With Elwert’s radiation values* obtained for a 
temperature of 10° °K and with the values of the ab- 
sorption cross section given by Schneider” and Sieden- 
topf,” we have calculated the absorption for different 
ranges of wavelength as a function of the height (Fig. 
4.) The abcissas of the curves are proportional to the 
production rate of electrons. Summing up the different 
contributions, one obtains the total amount of produc- 
tion. From this, with assuming the coefficient of effec- 
tive recombination to vary with the altitude,* we ob- 
tained the distribution of electron density (Fig. 5). We 
have assumed a high efficiency of ionization, only 15.8 
ev for each ionization; perhaps this value should be as 
high as 30 ev,”® but there is little information about 
very soft x-rays. From comparison with experimental 
curves of electron density (Fig. 5) it appears that the 
calculated maximum electron density is midway be- 
ween the experimental values corresponding to high and 
low solar activity. (If we had assumed a lower efficiency 
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Fic. 5. Resulting electron density obtained from Fig. 4 (broken 
line, when the radiation ceases at 50A). Thin lines: parabolic 
models with parameters obtained from observations (only the 
lower half of these curves is physically significant). 

™ E. G. Schneider, J. Opt. Soc. Am. 30, 128 (1940). 

* H. Siedentopf, Naturwiss. 35, 289 (1948). 

*% The variation is obtained from experimental values of different 
authors; in the range 80---310 km the interpolation formula is 
loga/cm® sec™!= —8.4+-0.37¢+-0.68¢°, ¢= (190 km—Z)/100 km. 
Details will be published later. 

*% H. Kulenkampff, Ann. Physik 79, 97 (1926). 
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of ionization it would be about 30 percent lower). This 
is a very remarkable correspondence, because Elwert’s 
numerical values come from astrophysical sources only ; 
they do not contain any geophysical information. On 
the other hand, the theoretical curve of Fig. 5 gives a 
layer of larger thickness than the ionospheric records 
show. One sees from Fig. 4 that this is caused by the 
radiation of short wavelength, below SOA. 

Meanwhile Elwert concluded from astrophysical 
arguments” that a lower corona temperature of about 
6---7X105 °K should be probable. In this case the 
short wave radiation would almost disappear and the 
thickness would be reduced. (In Fig. 5, the broken 
line is obtained when the radiations with A\<50A are 
neglected). 

One possible test of the theory is the influence of 
solar activity. This influence is rather important (Fig. 
5). Elwert®* obtains a correct value from the density 
variation of the solar corona. 


4. CONCLUSIONS 


There is no doubt that Elwert’s hypothesis is at- 
tractive. Starting from solar data, which seems to be 
rather well established, he calculates almost exactly 
the shape and intensity of EZ layer ionization. It seems 
highly probable that the most important part of this 
ionization comes from x-rays.”” 

On the other hand, dissociation of oxygen certainly 
exists, and absorption data do not completely exclude 
ultraviolet radiation of 1000A from reaching the alti- 
tude of 120km. Perhaps an extra radiation of this 
wavelength could be responsible for the stratifications 
of the E layer, like £2. But there is yet another un- 
solved question for this hypothesis of preionization, i.e., 
whether its effective cross section is sufficiently high. 

We agree with Choudhury, that perhaps two different 
ionization processes could exist for the altitude of the 
E layer. Some sunrise effects could be better understood 
with this assumption. However, contrary to this 
author’s opinion, we would consider ionization 
by x-rays as the more important process, controlling 
the normal features of the E layer. 

It seems that the rather complicated structure of 
ionization in the D and E regions must be attributed to 
several different absorption processes. As it is now 
known that turbulence and winds are normal features 
at the height of the Z region, future theories of layer 
formation must take account of this influence. 

%6 G. Elwert, Z. Naturforsch. (to be published). 

7 In a recently published spectroscopic work on nitrogen ions, 
M. Dufay comes to similar conclusions [Ann. phys. 8, 813 
(OE Theissen, Naturwiss. 34, 371 (1947); R. Lindquist, J. 
Geophys. Research 57, 439 (1952). 
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Density Fluctuations at Low Temperatures 


P. J. Price* 
Institute for Advanced Study, Princeton, New Jersey 
(Received August 20, 1953) 


The applicability to a quantum liquid of the standard classical formula connecting the compressibility 
with the coherent scattering cross section for large wavelengths, questioned by the author in a previous 
paper, is examined. The correctness of the standard formula is proved (a) at absolute zero (the density 
fluctuations being infranormal); (6) under quantum conditions for all temperatures at which the Wigner 
expansion converges (it is conjectured that for liquid helium the expansion may diverge below the lambda- 
point); and (c) for a one-dimensional crystal for all temperatures. These results, while they stop short of a 
complete proof of the standard classical formula for all conditions, do extend considerably our knowledge 


of its range of validity. 





1, INTRODUCTION 


N the coherent scattering of radiation by a mon- 
atomic liquid, the scattered intensity is proportional 
to! 


R(|ki—ks|)=1+0 f hres) dy, (1) 


where p is the number density of atoms, supposed 
uniform over the scattering volume, 1+h(r)=g(r) is 
the normalized radial distribution function, and k, 
and k, are the wave vectors in the incident and scat- 
tered directions. Consequently, for large wavelengths 
the atomic scattering cross section is multiplied by an 
interference factor 


R(0)=1+p f i h(r)4ar'dr. (2) 


This factor is proportional to the mean square fluc- 
tuation of the number of atoms in a fixed region, or 
“cell,” in the liquid, which is given by 


ar)— (=u) 1+. f haar (3) 


where M is the number of atoms in the cell in a single 
observation, the bracket ( ) denotes an average over a 
large number of observations, (M) is small compared 
with the total number N of atoms in the assembly, and 
the linear dimensions of the cell are large compared 
with the values of a for which /2* r’hdr is appreciable 
compared with fo* rhdr. By combining (2) and (3) 
with the Gibbs fluctuation formula 


(M*)—(M)?=(M)pxTxr, (4) 


* Now at Watson Scientific Computing Laboratory, Columbia 
University, New York, New York. 

1 For derivations of formulas (1)-(5), see J. de Boer, Repts. 
Progr. in Phys. 12, 305 (1949), Sec. 10; H. S. Green, The Molec- 
ular Theory of Fluids (Interscience Publishers, New York, 1952), 
Secs. 3.1, 3.2; J. Yvon, Fluctuations en Densité, Actualités Scienti- 
fiques et Industrielles, No. 542 (Hermann, Paris, 1937), Chap. 1. 


where xr is the isothermal compressibility and «x is 
Boltzmann’s constant, one obtains the standard relation 
connecting the scattering factor R with thermodynamic 
magnitudes : 


R(O) =pxTXxr. (S) 


In a previous paper’ (to be referred to here as I) the 
formula (5) was called in question for the conditions at 
low temperatures where quantum physics determines 
the state of the assembly, such as in liquid helium. 
Formulas (1) and (2), which are derived from a purely 
geometrical analysis in terms of the reduced prob- 
ability distribution m2(r,t2) for the positions of a pair 
of atoms, remain valid irrespective of the mechanism 
determining that distribution—whether thermal fluc- 
tuations or the zero-point motion are dominant. It was 
argued in I that (4), on the other hand, cannot remain 
valid as the temperature tends to absolute zero, because 
the right-hand side then vanishes, while the left-hand 
side, which then measures the quantum fluctuations of 
M for the ground state of the assembly, cannot be zero 
since the observable M (the function F of I) does not 
commute with the Hamiltonian and is not a constant 
of the motion. (Stated in another way, the fluctuation 
of M could be zero only if the distribution function 
ny(fi--*fy) were a combination of delta functions 
giving every atom a fixed position ; and this is impossible 
by the uncertainty principle.) It was suggested that 
(4) and (5) hold only for temperatures where classical 
mechanics applies. 

Further consideration has shown that the above 
argument about the limit of (4) as T—0 is not a valid 
one. The vanishing of the factor pxTxr may imply 
merely that the fluctuations in M are infranormal: that 
(M*)—(M/)* does not increase “as fast as (M)” when the 
volume of the cell, »=(M)/p, increases (together with 
N) indefinitely.’ For example, the finite size of a (still 
large) cell may be taken into account by an extension 


*P. J. Price, Phys. Rev. 86, 495 (1952). 

+I am indebted to G. Placzek and L. van Hove for drawing my 
attention to this possibility and its relevance, and for championing 
the universal validity of (4). 
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of (3) to 


(M?)—(M)'=v- Alte f ins 


+4-ef as f 2er(s—r)hdr, (3’) 


where A is the surface area of the cell, provided the 
integrals converge. The coefficient of » may then vanish 
while the fluctuation of M. remains finite, being in the 
limit of large v proportional to A. However, it remained 
true that, more generally, (4) had not been validly proved 
except “for classical conditions.” If it should never- 
theless be correct in general (giving the coefficient of 
the asymptotic normal part of the fluctuation of M), 
such a simple connection between the temperature and 
thermodynamic compressibility, on the one hand, and 
the quantum fluctuations of M for pure states of the 
assembly, seemed physically mysterious. Jt therefore 
seerned worthwhile to investigate whether (4), and 
hence (5), could be satisfactorily proved (or disproved) 
for quantum conditions. 

In this paper it is shown that (4) holds certainly for a 
part, and possibly for the whole, of the range of tem- 
perature in which quantum mechanics applies. In Sec. 2 
it is proved that the expression (2), R(O), is in fact zero 
for the ground state, so that (4) and (5) hold at absolute 
zero (the fluctuation of M being infranormal). In 
Sec. 3 it is shown that (4) must hold in quantum 
conditions at all temperatures for which the Wigner 
expansion, as defined there, converges. The interpreta- 
tion of these results for liquid helium is discussed. In 
Sec. 4 we consider a condensed system for which a 
complete exact solution is possible, namely a one- 
dimensional crystal, and prove that the equivalent of 
(4) is correct for all temperatures. For absolute zero, 
the explicit infranormal dependence on (M) of the 
fluctuation of M is obtained. These results stop short 
of a proof of (4) for all conditions, though they extend 
considerably our knowledge of its range of validity. 


2. ABSOLUTE ZERO 


We shall prove that for the ground state of a liquid 
R(k) Z (const.)k,‘ and hence that R(O) is zero. Let the 
normalized wave functions of the stationary states of 
the system be Yo, v1, --*, ws, ***, with energies Ep, 
E,, --:, E,, «++, where Yo and Ep refer to the ground 
state. Let 


N 
=> cos(k-r,), 


(6) 


do=~= y dy Wr. (7) 


‘ This inequality, and the outline of the derivation presented 
here, are due to L. Onsager (private communication, 1953). 
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Then it follows at once that® 
(Wl ¥) = Wo] ¢?|Wo) =4S*R(R), 
L»| a,|?=45*R(k). (8) 


Secondly we note that, with the Hamiltonian of the 
system of form 


H=—(h?/2m)>, V2+(n,82: - + tw) (9) 


(where @ may depend also on spin coordinates), the 
expectation (y| H—E»|y) may be transformed, by sub- 
tracting a vanishing surface integral, to 


(h?/2m) (Wo|(X2.| Vib|?]| Yo), 
and hence to (h?/2m)4Nk’. Thus, 
>>| a,|?(E,— Ex) = (h?/2m) 4 NR. (10) 


To obtain the third relation which is required to- 
gether with (8) and (10), we imagine the system per- 
turbed by the addition of a small potential 26, where 
¢ is given by (6) and Q is a constant. The Hamiltonian 
of the perturbed system is then H’=H+Q. An 
“ordinary” liquid behaves like an ideal elastic fluid in 
that the change in the internal energy E=(H), on per- 
turbation by a potential field, may be expressed in 
terms of the redistribution of the number density p: 


E-—Eo= fleo)-eooyyer 


=1e") [o'-oFert-, 
and hence the /olal perturbation energy in this case— 
the minimum of E—E,+Q/p cos(k- r)d*r—would be: 


perturbation energy =[V/4e’’ (p) }°+0(0*), (12) 


where V = N/p is the volume occupied by the assembly. 
A justification of (12) for the ground state of a quantum 
liquid is given in the appendix. Then, comparing (12) 
with the standard formula of second-order perturbation 
theory, we have 


¥, | a,|?/(E,— Eo) =4N/pe’(p), (13) 


where the sum >_, excludes v=0. 
Now, 


~. |a,|2(E,— Zo)» | a,|2/ (E,— Eo) 
(Z,—£,)* 


=>, E0509) 1+ nana 
2(E,— Eo) (E,— Eo) 
S (>| a,|*)*. 


5 The relation (8), and hence the inequality (15), is actually 
true only when k takes one of the “spectrum values,” which are 
those for which the integral of over the volume of the ensemble 
vanishes. However, the spectrum values may be made as close 
as we please by choosing N large enough (at constant p); and 
R(O), given by (2), is to be understood as the limit of R(k) as k 
tends to zero through spectrum values. 





DENSITY FLUCTUATIONS AT LOW TEMPERATURES 


With k one of the spectrum values,’ a9=0 and hence 
we have 


DL. ¢,|7(E.— Ey) | a,|?/ (Z,— Eo) 
> (Xen? P. 


Substituting (8), (10) and (13) into (14), we obtain 
Onsager’s inequality : 


R(k) €h(Ampe”’)k, 


(14) 


(15) 


for the ground state. In terms of the calculated velocity 
of sound c, given by 


mc = (xp)'=pe”’, 
(15) may be written 


R(k) < (h/2mce)k. (15’) 


It follows from (15) that R(O)—the coefficient of the 
normal density fluctuations, and the scattering factor 
for long wavelengths—vanishes at absolute zero. The 
above proof is independent of the symmetry—Bose, 
Fermi or classical Boltzmann—of the wave functions 
(which simply determines the definition of the {y,}), 
and of the spin of the atoms. It clearly applies equally 
to one (monatomic) component of a mixture. 


3. FINITE TEMPERATURES: THE WIGNER SERIES 


In this section we set out the proof of (4) for a classical 
liquid, and then examine how far this proof may be 
extended to temperatures at which quantum mechanics 
must apply. For a classical liquid, the probability dis- 
tribution of atomic configurations (f,,---ry) is 


ty) =(AN/N}) expl(F—)/xT], (16) 


nn (T1,°° 


where ® is the interaction potential and F the free 
energy, and X is a function of the temperature T only. 
The free energy is accordingly given by 


N! exp(—F/xT) 
=" fon, . fers exp(—®/xT), (17) 
where the N integrations are each taken over the 
volume of the assembly. For N large, F is given by 
F(N,V,T)=Nf(N/V,T). (18) 


The probability of finding M atoms in a cell A of 
volume v, and N—M atoms in the remainder B of the 
space, is 


w(M)=(N1/M\(N— 


A A K 8 
x f ry f tru f Pru f ry my, 


M)!] 


or, by (16), 
w=[A”/M!][.\9-"/(N—M)!] 


A B 
xf d'r,-- f dry explL(F—®)/xT]. (19) 


Now, if we have 


=> > (ret); 


a<t 


(20) 


ree=Te— Ti, 


and if (r) is effectively zero outside a definite sphere of 
influence, then it is obvious that the terms 


M oN 
Ps=>d> 


el tu M+1 


o(r.1) 


may be omitted from 6=@4+4,+,2 in (19) without 
appreciably affecting the value of the integral, provided 
M and N—M are large numbers. Then, on dropping 
$4 from ® in (19), the integrals over A and over B 
are two independent factors and by (17) and (18) 


vseafo2)-a52) 
—(N -1(——— r)|/-}. (21) 


This expression (21) has a maximum for M=0NV/V = Mp. 
Then for M—M <M, we may expand the exponent in 
powers of M—M), as far as the square only, and find 


w™exp[—a(M—M>)*], a=V/2xTxrMo(N—Mo). 
(21’) 


Hence, with Mo, we obtain (4). The addition of 
three-atom, four-atom, etc., terms to the two-atom 
potential (20) does not affect the above argument, 
provided the terms ®,,, consisting of the contribution 
‘‘acting across the cell boundary” of interactions linking 
atoms 1---M in A to M+1---N in B, may still 
be neglected in evaluating (19). Obviously, if ® is 
composed of various m-atom interactions of type 
>¥¢(ri,--+,tn), only up to some definite degree q >n, 
then this condition may be fulfilled merely by choosing 
v large enough (with 0/V kept small) for the mean 
number of atoms in the cell, Mo=pv, to be large com- 
pared with ¢’. 

The classical distribution (16) is of course correct 
only at high enough temperatures, but the validity of 
the above argument may be extended to lower tem- 
peratures by expressing the distribution given by 
quantum mechanics as a series in ascending powers of 
Planck’s constant 2rh.* Let us do this by replacing ® 


*E. P. Wigner, Phys. Rev. 40, 749 (1932); M. L. Goldberger 
and E. N. Adams II, J. Chem. Phys. 20, 240 (1952). 
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in (16) by 
p* = $+) (h?/2m«T )” 6,(r1, ‘ow ry;T), 


n=| 


(22) 


where 6, is given by a sum over multiple interactions 
up to, say, g, atomic. The first of the 0, is given’ by 


60, = > [ V2b— (1/2«T) | V.0]?]. (23) 


If ® is given by (20) (pair interactions), then (23) 
becomes 


66; > fb" (ro) + (2/ rt)" (re) — (1/eT) Lb’ (roe) PY 


a<t 


— (1/2«T) E> SS (tea Ceu/ rte tu)’ (710) (rou), 


e<téu 


(23’) 


where fis* fru MEANS XieXtutVeeVeut Zte%tu- Thus, with 
pair interactions (¢=2) for the actual potential #, we 
have g,;=3 (and, in fact, g.=6). More generally, g, 
increases monotonically with n. If, therefore, the series 
(22) may in practice be terminated at some point 
—gsay at 0,, so that * contains “cluster” functions up 
to g, atomic—then the previous argument leading to 
(21’) still applies and (4) is still verified. We may 
expect, however, that as quantum effects become more 
important (at lower temperatures) the series (22) has 
to be taken to an increasing number of terms in evalu- 
ating (19) with sufficient accuracy, and hence pro- 
gressively higher cluster-numbers are involved. (Looked 
at a little differently: if the terms of &* were regrouped 
in inverse powers of x7, we would expect the coefficient 
of (x7)~" to contain cluster functions up to g=n+2; 
and thus with decreasing temperature higher clusters 
should have to be taken into account.) Thus, if at some 
temperature the series (22) ceases to converge as a 
functional of [which could happen without the onset 
of a discontinuity in F, as calculated by (17) in terms 
of &*] then the above argument for (4), based on re- 
stricting ©* to clusters of not more than some definite 
degree g, ceases to be valid at that point. The argument 
of this section furnishes a proof of (4) under those 
conditions where the Wigner series, in the form (22), 
converges. 

It might be conjectured that in the case of liquid 
helium (He‘) the lambda transition, where there are 
singularities in the second derivatives of F, marks the 
position of a divergence of the Wigner expansion. (There 
is some recent experimental evidence,’ which is of 
interest in this connection, that the effective range of 
interaction between atoms through #* increases very 
considerably from 2.5° to the lambda point.) In this 
case, the above argument does not exclude the possi- 
bility that there is a departure from (4) and (5) between 


’ Equation (23) refers to the series for classical (Boltzmann) 
statistics; but similar series may be established for the Bose and 
Fermi cases [see H. S. Green, J. Chem. Phys. 19, 955 (1951)], 
and the argument which follows covers all three. 

* D. F. Brewer and K. Mendelssohn, Phil. Mag. 44, 559 (1953). 


PRICE 


the lambda point and (but not including) absolute 
zero. On the other hand, if the Wigner series (22) does 
converge for all temperatures then the above argument 
shows that (4) and (5) hold for all temperatures. 


4. ONE-DIMENSIONAL CRYSTAL 


In this section we take the case of a one-dimensional 
“crystal,” a linear chain of atoms with nearest-neighbor 
harmonic interactions, and show that the analog, for 
this case, of (4) holds for all temperatures. Let the 
number of atoms in the chain, each of mass m, be N, 
and let their static equilibrium spacing be a. Let the 
coordinate of the rth atom in the chain be 


(24) 


so that x, is the displacement from equilibrium. We 
shall determine, instead of the fluctuation in the linear 
density of atoms (which does not have a convenient 
definition for a lattice), the equivalent mean square 
deviation of the distance between two atoms, 


An=(L(2nt2—2r) —(Snt-r—2r) F) 
=((%n4r—%r)’), (25) 
as a function of ((2,4-—2,-))=na. It is convenient to 
adopt cyclic boundary conditions, treating the first 
atom as the (V+1)th. Then the Hamiltonian of the 
assembly is 


2,=ra+x,, 


(26) 


N 
H= X[p2/2m+ dwg? (X41 oe x,)*], 
r=] 


where the p, are the momenta conjugate to the 2,. 
Taking N as even for convenience, the Hamiltonian is 
made separable by the transformation to normal coor- 
dinates :* 


x,= (2/N)! I [, sin(rs@)+, cos(rs6) ], 


pr= (2/N)* I [o, sin(rs0)+7, cos(rs@)], (27) 


where 0=2x/N. ¢, and r, are the momenta conjugate 
to the normal coordinates u,, v,, and fulfill with them 
the standard commutation relations. Then H transforms 
to 


H= > (02/2m+ }mw,2u,)+ (1.2/2m+}mw,r,2) | 
=> [4.0+H,), 


w,= 2wo sin ($56). 


(28) 
(29) 


where 


From (29) the velocity of long waves, under the con- 
ditions of classical mechanics, is co=awo. Each of the 
normal coordinates thus represents an harmonic oscil- 
lator; and hence, for a stationary state of the ensemble, 


* The center-of-gravity coordinate corresponding to s=0 is of 
no interest in this analysis and may be ignored. 
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or for any equilibrium state, 
(u.0:)=0, 
(matte) = (He )b.4/muw,?, 
(vee) = (He )bse/mo,?. 
From (27) and (30), 
(Xrn¢r) = (2/N) L$ ((us?) +(v.?)) cos (ns), 
((ate—21)*)= (2/N) Ze 4 sin? (}ns0)} ((u2)+(02)), 


An= (2/N)>.[sin®(}ns0)/m*wo? sin? (450) ] 


X$((H. )+(H.)). (31) 


For the ground state of the assembly, 
(H,)=(H,®) = thw, = hwo sin(430), 
and hence 


An= (h/mao) (2/N) Cain’ (pnt) sin (450) }. (32) 


If N is large, and n<JN, we may replace the sum (32) 
by an integral over ¢= 450: 


( h )- i- sin? (np)dp 
4.=(— }- —__—., 
muay/ x Yo sing 


The integral in (32’) is 


(32’) 


e (2p—1)-'~ const.+} logn+O(1/n). 


p=1 


Hence A,/an—0 as n—, and the fluctuation is in fra- 
normal. Although A, tends to infinity when an does, it 
does not increase “‘as fast as mn” but only “as fast as 
logn.”’ 

For thermal equilibrium at a temperature 7, we have 
for the time average of the expectation energy of an 
oscillator : 


(H,)=(H,®)=xTe cothe 


where ¢€=hw,/2xT= (hwo/xT) sin(}s0). Making 
same transformation as from (32) to (32’), 


«xT 2 a/2 i 2 
a.=( yf ead 
may] x 1 o sing 
where 


G(¢) = [hwo sing/xT ] coth[ hwo sind/xT’). 
The form of the integral in (34), 


(33) 


the 


(34) 


r/2 
I, (F)= f F (x)[sin(nx)/sinx Pdx, 
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is essentially Fejér’s integral," and has the property 


Lim(I/n)= (4/2) Lim F(z), 
no z+) 


provided F(x) is integrable in (0,7/2). In the present 
case F(+0)=G(0)=1, and hence 
(35) 


Lim(A,/an)=xT/amw¢ 
no 


for all 7. To relate (35) to the one-dimensional com- 
pressibility, we have to regard a as a variable. The 
expectation of H (26) is a function of wo, T and NV, and 
does not depend on a; but we should add to the potential 
energy in (26) a term 


Vo= }mw?a°N (36) 


to take account of the change in the total energy, &, 
on compression of the lattice. Then (0°E/da*)y 7 
=muw'N. The isothermal compressibility is thus 


Xr=aN/[a?(@E/da*) y, r |= 1/amws ; 


(37) 


and (35) may be written 


An—(a*n)pxTxr, 1KnKN, (38) 


where p=1/a is the linear density of atoms. Formula 
(38) is the precise analog of (4), in terms of the inverse 
of a mean linear density n/(zn4,—2,), and has been 
found here to be correct for all temperatures. 


APPENDIX 


For the ground state of a quantum liquid, we may justify (11) 
and (12) by assuming 


(a) the energy of the unperturbed state is given by an expression 
of the form N[e(e)/p], being otherwise independent of the shape 
and surface area of the boundary enclosing the assembly provided 
the ratio of volume to surface is large enough compared with a 
characteristic length /(p) ;" 

(b) the internal energy of the ground state when it is perturbed 
by an external field (such as gravity) tends to that of the unper- 
turbed state as the gradient of the field tends to zero; and 

(c) the energy of the perturbed ground state is not appreciably 
affected when the volume is bisected by a thin solid boundary 
wall, provided the two subvolumes are each large compared 
with / times the area of the new surface. 


Then, choosing & small enough, by (c) we may, without appreciably 
changing the energy of the assembly perturbed by the potential 
Q¢, partition the volume by thin walls into cells each with linear 
dimensions small compared with 1/k. After this move, the per- 
turbed system is replaced by a large number of subsystems, each 
with a fraction of the original N atoms, with the same total in- 
ternal energy. On removing the perturbing potential, by (b) the 
internal energies of the subsystems are not appreciably changed. 
Hence by (a) the internal energy of the original perturbed system 
is given by a sum over the cells which may be replaced by the in- 
tegral fe(p)d'r taken over the whole volume of the assembly; 
from which (11) follows. 


See Whittaker and Watson, A Course of Modern Analysis 
(Cambridge University Press, London, England and Macmillan 
Publishing Company, New York, 1947), p. 170. 

4 For liquid helium (He*), | may be as large as ~10™* cm (see 
reference 8). 
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It is argued that the wave function representing an excitation in liquid helium should be nearly of the form 
2if (ri), where ¢ is the ground-state wave function, f(r) is some function of position, and the sum is taken 
over each atom i. In the variational principle this trial function minimizes the energy if f(r) =exp(ik-r), 
the energy value being E(k) =h*k®/2mS(k), where S(k) is the structure factor of the liquid for neutron 
scattering. For small &, E rises linearly (phonons). For larger k, S(k) has a maximum which makes a ring 
in the diffraction pattern and a minimum in the E(k) vs k curve. Near the minimum, E(k) behaves as 
A+h?(k—ko)?/2u, which form Landau found agrees with the data on specific heat. The theoretical value 
of A is twice too high, however, indicating need of a better trial function. 

Excitations near the minimum are shown to behave in all essential ways like the rotons postulated by 
Landau. The thermodynamic and hydrodynamic equations of the two-fluid model are discussed from this 
view. The view is not adequate to deal with the details of the \ transition and with problems of critical 
flow velocity. 

In a dilute solution of He* atoms in He‘, the He* should move essentially as free particles but of higher 


effective mass. This mass is calculated, in an appendix, to be about six atomic mass units. 


N a previous paper,' II, a physical argument was 
given to interpret the fact that the excitations which 
constitute the normal fluid in the two-fluid theory of 
liquid helium were of two kinds. Those of lowest energy 
are longitudinal phonons. The main result of that paper 
was to give the physical reason for the fact that there 
can be no other excitations of low energy. It was shown 
that any others must have at least a minimum energy 
A. No quantitative argument was given to obtain this 
A nor to get an idea of the type of motion that such an 
excitation represents. In this paper we expect to deter- 
mine A and the character of the excitations. 

The physical arguments of II are carried a step 
further here to show that the wave function must be 
of a certain form. The form contains a function whose 
exact character is difficult to establish by intuitive 
arguments. However, the function can be determined, 
instead, from the variational principle as that fufction 
which minimizes the energy integral. 


THE WAVE FUNCTION FOR EXCITED STATES 


In II the exact character of the lowest excitation was 
not determined, but various possibilities were suggested. 
One is the rotation of a small ring of atoms. A second 
is the excitation of an atom in the local cage formed 
around it by its neighbors. Still a third is analogous to 
the motion of a single atom, with wave number & about 
2x/a, where a is the atomic spacing, the other atoms 


Fic. 1. Typical configuration 
of the atoms. If an excitation 
represents rotation of a ring of 
atoms such as the six in heavy 
outline the wave function must 
be plus if they are in the a posi- 
tions and minus if they are 
moved to the intermediate 8 
positions. 


1R. P. Feynman, Phys. Rev. 91, 1291, 1301 (1953), hereafter 
called I, II, respectively. 


moving about to get out of the way in front and to close 
in behind. It is not clear that they are really distinct 
possibilities, for they might be merely different ways of 
describing roughly the same thing. 

We shall now try to find the form of the wave func- 
tion which we would expect under the assumption that 
one or another of these possibilities is correct. It will 
turn out that all of the alternatives suggest the same 
wave function, at least to within a function f(r), of 
position r, which is determined only vaguely. 

First, suppose that the excitation is the rotation of a 
small ring of atoms. The number of atoms in the ring 
is determined, according to II, by the condition that it 
is the smallest ring that can be considered to be able 
to turn easily as an independent unit in view of the 
interatomic forces. For illustrative purposes we suppose 
this means that there are six atoms in the ring. 

We can describe the wave function for this excitation 
by giving the amplitude associated with every configura- 
tion of the atoms. Suppose Fig. 1 represents a typical 
configuration, the six atoms of the ring in question (say 
ring A) being indicated by heavy outline. We discuss 
how the amplitude changes as we rotate this ring, 
leaving the other atoms out of account for a moment. 
Suppose the wave function is positive, say +1, if the 
atems are in the position shown by the full circles in 
Fig. 1, which we arbitrarily call the a position. Suppose 
all the six atoms move around together, and let the 
ring turn about 60°. The atoms then appear again in a 
position, although which is which has been changed, 
so the wave function, by the Bose statistics, is still +1. 
On the other hand, for a 30° rotation, if the atoms are 
located as indicated in the figure by dotted circles 
(8 position), the wave function will change to —1 for 
the first excited state. We need only discuss the real 
part of the wave function—the imaginary part, if any, 
can be dealt with in a similar way. (Actually since we 
deal with an eigenstate of the energy, the real part of 
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the wave function is an eigenfunction also.) For orienta- 
tions intermediate between a, 8 the function is corre- 
spondingly intermediate between +1 and —1, but to 
simplify the remarks we describe it for just the con- 
figurations a, 8. The wave function for excitation of this 
ring we call y4. It is +1 if the A ring is at a, and —1 if 
at 8, and does not depend on how other rings of atoms 
are oriented. We can describe this wave function as 
follows. Consider a function of position r in space, 
fa(r) which is +1/6 if ris at one of the six positions of 
the centers of the atoms for the a position of ring A, is 
— 1/6 if it is at a 8 position, and is zero if r is at any 
other place in the liquid far from the A ring. Then 
consider the quantity >>; f4(r,;) where the sum is taken 
over all the atoms, i, in the liquid. For a configuration 
of the liquid for which there are atoms at the six a 
positions the quantity is +1, while if six atoms are at 
8 position, it is —1. This suggests that we can write 
Wa=DLifa(ni). 

Actually this is incomplete because. it does not 
correctly describe what happens if atoms in other parts 
of the liquid move. If ring A is in the a position, we 
wish the complete wave function to be +1 as far as this 
is concerned, but to drop to zero if two atoms overlap 
in other parts of the liquid, etc., just as for the ground 
state. That is, we expect (disregarding normalization) 


Va=Lifa (rio, (1) 


where @ is the ground-state wave function, a function 
of all the coordinates. This takes care of another matter 
also. What happens if some atoms are on a and some 
on 8? This should be of very small amplitude because 
we do not wish the atoms to overlap on account of the 
repulsions. This is not correctly described by > ;fa(r,), 
but the @ factor does guarantee such a behavior. It is 
small for such overlaps. Of course, if the ring contained 
many atoms it could readjust just a little and the @ 
would not prevent, for example, all those near one side 
of the ring being a, and those on the opposite side of the 
ring being 8. We are not guaranteed that (1) will de- 
scribe well the amplitude for such a configuration. In 
fact, it wouldn’t be expected that a function of just one 
variable could describe the motion of several atoms. 
However, by the arguments of II the ring is supposed 
to be small, in fact, so small that one part of the ring 
cannot move independently of the rest. The ring is so 
small that if one atom is at a, there cannot be a large 
amplitude for finding atoms at 8 because of the inter- 
atomic repulsions. This is represented in (1) by the 
factor @ which falls if two atoms approach (see IT for a 
full description of the properties of ¢). 

Not knowing the exact size and shape of the ring we 
cannot say what the exact function f4(r) should be. 
But at least we conclude in this case the excited-state 
wave function is of the form 


¥=Lif (tid, (2) 


where f(r) is some function of position. 
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We might try to improve (1) by noting that, of 
course, the energy should be essentially the same if the 
excited ring were somewhere else in the liquid, say at B. 


The function 


ve=Liefalrido (3) 


would describe this if fa(r) is +1/6 for r at some one 
of the six a positions of some other ring B, and —1/6 
for intermediate 8 positions, and zero elsewhere. Or we 
could locate the ring at still another position, etc. 
Any one atom might be thought of as belonging to more 
than one ring. This produces a kind of interaction be- 
tween adjacent rings. Because of this interaction, a 
better wave function than (1) might be some linear 
combination of these possibilities, say capa+caveat::-. 
But we can still conclude that the form of the wave 
function is given by (2), but now, with the function 
f(t)=cafa(r)+cafe(r)+--:, for any linear combina- 
tion of functions of the form (2) is still of this form. 

If the lowest excited state which we seek were some- 
thing like the excitation of a single atom in a cage 
formed from its neighbors we would guess the wave 
function to be of the form (2) also. Because there 
would be a nodal plane across the cage, and we would 
take f(r) to be positive if r is in the cage on one side of 
the plane, and negative if on the other, and to fall off 
to zero if r goes outside the cage. We do not care which 
atom is in the cage so the sum on 7 is taken over all 
atoms. Those which are outside the cage contribute 
nothing to the sum, because f(r) is zero there. Further, 
there is no appreciable amplitude for there being more 
than one atom in the cage, because of the action of the 
factor @ which is very small if the atoms penetrate each 
other’s mutual potential. The ¢ also takes care of the 
fact that the atoms in remote parts of the liquid behave 
independently of what the excited atom is doing, and 
act just as in the ground state. Further, linear combina- 
tions, representing the alternatives that the excited cage 
may be located at different places in the liquid, are 
still of the form (2). 

The third possibility was only crudely described in IT. 
It was noted that if the atoms were considered as 
roughly confined to cells, then a wave function repre- 
senting the motion of an atom A could be exp(ik-r,), 
where ry, is the position of A, and it is assumed that as 
A moves about, the other atoms move around to make 
way for it so that the density is maintained roughly 
uniform. This would correspond in the liquid to a wave 
function 


exp(ik-r4)d, (4) 


where @ is the ground-state wave functions of all the 
atoms including A. The factor ¢ does the equivalent of 
keeping the atoms in cells so that the density is nearly 
uniform no matter where ry, is. For small k this is a 
possibility only if atom A is different from the others 
and does not obey the Bose statistics. If the symmetry 
is taken into account then we must replace this by 
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the symmetrical sum 
>; exp(ik-r,)¢. 


If @ had no large scale density fluctuations this would 
be no wave function at all, because there would be 
just as many atoms in the region where exp(ik-r) is 
positive as where it is negative and the sum cancels out.” 
This is in concert with the idea that the wave function 
cannot depend on where atom A is on a large scale. For 
if A moves a long distance and the others readjust to 
keep the density uniform, on a large scale (the scale 
1/k for small k), the result is just equivalent to the 
interchange of atoms and the wave function cannot 
change as a consequence of the Bose symmetry. On the 
other hand, if while the atom moves from one position 
to that of its neighbor the wave function changes sign 
and returns, then (5) may be allowed. That is, some- 
thing like (5) with & of order 24/a may be a possibility. 
This again is of the form (2), but with f(r) =exp(ik-r). 
The argument just given for this alternative is ad- 
mittedly not as complete as for the others, mainly 
because the original idea of what the state is, was 
based on such a crude model of atoms in cells. Insofar 
as the idea can be carried over to the case of the true 
liquid perhaps we can say the form (5), or (2) will 
represent it. 

Since all the examples have led to the same form, we 
might expect'that a more general argument could be 
made for the validity of (2). This is, in fact, possible 
starting from the general argument given in IT to show 
why the excited states, other than phonons, can be 
expected to have an excitation. It was pointed out 
there that the excited-state function y must be orthog- 
onal to the ground state. For some configuration, say 
a, of the atoms it acquires its maximum positive value. 
Then it will be negative for some other, say 8, which 
represents some stirring from the a configuration with- 
out change of large scale density (to avoid phonon 
states). But stirring reproduces a configuration nearly 
like a although with some atoms interchanged. Thus it 
is hard to get the configuration 8 to be very far (in con- 
figuration space) from a to keep the gradient of y small 
in going from a to 8. 


(5) 


Fic. 2. In general the lowest 
Onon> C30: SC) excitation energy results if the 
b byt ally A alr ye configuration 0} 
* res, yr -% ( 


(solid 
O ‘e aya atoms 


circles) for which the wave 


- my uo \@ ra) _ function is most positive is as 
O HO ae! O far 


as possible from that 
(dotted circles, 8) for which it 
is most negative. All the 8 posi- 
tions must be as far as possible 
from a positions, therefore. 


CO mO VO: YO) 


econ : ( Very’ Py 
S% *, § ) sg 


~/C)' 


2 We shall see later that (5), for small k, is actually a satis 
factory wave function because ¢ does have the long wave density 
variations of the zero point motion of the sound field. We are 
trying to get excited states orthogonal to phonon states, and (5) 
for small k is not orthogonal. It is, in fact, just the wave function 
for such a phonon state. This is discussed later. 
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The lowest state would have the @ configuration as 
far as possible from a. This means that in 8 as many 
atoms as possible are moved from sites (call them a 
positions) occupied by atoms in a. Hence 8 must be a 
configuration in which the atoms occupy sites (8 
positions) which are placed as well as possible between 
the a positions. (See Fig. 2.) In all these configurations, 
of course, the gross density must be kept uniform and 
the atoms should be kept from overlapping, to avoid 
high potential energy terms. If all atoms are on a 
positions y is maximum positive, and if all on 8, maxi- 
mum negative. The transition is made as smoothly as 
possible, and the kinetic energy thereby kept down, if 
for other configurations the amplitude is taken to be 
just the number of atoms on a@ positions minus the 
number on 8 positions. The number is just >>;f(r,) 
where f(r) is a function which is +1 if r is at ana 
position, and —1 if at a 8 position (and varies smoothly 
in between these limits as r moves about). It is of course 
4 modulation to be taken on ¢, because we wish to give 
small amplitude to configurations in which atoms over- 
lap, etc., just as in the ground state. We are led, there- 
fore, to (2). We can add the information that f(r) must 
vary rapidly from plus to minus in distances of half an 
atomic spacing. That is, we expect that f(r) will consist 
predominently of Fourier components of wave number 
k of absolute magnitude k= 2z/a. 

In the : »ove argument it is not self-evident that 
in going from the configuration of all atoms at a posi- 
tions to that of all at 8, the amplitude must be just 
linear in the number on a, V, minus the number of 
8, Ng. Perhaps some other smooth function of this 
number, like sin{4(Na—N,)/2N] might be better. 
However, for the majority of possible configurations 
N, and Ng are nearly equal; in fact, for almost all, 
(Na—Ng)/N is of order +N~. For such a small range 
of the variable, the function, whatever it is, ought to 
behave nearly linearly. If the wave function (2) is 
wrong for a very few special configurations it will not 
be important as we shall determine the energies by the 
variational method, and the special configurations will 
contribute only a small amount to the integrals because 
of their small share of the volume in configuration space. 


THE EXCITATION ENERGY 


We have concluded that a function of the form (2) 
should be a good approximation to the wave function 
of the excited state.* The function f(r) is known only 
imperfectly, however. We shall determine this function 
f(r) by using the variational principle. The Hamil- 
tonian of the system is 


nae H= — (h?/2m)DN2,+V—Eo, (6) 


*@ Wave functions of this form have been proposed before, for 
example by A. Bijl, Physica 7, 869 (1940). However, an argument 
establishing their validity for large k has been lacking, and it 
has not been clear that functions of other forms might not give 
much lower states. 
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where V is the potential energy of the system, and we 
measure energies above the ground-state energy Eo, 
so Ep» is subtracted in (6). Therefore the ground-state 
wave function satisfies 

Ho=0. (7) 
If we write 


v= F¢, (8) 
where F is a function of all the coordinates, then we 
can verify, using (7), that 


Hy=H (Fo) = — (?/2m)L(oVF 


+2V.¢-ViF)=¢7(—h?/2m)> Vi: (pwViF), (9) 


where py(r) =¢? is the density function for the ground 
state, that is, the probability of finding the configura- 
tion r¥ (we use r¥ to denote the set of coordinates r; 
of all the atoms, and /’- --d"r to represent the integral 
over all of them). 

The energy values come from minimizing the integral, 


(note ¢ is real) 
é= f V*Hyd*r 
= (?/2m)di f (ViF*)-(ViF)pwd%r, (10) 


subject to the condition that the normalization integral, 


j= f Vyda"* r= f F*Fpnd*r, 


is fixed. The energy is then E= &/9. 
In these expressions we must substitute 


F=>0 if (rj). 


Consider the normalization integral first. It is 


(11) 


$= EEs f Medfledond 


For a fixed i and j we can integrate first over all of the 
other atomic coordinates. This integral on py gives the 
probability for finding the ith atom at r,; and the jth 
at r;; therefore 


j= [Peosedntunendrs (13) 


where pz is the probability of finding an atom at r, per 
cm’, and at rz per cm*. These density functions can 


be defined in general by 
pe(ty’ Po’ > - te )= Divs: ‘Ln fea-n 


X56(rj—te')+ + -6(ta—te )ow(e’)d%r. (14) 
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For example, p:(r) is simply the chance of finding an 
atom at r,’, for the liquid in the ground state. This is in- 
dependent of r and is the number density po in the 
ground state. In the same way p2(f1,r2) can be written 
as pop(t1—f2) where p is the probability of finding an 
atom at ry per unit volume if one is known to be at f. 
Except near the liquid surface it is a function of only 
the distance from r; to rz, so (13) is 


I=po fravsadp.—nendrs (15) 


The energy integral (10), with the substitution (12) 
becomes 


S= (h?/2m)>°; frst Vfedonde 


The integral of py over all atomic coordinates except r; 
gives a result involving only p;(r;)=po. Therefore we 
have simply 


5 po(h'/2m) [ ¥%(e)-V(rer (16) 


The best choice of f is that which minimizes the ratio 
of (16) to (15). The variation with respect to /* gives 
the equation 


Ef pir) f(t)are= — (h®/2m)V* f (01), 


where the energy £ is &/9. This has the solution 


f(r) =expi(k-r), (17) 


with the energy value 


E(k) =h?k?/2mS(k), (18) 


where S(k) is the Fourier transform of the correlation 
function, 


S(k)= foe exp (ik -r)d*r. (19) 


It is a function only of k, the magnitude of k. 

It is readily verified that the solution is orthogonal 
to the ground state if we exclude k=0. In fact, the 
solutions for different values of k are orthogonal to each 
other. This is because they all belong to different eigen- 
values, hk, of the total momentum operator 


P= (h/i)-.%;, 


as is directly verified from (2) with (17), taking Po=0 
since the ground state has zero total momentum.’ Since 


+ The argument is not rigorous because the momentum of the 
entire liquid can be changed without appreciable energy change 
by moving the center of gravity. This multiplies the wave function 
by a factor like exp(—ihkN~'-Zjr;). This function is so different 
from (2), however, that the orthogonality is probably not 
destroyed. 
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this operator commutes with the Hamiltonian, we have 
in (18) an upper limit to the energy for each value of k. 
(In fact, we could have obtained (17) from (2) by this 
argument.) Since we expect that (2) is a good wave 
function for functions f which vary from plus to minus 
in a distance of order a/2, we expect that (18) is not 
only an upper limit, but also a good estimate of the 
energy in a range of k’s in the neighborhood of k= 2x/a. 
In fact, our arguments suggest that E(k) should have a 
minimum as a function of & in that region. These ex- 
pectations are verified in the next section. 


DISCUSSION OF THE ENERGY SPECTRUM 


To find the consequences of (18) we shall have to 
discuss the behavior of S(k) defined in (19). 

The function p(r;—r2) gives the probability per unit 
volume that a particle is at rz if one is known to be at 1. 
If rz is close to r; it is zero, for the atoms cannot overlap. 
On the other hand, if r2 coincides with r; there is an 
atom there, so p contains a delta function 6(r,--r2). 
For large r2 it approaches pp. Since the structure of the 
liquid ought to be more or less like that in a classical 
fluid, as r increases from zero, p(r) probably rises to a 
maximum at the nearest neighbor spacing, falls, then 
rises again to a lower and wider maximum for next 
nearest, and with rapidly decreasing smaller oscillations 
approaches unity.‘ The integral / (p(r)—1)d*r vanishes 
since the integral of p2(r,,r2) with respect to r is exactly 
p; times the number of atoms NV = poV. 

The Fourier transform function S(k) is just the liquid 
structure factor which determines the scattering of 
neutrons (or x-rays, after multiplication by the atomic 
structure factor) by the liquid at absolute zero. It is 
therefore a quantity which can be directly determined 
experimentally. For large & it approaches 1 because of 
the delta function in p(r). It has a delta function at 
k=0, but this value of & is not of interest to us in (18), 
because the wave function ¥ must be orthogonal to the 
ground state. The behavior at small k depends on the 
variations of p(r) over long distances, that is, on long 
wavelength density fluctuations. These are the zero 
point fluctuations of the sound field in the ground state, 
since for wavelengths longer than the atomic spacing 
the approximation of a continuous sound field is good. 
This may be analyzed as follows. The operator repre- 
senting the density at a point r is 


p(r)=>_,6(r—r,). 


Its Fourier transform is 


(20) 


a= fot) exp(ik-r)d*r= >>; exp(ik-r,). (21) 


Evidently, the S(k) is the expected value of |q,{? in 
the ground state. For long wave sound gy is just the 
coordinate of the normal mode, so its mean square can 


‘J. Reekie and T. S. Hutchison, Phys. Rev. 92, 827 (1953), have 
determined p(r) by x-ray scattering. 
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be easily determined, for example, by noting that the 
mean potential energy is half of the ground-state energy 
thw. In this way one finds S(k)=hk/2mc for small k, 
where c is the velocity of sound. 

The behavior of S(k) for intermediate & is familiar 
to us from the x-ray studies of classical liquids. The 
density distribution in the ground state is roughly 
similar to such a liquid. There is some local structure 
produced by the tendency of the atoms to stay apart. 
This quasi-crystalline local order makes a maximum 
in the S(k) curve for k near 2x/a. There may be smaller 
subsidiary maxima for near multiples of this &. For 
helium, because of the large zero point motion, these 
maxima may be broader and less marked than in other 
liquids. The main maximum is responsible for the main 
ring in the x-ray diffraction pattern. It is shown clearly 
in the preliminary neutron diffraction data reported 
by Henshaw and Hurst.® 

To summarize: with rising k, S(&) starts linearly as 
hk/2mc, rises then to a maximum near k=2/a, and 
falls again to approach, with possible minor oscillations, 
the limit unity. Consequently the quantity E(k) =h?k?/ 
2mS(k) should start linearly as hkc, but should then 
show a dip with a minimum at k= kp say, near 2x/a, 
finally rising, eventually as hk?/2m. These relations 
are shown in Fig. 3. 

We have argued that (2) should be a good approxima- 
tion to the wave function for functions that contain 
wave numbers in the vicinity of 2x/a. Therefore we can 
expect the energy values (18) to be good in the neigh- 
borhood of this wave number. It is gratifying to see 
that there is a minimum in this region. The minimum 
value we shall call A. Ordinarily the variational method 
only permits one to interpret the minimum value of E 
as one varies a parameter such as k. On the other hand, in 
our case each value of k has significance since these values 
correspond to different eigenvalues of the momentum 
operator, as has been remarked. Therefore we can 
believe the behavior of the curve through a range of 
k near ko, where it behaves parabolically, so we can 
write E(k) in Landau’s form A+h?(k—ko)?/2u where 
u is a constant determining the curvature. 

It is at first disconcerting that values of the energy 
lower than A can be obtained by going to very small 
values of k. But the energy here varies as hkc, just that 
expected for phonon excitation. In fact, a moment’s 
reflection shows that, for small k, the wave function (2) 
is just that which represents phonon excitation. Excita- 
tion of a given phonon means that the harmonic oscilla- 
tor representing the corresponding normal mode is in 
the first excited state. The wave function is therefore 
Qu, if gy is the normal coordinate of the mode excited. 
This coordinate is the Fourier transform of the density, 
so (21) shows that (2) with (17) represents a phonon 
for small k. Since the wave function is correct the 
energy must be exact, and is therefore hkc. 


’ D. G. Henshaw and D.G. Hurst, Phys. Rev. 91, 1222 (1953). 
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Although we have made an argument only to show 
that (2) should be valid for high k, we see now that it 
is also valid for small k, that is for f(r) which vary 
slowly. Since the energy curve is valid for the smaller k 
and for a range about 2x/a, we can accept it as reason- 
able for all & from zero up to and slightly beyond the 
minimum. 

On the other hand, for still larger k, another state of 
lower energy exists with the same total momentum. 
It is the state of double excitation, one of k;, the other 
of ke, such that k,; +k,=kand still E(k,;) +2 (k,)< E(k). 
This becomes possible for k so high that the slope dE/dk 
of the energy curve exceeds fc, the initial slope. The 
curve for very large k, therefore, does not have the same 
validity as that for lower k, but we need not enter into 
this matter, because at temperatures of a few degrees 
such high-energy states would not be appreciably 
excited. Such questions may be of importance in dis- 
cussing nonequilibrium phenomena. One process by 
which the number of excitations can change is for an 
excitation to pick up enough momentum that it can 
divide spontaneously into two. 

It is easy to misinterpret the meaning of the wave 
function 


y=); exp(ik-r,)¢, (22) 


so a few remarks might be appropriate here. It looks 
at first, on inspection of the first factor, that this repre- 
sents the excitation of a single particle. This is correct 
at very high k(ka>>2m) and it is also correct for the 
ideal gas case for which the atoms do not interact 
(@ is constant then). But our arguments for inter- 
mediate k show that this is not the case. Because of the 
correlations in position implied by the factor ¢, the 
motion of one atom implies the motion of others. Thus 
the factor in front of ¢ selects from that function certain 
correlated motions, in spite of the fact that each term 
in the factor depends on just one variable. 

We can get a better idea of how this works by taking 
the extreme case of very low k. Here (22) represents a 
sound wave but at first sight there is no sign of the 
density variations that such a wave usually brings to 
mind. Let us take the real part and consider 


>; cos(k-4r,) 


for small k. Now, for most configurations, allowed by ¢, 
the atoms are fairly uniformly distributed, so that 
there are just as many in the regions where the cosine 
is positive, as where it is negative. Therefore the sum 
over all the atoms of cos(k-r,) is zero. The wave func- 
tion is zero for nearly all configurations. It is only for 
the rare configurations in which the number in positive 
regions exceeds that in regions where the cosine is 
negative that the wave function does not vanish. In this 
way (23) selects configurations for which the mean 
density varies as cos(k-r). Since such density fluctua- 
tions are, according to the behavior of ¢, most likely 
produced by small cooperative motions of large numbers 


(23) 
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Fic. 3. The upper curve gives the liquid structure factor deter- 
mined from neutron diffraction (reference 5) and extrapolated to 
zero k. The lower curve gives the energy spectrum of excitations as 
a function of wave number (momentum: A™) which results from 
the formula E= h®k?/2mS(k) derived in the text. The initial linear 
portion represents excitation of phonons while excitations near 
the minimum of the curve, where it behaves as A+ /A®(k— ko)*/2y, 
correspond to Landau’s rotons. However, data on the specific heat 
indicate that the theoretical curve should lie lower, closer to the 
dashed curve. 


of atoms, the state described is very far from the one 
particle state it would be if the cosine factor appeared 
alone, not multiplied by ¢. 

In the region of the energy minimum at ko the wave 
function represents a situation intermediate between 
the cooperative motion of phonons, and the excitation 
of a single particle. Several atoms move together be- 
cause of the correlations implied by ¢. It is hard to make 
a clear picture out of this vague idea. There is nothing 
to indicate that the state carries an intrinsic angular 
momentum. One must be careful because the state is 
degenerate, as all directions of k with the same magni- 
tude ko give the same energy A. Perhaps, if more com- 
plicated wave functions were tried, some special linear 
combination representing a kind of microscopic vortex 
ring or one with intrinsic angular momentum has in fact 
a lower energy. States of low & will be called phonons, 
and states of momentum near ky will be called rotons in 
this paper, in accordance with the terminology of 
Landau,* although we do not necessarily mean to imply 
that rotons carry intrinsic angular momentum or repre- 
sent vortex motion. 


MULTIPLE EXCITATION 
We have obtained the energy spectrum E(k) of what 
we may call single excitations. They have the form of 


*L. Landau, J. Phys. U.S.S.R. 5, 71 (1941); 8, 1 (1941). See 
also R. B. Dingle, Supplement to Phil. Mag. 1, 112 (1952). 
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plane waves through the liquid. By taking linear com- 
binations we can make wave packets that are more or 
less confined to a local region. Unless the region is very 
small there would be only a negligible energy addition 
required to do this. The remainder of the liquid is quiet 
as in the ground state. It is conceivable that another 
packet could be located somewhere far away and the 
energy would be close to E(k,)+ E(k) if k; and k, are 
the momenta of the majority of the waves in each 
packet. Thus we should expect states with several 
excitations, the energy being the sum of the energies 
of each packet separately. This neglects a kind of in- 
teraction energy between them. It will be valid if the 
density of excitations is very small, but one cannot 
expect to apply it to situations in which the number of 
excitations is any appreciable fraction of the number 
of atoms in the liquid. 
Mathematically, if the function 


F=> ; expik,-r, 


gives E(k,) for the energy, we might expect the wave 
function for two excitations to correspond to ~=F¢, 
with 


F=(>; exp(ik,-r;) [0 ; exp(ike-r;)). (24) 


It is readily verified, by substitution into the variation 
integral, that the energy is E(k,;)+£(k,) within correc- 
tion terms of order 1/V, where V is the volume of the 
entire fluid. This is just what one would expect if 
the excitations behaved like interacting particles, for 
the relative probability of their being within their range 
of interaction varies inversely as the volume. The ex- 
pression (24) is unaltered on reversing the order of the 
factors, so the state in which the first excitation has 
momentum k, and the second has ky is the same as that 
in which the momenta are reversed. Thus the excitations 
obey Bose statistics. The expression (24) is not orthog- 
onal to (17) with k=k,+k,, so there undoubtedly are 
matrix elements between states of different numbers of 
excitations, and collisions must be possible which change 
this number. In summary, the excitations behave much 
like interacting Bose particles which may be created 
and destroyed, and whose energy as a function of mo- 
mentum is given by E(k) =h®k?/2mS(k). 


THERMODYNAMIC PROPERTIES OF HELIUM II 


From this we may determine the thermodynamic 
behavior of liquid helium at low temperature. At suffi- 
ciently low temperatures the number of excitations will 
be small, so the interactions between them can be 
neglected. The approximation of independence leads 
in the usual way to the formula for the Gibbs free energy 
(taking the ground-state energy as zero), 


F=kTVS In{1—exp(—BE[k]) ek (2x)-%, 


with B= 1/k7. The number of excitations of momentum 


k is 


(25) 


ny = LexpBE(k)— 1)". (26) 
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We need not enter into further details as this has been 
thoroughly analyzed by Landau,* who first proposed 
the form of energy spectrum we have deduced here. At 
low temperatures only the lowest energy excitations 
can become excited. That is, only the phonons are 
excited and the specific heat varies as 7*. At higher 
temperatures some of the states near the minimum of 
the curve, at ko become excited. The specific heat then 
rises rapidly, controlled predominantly by the exp(—8A) 
factor, governing the number of rotons excited. For 
temperatures of a few degrees few rotons are excited and 
only the phonon part, and the part of the curve near the 
minimum, are important. Landau’ has shown that one 
obtains good agreement with the specific heat (and with 
the measured values of the velocity of second sound) 
if one chooses the parameters A=9.6°K, ko=1.95 A, 
and w=0.77. This means the energy curve near the 
minimum behaves as 2mE/h?= 1.6+-1.3(k—1.95)?, with 
k in reciprocal angstroms (one A~* corresponds to a 
temperature of 6°K). In the phonon region the curve is 


2mE/h’ = 2.6k, 


in the same units, if the speed of sound is 240 meters/sec’ 
Henshaw and Hurst® have published some preliminary 
data on the neutron scattering by liquid helium at 
4.2°K. From it S(k) may be directly determined (see 
Fig. 3). The curve for E(k) calculated in this way 


behaves as 
2mE/h? = 3.0+1.0(k—2.0)? 


near the minimum (and is consistent with 2.6k for 
small k). This corresponds to a value of A of 18° which 
is impossibly large. Such a discrepancy may be due 
to the inaccuracy of the trial function (2), the true 
energy being lower than that calculated with this trial 
function. Such a large discrepancy in energy is dis- 
couraging, because the physical arguments did seem to 
indicate that (2) should be a reasonably good first 
approximation. 

The expression (25) should not hold at high tem- 
perature because it neglects the interactions among the 
large number of excitations which (26) demands at 
such a temperature. Without an estimate of these inter- 
actions it is hard to judge the region in which deviations 
are to be expected. We shall make a very rough pre- 
liminary argument here. 

To the approximation that the energy in a mode is 
proportional to an integer m, this mode behaves like a 
harmonic oscillator. The coordinate of this oscillator 
gx has a mean square value 2n+-1 times its value in the 
ground state. For what size gy is the harmonic oscillator 
approximation poor? If we knew this we could put a 
limit on the ranges of g, and hence of my, for which (25) 
might be expected to be valid. In our case the various 
gx from (21) are not independent, because they can 
all be defined in terms of the same 3N variables r;. 


7L. Landau, J. Phys. U.S.S.R. 11, 91 (1947); Phys. Rev. 75, 
884 (1949). 
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Thus, for example, if gy is known for 3N values of k, it is 
known in principle for all others. It is very difficult to see 
what this interdependence means to (25). 

But one can notice that one restriction is 


f Igu| 2d (2)*= N, (27) 


where the integral is taken over all k. Hence we may 
guess that we should restrict (25) by the condition that 
the excess |x|? over that for the ground state, summed 
on all states, cannot exceed V. This excess for a given 
mode is 2m, times the ground-state mean value of 
|qx|?. This latter is S(k)=A*k®/2mE(k), so we obtain 
the restriction 


hem { (#/E())mek(2n) >= a (28) 


The thermodynamics which would result (by adding 
a chemical potential » to E(k) in (25), (26) to allow for 
(28)) will show a second-order transition.’ But without 
a deeper analysis we are in no position to take Eq. (28) 
literally. We can only use it as a rough criterion for 
validity of (25). If the integral on the left is much less 
than 1, then (25) should hold. At 2°K the integral 
amounts to roughly 0.2, so perhaps we are entitled to 
trust (25) even to within a few tenths of a degree of the 
transition temperature. 


MOTION OF THE FLUID AS A WHOLE 


The existence of such excitations moving as nearly 
free particles in a background fluid is the central con- 
cept of the two-fluid model of Tisza* and Landau. The 
consequences of these ideas for excitations with a 
spectrum such as (18) have been carefully analyzed in 
a general manner by Landau and Dingle.* There is 
nothing to add that is new in this direction. However, 
we shall review briefly how the equations of this model 
arise, emphasizing the behavior of the wave function. 

Beside the states which represent local internal excita- 
tion of part of the fluid, there are, of course, states in 
which the entire body of fluid moves. In general, in 
these cases the boundaries of the fluid move also. For 
example, at absolute zero, the entire fluid may move as 
a body with velocity v. This center-of-gravity motion 
is described by 


y=exp(imv-> iri)¢, 


if we assume @¢ corresponds to the ground state at rest 
in the laboratory system. 

Suppose we wish to represent a situation in which 
the velocity v(r) varies from point to point, but only 
very gradually on an atomic scale. We might try some- 
thing like this. The atoms in a region about some point 
P have their center of gravity moving at velocity vp 

* This conclusion is modified if the interaction of the rotons and 


the hydrodynamic modes is taken into account. 
*L. Tisza, Phys. Rev. 72, 838 (1947). 
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corresponding to this point. They must contribute a 
phase mvp->_,r,; where the sum is taken only over those 
near P. Corresponding contributions would come from 
sums near other points so the total factor ought to be 


exp[ im). .v(r;)-1;]. The wave function is, therefore, of 


the form 
¥=explid is(r,) }¢, 


where s(r) is some function of position. We have sug- 
gested that it is mv(r)-r. However, as is usual when one 
has waves whose wavelength varies from point to point, 
the wave number is not the phase divided by r, but 
more accurately it is the gradient of the phase. There- 
fore (29) represents the fluid in motion, the velocity at 
any point being given by 


(29) 


v(r)=m"Vs. (30) 


As a consequence of (31),VXv=0. Velocity fields for 
which this is not true cannot be represented in such a 
simple manner, and represent, as we have seen in II, 
states involving large numbers of excitations. The prob- 
lem they present is being studied. For regions which are 
not simply connected, such as a torus, s need not be 
single-valued. For example, in the torus we could take 
s=@, the cylindrical angle. This would represent a 
permanent circulation” even though VXv=0 locally. 

Substitution of (29) into the variational principle to 
obtain a steady-state solution leads [see (10), (11) with 
F=exp(i>_.s(r,)) ] to the energy expression 


(31) 


Po 
— J vsce-vs(er, 
2m 


which is the kinetic energy pomv*/2 per unit volume. It 
is minimum for variations in s if ¥V-(Vs)=0, that is, 
V-v=0. The flow must be incompressible. We have not 
allowed, in (29), for variations in density. For a singly 
connected region this has but one solution v=0, unless 
the boundaries move. In a multiply connected region, 
like a ring, circulation of angular momentum in mul- 
tiples of Nh is possible. There are so few of these special 
states that the statistical mechanics is not affected. The 
variables, v(r), representing such motions can be 
specified as external known variables like pressure and 
volume. 


EXCITATIONS IN A MOVING FLUID 


Next we study the motion and energy of an excitation 
in a moving fluid. The wave function is 


v = > if (t;) expli, js(r;) p. 


© Tt was suggested in IT, reference 9, that to observe this experi 
mentally one might have to avoid letting the liquid have a free 
surface. But R. Peirels has pointed out (private discussion) that 
although the atoms evaporating from the moving liquid to the 
gas carry angular momentum out, only those of the gas which are 
moving along with the liquid can condense, bringing back angular 
momentum—so in equilibrium there would be no damping of 
the motion from this effect. There are other effects, however, 
such as those which cause resistance to capillary flow at high 
velocities, which might be expected to damp the motion. 
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When this is put into the variational principle, one 
finds directly 


6/6 = E(k)+ m file)-vi(niar 


+4m fov.(0)-vsler, (32) 


where E(k) is given in (18), v,(r)=m™'Vs, and we have 
defined 


p(a) = f state) fn) f(r)ePrt/I, (33) 


i(a)=h flan sr(nvs(a 


— f(r)V f*(a) \d*r/Imi, (34) 
with 


I = foateuns) (Ce) firsts (35) 


These p, j, are the expected values of density and 
current density that belong to the state representing a 
single excitation. 

We shall analyze this for the case of a single excita- 
tion of nearly definite momentum in the form of a large 
wave packet, large compared, with the central wave- 
length. That is, we take f(r) =exp(ik-r)g(r) where g(r) 
is a smooth amplitude function, such as a Gaussian, 
with width very large compared to 1/k, but small 
compared to the size of the vessel. Such a packet will 
drift and spread slowly in a way completely determined 
by E(k) and the principle of superposition. We wish to 
determine the additional effects of the possibility of 
general liquid flow. 

The current density associated with this excitation 
is found from (34). We make the approximation that 
Vf=ik/ since g varies so slowly, obtaining, 


j(a)= mew pala) gt eet exp —ik- (r—a) ] 
+g(r)g*(a) exp +ik- (r—a) ]}d*r/T. 


Now, because of the variation of the exponentials, con- 
tributions to this integral come only from r within a 
limited distance from a. Within such a distance g(r) is 
nearly the same as g(a), so all the g factors can be 
evaluated at a and taken outside the integral. The 
integral on r is then easy by (19) and one finds 


j(a) =hkpoS (k)| g(a) |?/ml. 


The normalization integral may be done in a similar 
manner. It is 


t= ff ercederdon(eurs) 


Xexp[ — ik: (t1— 12) ]d*r1d*r2. 
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Since r2 must be near r; for a large contribution, we may 
replace g(r2) by g(r), integrate rp directly and obtain 


T=poS(k) f Lg(r) |r. 


If we assume g(r) is normalized, /|g(r)|*d*r=1, so 
that |g(a)|?=d(a) is the density in the packet at a, or 
roughly the probability of finding the excitation at a, 
the current is 


j(a) = (hk/m)d(a), (36) 


that is, a total current hk/m distributed at density d(a). 
The particle density at a is 


o(a)= f ox(ariri)g*(ne(e) 


Xexp[—ik- (ri—re) Jd*rid*r2/T. (37) 
The points r; and r, must be close. If point a is not close 
to these points we can use the asymptotic form, 


ps(@,01,%2) = pop2(r1,82), (38) 


to show directly that p(a) is the density po of the fluid, 
far from the packet. It is nearly so, even in the region of 
the packet, for since its dimensions are large, a is nearly 
always far from r,,r2, and further, the integral over all 
a of p3(a,rit,)—pop2(t1,82) is exactly zero. 

It is true that the distance of influence in p may not 
be very small, because of the correlations in the sound 
field. That is, the excitation produces a small strain in 
the fluid which makes a field of stress in the vicinity. 
Such fields provide a mechanism of interaction between 
excitations (as well as a correction to the energy of one). 
In a more detailed analysis such effects should be 
taken into account. Here we proceed to a first approxi- 
mation and neglect them. To the approximation of 
neglecting compressibility, then, we find p(a)=po; the 
presence of an excitation does not change the fluid 
density. 

Thus we picture an excitation in the form of a 
drifting wave packet as carrying a total current hk/m, 
and drifting (if v=0) at the group velocity v,= 0E/dk, 
but as not appreciably altering the density. 

This clearly violates the conservation of matter. For 
a moment we overlook this difficulty. It is discussed in 
the section following the next. 

If this packet is in a general velocity field v,(r) we 
may determine its energy from (32). In integral 
JSj(t)-v,(r)d*r we shall assume that v, does not vary 
appreciably over a region as small as the packet, and 
may be taken outside the integral sign. The integral 
of j is then hk/m= p/m, giving the following results: 

The energy of an excitation in a moving fluid is 


E=E(p)+p-:v,, 


where vy, is the velocity of the fluid where the excitation 
(considered as a packet) is located. The total momentum 


(39) 
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associated with the packet is p, and it contributes a 
current p/m to the total in the fluid. The energy con- 
tributed by the moving fluid has density pomv,?/2, and 
it contributes to the current density pov,. 

The group velocity of the excitation is 0E/dp so that 
V,=Voo+V, where Vzo is the group velocity in liquid at 
rest, 0E(p)/dp. Thus the excitation just drifts along 
with the background fluid motion, of velocity v,. Equa- 
tion (39) can be obtained much more simply by a 
Galilean transformation of coordinates. Indeed, it is in 
this way that it was obtained by Landau and Dingle.® 


RELATION TO THE TWO-FLUID MODEL 


The two paragraphs at the end of the previous section 
contain the main relations by which the hydrodynamics 
and thermodynamics of the two-fluid model is derived. 
We review here a few of the steps, very briefly, in order 
to make clear the relation of the excitations to what 
is called the norma! fluid. For further details see 
reference 6. : 

Thermodynamic equilibrium results, for a system 
with Bose statistics, if the excitations are distributed so 
that the number of those with energy E£ is 


n=(exp(BE)—1}". 


This may be obtained, for example, by maximizing the 
entropy, keeping the total energy constant. Another 
distribution which is also in equilibrium can be got by 
maximizing the entropy, keeping both total energy and 
total momentum constant. It is 


n= {exp[8(E—p-u) J—1}~, 


where u is a constant. 

In our liquid, the density of excitations per unit 
volume at a point r in this case would be, substituting 
(39) into (40), 


n= {exp[B(E(p)+p-v,(r)— p-u) J—1}~. 


In order to interpret u, we study the total current 
density. Since each excitation contributes a current 
p/m the total current density contributed by the 
excitations is 


(40) 


(41) 


me f p{exp[8(E(p)+p- (v,—u))]—1}d%p (2). 


At this stage we shall only consider the case of low 
macroscopic velocities. Expanding to the first order in 
in v,—u this may be written in the usual way as 


Pn(u— v.); 


where p, is defined as 


B 
pu=—— f Ptexp[B(9)]-1)-%p (2m). (42) 
m 
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To this we must add the current of the background 
poV,, So that the total macroscopic current density can 
be written 

j=pru+p.v,, (43) 
if we put p,=po— Pn. 

In view of these separations we can say, artificially, 
that the liquid behaves as though there were two parts, 
superfluid at density p, moving at velocity v,, and 
normal at density p, and velocity u (which we write 
hereafter as v,). The current is the sum of these two 
partial currents. In a similar manner the change of the 
internal energy, at constant entropy, produced by the 
velocities can be shown to second order to be the sum of 
the kinetic energies 4p,v,?+4pnvV,’. 

In a vessel with fixed walls in thermal equilibrium, if 
the liquid background is flowing, its velocity v, must 
have no component normal to the wall. Further, the 
total current normal to the wall must vanish, so that 
the normal component of vy, must also vanish at the 
walls. But in equilibrium v, is constant everywhere and 
must therefore vanish everywhere. We say the normal 
fluid is stationary in equilibrium with fixed walls, even 
though the superfluid moves with the velocity v,. 
Incidentally, the superfluid velocity is irrotational, 
VXv,=0. 

If the walls move together at constant velocity, then 
equilibrium results if v, is this velocity; the normal 
fluid moves at the same velocity as the walls. 

We extend Eq. (40) to situations slightly out of 
thermal equilibrium by assuming Vv, is not constant but 
varies from place to place. The failure of equilibrium 
will bring in various irreversible processes associated 
with the normal fluid, such as viscosity. If we leave 
these out of account, the remainder of the hydrodynamic 
equations which result can be derived in exactly the 
manner already given by Dingle.* We need enter no 
further in this direction, as nothing new is gained. 
The resultant hydrodynamical equations can most 
easily be interpreted from the model of helium as con- 
sisting of two interpenetrating fluids. 

Nevertheless, it is difficult to understand these partial 
fluids from a detailed kinematic point of view. Kine- 
matically we have a general, or background fluid in 
which excitations move. The velocity of the superfluid, 
v,, is the general velocity of this background, but the 
density of superfluid is not po. The velocity of the normal 
fluid, v,, appears as a parameter in the distribution 
function. It can be shown to be the average group 
velocity of the excitations. But the difficulties arise if 
one tries to interpret the formula (42) for p, from a 
direct kinematical point of view. It is not the average 
value of any quantity that can reasonably be ascribed 
to an individual excitation. It appears to have meaning 
only for the entire group of excitations in, or near, 
thermal equilibrium. 

The division into a normal fluid and superfluid, 
although yielding a simple model for understanding 
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Fic, 4, At intermediate temperatures the main excitations are 
rotons which carry an intrinsic momentum, indicated by the 
arrows. If they drift relative to the background fluid, they tend 
to polarize upstream. This is illustrated for various values of 
v the background fluid velocity, and v, the absolute drift velocity 
of the rotons. The total current is pov, plus the polarization current 
of the rotons. Although mathematically correct, the separation of 
this current into the two parts, p,?, and ppt», characteristic of the 
two fluid model seems somewhat artificial from the microscopic 
viewpoint. 


the final equations, appears artificial from a micro- 
scopic point of view. This opinion is shared by Landau 
and by Dingle.® 

It is interesting to look at what is happening on a 
microscopic scale for various conditions of the velocities 
v,, V,. Consider a temperature not too low so that the 
predominant excitations are rotons. If the fluid is at rest 
a roton created with exactly the minimum energy A has 
no group velocity, but it has a momentum, of magnitude 
po pointing in some direction. We will call it the direc- 
tion of polarization and represent our roton by an 
arrow in this direction in Fig. 4. Not all rotons have 
exactly this energy A, but may differ by order kT from 
it, and have therefore nonzero group velocity. (Inci- 
dentally, the group velocity is parallel to or opposite 
to the polarization.) The rotons therefore may move 
about in a random manner like the molecules of a gas. 
Like gas molecules they can also have an average drift 
velocity relative to the fluid. Now we will assume [as 
required by (39), (41) ] that if the rotons are drifting 
relative to the fluid in a certain direction, they tend 
(as a result of collisions among themselves) in equilib- 
rium to polarize themselves in the direction in which 
they drift (that is, opposite to the velocity of the liquid 
moving past them). The general drift velocity of the 
rotons in space we call the normal fluid velocity, v,. 
The motion of the fluid as a whole we call the super- 
fluid velocity, v,. Let us consider some examples. 

First, with the fluid at zero velocity (v,=0), and no 
drift of the rotons (v,=0), they remain unpolarized 
(Fig. 4 (a)). If they are drifting to the right (v,>0) 
they will tend to polarize in this direction, lining up to 
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oppose the liquid passing them (Fig. 4 (b)). Now if the 
liquid is in motion (v,= 1), and all the rotons drift with 
the liquid in the same direction (v,=v), there is no 
relative motion and no tendency to polarize (Fig. 4 (c)). 
This situation is not in equilibrium with stationary walls. 
Collisions of the rotons with the walls will stop their 
drifting motion and they will remain at rest relative to 
the walls. However, they will become polarized opposite 
to the fluid passing them (Fig. 4 (d)). 

This interpretation of the velocities of the partial 
fluids of the two-fluid model is fairly simple and direct. 
It is otherwise with the current. The natural way to dis- 
cuss the current (or momentum) from the microscopic 
view is to split it into two parts. First the current 
produced by the flow of the moving fluid, pov,, and 
second the current produced by the polarization. It is 
then easy to see what the current is in each case. In the 
first two cases, 4a, 4b, we have no general fluid motion 
so that the current is all due to polarization, zero in 
case 4, to the right in case b. If the fluid moves, but the 
rotons remain unpolarized, as in 4c, the current is po?,, 
purely due to liquid motion. When the rotons polarize, 
as in 4d, to oppose this background motion the total 
current is reduced. But this natural separation is not 
the same as that utilized in the two fluid view. It is 
difficult to identify, for example, what is called the 
current of the normal fluid. It is not current carried by 
the rotons as they drift from one place to another 
(which they do with the velocity v,) because the roton 
as such carries no mass but is only a disturbance in the 
liquid. Certainly the value of p, would be hard to obtain 
this way because the rotons contribute to the current 
mainly by their polarization, and not by their drift 
motion. (Of course in a case such as 4b the polarization 
is in the direction of the drift so we could say the drift 
acts as if it carries current, because it induces polariza- 
tion. p, is then the ratio of the polarization current to 
the drift velocity which produces it.) 

On the other hand, it is evident that the entropy 
flow is produced entirely by the drift motion (and not 
the polarization) of the rotons. Hence it is easy to see 
why all the entropy flows with the velocity 2,. 


THE CONSERVATION OF CURRENT 


In the last section we considered a packet of solutions 
(2) and found that we could picture an excitation in the 
form of a packet carrying a total current Ak/m, and 
drifting at a group velocity 0E/dp, but as not appreci- 
ably altering the density. But such a picture is incon- 
sistent with the conservation of matter. To take an 
extreme example, for a roton of the minimum energy A 
the group velocity 0Z/dk is zero, but the current 
hky/m is large. If such a current is distributed over a 
finite region in such a way that the direction is every- 
where the same, we evidently cannot conserve material. 

On the other hand, it is well known that one can 
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demonstrate the conservation of matter, 
dp(a)/dt=V-j(a), 


from the Schrédinger equation. The reason that our 
wave function does not satisfy (44) is that it is not an 
exact solution of the wave equation. This shows an 
inaccuracy in our approximate wave function (17). 

One way that suggests itself to resolve it, in the case 
of rotons with k= ko, is to propose a superposition of two 
waves with opposite momenta k and —k, like g(r) 
cos(k-r). In this case the current density is zero, and 
everything is all right. Furthermore, if the same small 
momentum | is given to each, so the momenta become 
k+l and —k+I with k=ko, the drift velocity dE/dk 
is the same for each partial wave, so that the packet 
stays together. 

On the other hand, with stronger collisions with walls 
and phonons perhaps the two momentum components 
would become separated. Further g(r) sin(k-r) is just 
as good a solution, and it must have almost exactly the 
same energy even if interactions are taken into account, 
because the exact position of the nodes in a large packet 
cannot be important. Therefore, a linear combination 
must again be a possibility and we are led back to the 
exponential, and to the difficulty of current conserva- 
tion. This lack of conservation is a symptom that all is 
not too well with our wave function. It is true that in 
the cosine case the symptom is hidden, but the con- 
clusion should stand that the wave function could be 
improved. 

The problem can be resolved by considering more 
complicated functions representing interaction of the 
excitation with the flow of fluid in its surroundings. One 
way the current could be conserved would be to have a 
general return flow of fluid in the region outside the 
packet. We therefore try the solution 


¥=D g(r) exp(sk-r,) exp[#> js(r;) 6, 


with the hope of finding an s which produces a velocity 
distribution v=m~'Vs which shows such a reverse flow. 
Let us first consider such a packet in otherwise sta- 
tionary liquid. Then as a boundary condition s should 
go to zero as we go far from the packet. Substitution into 
the variation integral gives (32). For the current and 
density we use our approximations, that j(a) is given 
by (36), and p(a)=po. There results 


(44) 


(45) 


/3-E(b)+ file) vsier+— f vs: veer, (46) 


where we have put, for the packet energy, E(k), which 
is nearly correct. Variation of s to find a minimum gives 
the equation 


V- (j+p0Vs) =0. (47) 


This equation determines s if we impose the boundary 
conditions s—0 far from the packet. Call this solution $» 
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and the velocity distribution vo=Vso/m. It is like the 
field produced by the charge density V-j, that is, at 
large distances the field of a dipole. It represents the 
back flow expected. Furthermore the total current 


operator has for our function the value 


Jo=j+p0V so (48) 


so that (47) says that now the total current is conserved. 
There is a small shift in energy. Substitution of (47) 
into (46) gives the extra energy (reduction) 


pom 
- — f ve)-vee 


If the order of the dimensions of the packet are L, the 
current kk/m is distributed over a volume L’, so the 
velocities are of order hk/mL' and the kinetic energy 
(poh?k?/mL*) L’ varies as 1/L*. But to confine the packet 
to such a dimension wave numbers of order 1/'L in g(r) 
must be used, so we find from (18) (for the case k= ko) 
excess energies of order 1/1? needed to confine the 
packet. Thus, for large packets, spreading the packet 
over even larger dimensions will decrease the energy, in 
spite of the energy of the currents we have just cal- 
culated. For extremely small packets our analysis does 
not hold because of the approximations made. 

Here we have just gone far enough to save the 
theorem of conservation of current. We have only dealt 
with the background current in a semiclassical way. 
More complex states consisting of superpositions of 
expressions like (45) should be considered if a correct 
calculation of the quantum-mechanical “self-energy” 
of a roton due to coupling with the general velocity 
field is to be carried out. Since the “self-energy”’ is 
negative, the corrected value of A will be nearer the 
experimental result. This problem is being studied. 

A more correct picture of a packet excitation, then, 
is that of a kind of region of polarization (that is, j) 
which induces a distribution of velocity field around it, 
poVso. The field is analogous to that produced by elec- 
trical polarization, the electric field E corresponding to 
the velocity field Vs/m, and the electric displacement 
vector D being analogous to the total current density, 
since its divergence vanishes. We can use this analogy 
to determine the behavior of the system directly, as it 
is easily verified that all the equations correspond. 
There is, however, one important difference. The signs 
of interaction are reversed. Thus (39) shows that rotons 
tend to line up opposed to the external field v, while 
electric dipoles line up with the field. The analogy must 
therefore be completed with the remark that the 
rotons are dipoles of a gravitational type; that is, like 
poles attract, unlike repel. 

The energy of a dipole in an external field is still the 
moment times the external field, even though the dipole 
itself creates some field of its own. None of the con- 
clusions of the previous section are changed, therefore. 
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ROTON INTERACTION VIA THE VELOCITY FIELD 


The fact that one roton creates a velocity field in 
which another may interact produces a kind of inter- 
action between rotons. This is possibly one of the major 
sources of interaction, especially for not too high roton 
density. It is interesting to try to see what effect it 
has. Suppose we consider rotons as small packets all 
separated from one another and acting as dipoles of 
strength p/m. Let us suppose there is an average 
polarization P per unit volume, and an average back- 
ground velocity v,. The mean current density is then 


J=pov,+P. (49) 


The actual field at any point is not v, because of the 
local variations produced by the individual dipoles. 
Call the w velocity that an average dipole feels both 
from the average effect v, and from its neighbors. The 
latter contribution is proportional to the polarization. 
In fact, as Lorentz showed for dipoles in random posi- 
tions, it is }P/m, hence 


w=v,taPpo", (50) 


where''a = 4. The case a= 0 is the case previously studied 
which neglects direct effects between the dipoles. 

The energy of a roton in this field is E(p)+p-w. The 
statistical mechanics will then be governed by the 
function, 


f= arf Inf{i— exp[ —8(E(p) 
+p:-w—p-u) ]}d*p/(2m)*. 


(51) 


Here uw is zero for equilibrium with fixed walls, and is 
the normal fluid velocity, u=v,. The average polariza- 
tion then is given by 


P=m~'d f/dw. (52) 


The internal energy of the system is 


U = 4hmpov 2+ mP-w— (am/2po.)P?+(E(p)), (53) 


where the average value of E(p) is 
(E)= f EC exple(p) 


+p: (w—u)) |—1}~'d*p/ (2x) 
= {+TS—(w—u)-mP. 


The entropy is S= —0f/dT. 

Expanding up to second order in the velocities one 
finds that the current can still be written as p,v,+p,u, 
and the excess internal energy (at constant entropy and 
total current) as 4p,v,?+4p,u’, provided that one writes 

4 Onsager has shown that if one deals with permanent dipoles, 
mutually impenetrable and roughly spherical, this value of a is in 


error. If his analysis applies to our case, the value a= po(po+2p,)™ 
results [L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936) ]. 
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P= pop» and 
Pn=Pn’(1+apn°/po), (54) 


where p,° is the old expression (42) valid for the case 
a=0, Therefore the expression for the velocity of 


second sound, 
pn TS*y3 
(= (= —) ’ 
Ps Cv 


is unaltered when expressed in terms of p,, etc. Only 
the theoretical formula for p, is slightly modified. How- 
ever, the modification is appreciable only when p,°/po 
is not small, that is, near the transition. At the transi- 
tion where cz goes to zero, p, must equal po so that p,” 
given in (42) must equal 1/(1—a) or 1.5. Actually p,° 
varies very rapidly in this region so this makes no 
appreciable change in evaluating A and po from the 
data. Furthermore in this region there may be other 
interactions which should alter our statistical me- 
chanical analysis anyway. (Actually we cannot even 
be sure that rotons act as small individual dipoles until 
we have improved the wave function to include the 
interaction with the velocity field, as a quantum field.) 

With interacting dipoles we would expect the ana- 
logue of a transition corresponding to the Curie point 
for electric dipoles. The analog of the condition for the 
Curie point comes out to be exactly the criterion that 
the expression (54) for p, (with p,° substituted from 
(42)) becomes equal to po. There are a few surprises 
here, though. Firstly, ordinarily the Curie transition 
occurs as we lower the temperature, but here it appears 
on raising the temperature. That is because the Curie 
point depends markedly on the density. Dipoles 
polarize if they are cold and dense. In our case at low 
temperatures they are cold, but not dense enough. 
As the temperature rises, the density does also, very 
rapidly, until a point is reached where spontaneous 
polarization appears even though the temperature has 
been raised. Another surprise is the fact that there is 
a transition even if the local field effect is neglected 
(a=0). This difference is a result of the change of sign 
of the forces. Our dipoles polarize most easily if arranged 
in a flat region, while for electrical dipoles a needle-like 
region is preferred. With all the dipoles polarized 
parallel in the sheet the outside field is zero if the 
internal field opposed the polarization. But this oppo- 
sition of polarization and field is just the stable condi- 
tion for the rotons. In fact, the mutual local field a 
tends to depolarize them and raises the transition 
temperature. (For Onsager’s value of a, (54) shows no 
transition for any temperature.) 

One might be tempted to speculate that we could 
carry the statistical mechanical analysis right up to the 
transition point and beyond, by simply assuming that 
the only interaction of importance among rotons is the 
coupling with the general velocity field. One would just 
hope that other interactions or limitations to the 
number of degrees of freedom are not as important as 
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one would otherwise guess. Aside from the amusing 
twist that helium I would then be the polarized, 
organized state, serious difficulties arise. One can 
analyze these things from the statistical formulas, if 
the velocities are not considered small and are not 
expanded. One can, without loss of generality, take 
states of total current zero, and for simplicity take a=0. 
What happens is this. For any temperature below the 
transition there are two equilibrium states possible, one 
unpolarized with v,=0, and the other polarized at 
finite v,. Since the latter has higher free energy it is an 
unstable equilibrium, but the »,=0 is stable (actually 
only metastable"). As we approach the transition point 
the polarization of the unstable state approaches zero. 
Above the transition point (more correctly, the point 
when p,= po) only the v,=0 state is in equilibrium and 
that is unstable. The instability arises this way. There 
is a high density of rotons. If a little polarization 
develops, their energy is reduced. This increases the 
number of rotons in equilibrium at a fixed temperature 
as well as the polarization, so that if there is no limit 
to the number of rotons there is no stable state. 

On the other hand, if a limitation of roton number 
such as (28) is imposed, stable polarized states exist at 
the higher temperature. But the transition to that state 
occurs as a first-order transition, and there is another 
transition at still higher temperatures when the polar- 
ization disappears again. 

It is therefore evident that we do not correctly 
describe the region very close to the transition by the 
usual energy expression (53) (with or without a=0). 
The interactions between rotons is playing a more 
complicated role than (53) can describe. 

In a previous paper an expression was given for the 
partition function which was presumably reasonably 
satisfactory right across the transition. However, the 
analysis was too difficult to carry out. Now that a more 
detailed picture of the behavior below the transition is 
available it may be easier to see how that expression 
can be treated. We still lack a clear picture of what 
happens in the few tenths of a degree on either side of 
the A point. 


INTERACTIONS BETWEEN EXCITATIONS 


Interactions between the excitations will lead to 
various irreversible processes, such as viscosity, attenua- 
tion of second sound, etc. These questions have been 
studied by Landau and Khalatnikov.” The most 
important factor in the various mean free paths which 
are involved is the change in density of the phonons and 
rotons with temperature. The absolute cross sections 
depend on the details of the interactions. Interactions 


12 That is, the conventional free-energy expressions for arbitrary 
v, are, strictly speaking, not self-consistent. For any temperature 
there is always some value of v, for which the free energy is less 
than its value for 7,=0. 

31. Landau and I. Khalatnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 19, 637, 709 (1949). 
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between phonons can be thought of as arising from a 
nonlinear equation of state. An interaction between a 
phonon and a roton would result if rotons have a 
different energy for different pressures. According to 
the theory presented here their energy is h?k?/2mS (k). 
If the liquid is compressed k* increases. On the other 
hand S(k) probably increases even more rapidly from 
the increase in local order produced by squeezing the 
nearly impenetrable atoms into a smaller space. There- 
fore we expect A to decrease with pressure. This pro- 
vides a mechanism for roton-phonon interaction. It also 
has other effects. The presence of a roton would cause 
a small increase in density in its neighborhood with 
the effect falling off inversely as the distance from the 
roton. This provides a mechanism of long-range inter- 
action between rotons in addition to that due to 
coupling with the general velocity field. The roton- 
roton interaction at short distances is a more difficult 
problem, which probably cannot be adequately solved 
until a more accurate wave function is available for 
the roton state. 

If the roton energy A decreases when the liquid 
density increases then we would expect that in equilib- 
rium the liquid would shrink if the number of rotons is 
increased. The volume decrease as the \ point is ap- 
proached is probably a consequence of this effect. The 
fall of the \ temperature with rising pressure is thermo- 
dynamically related. It may also be seen directly from 
(42) (supposing the A point to be p,=po) considering 
that A decreases as the density rises. 


SUPERCONDUCTIVITY 


It has been suggested that superconductivity is 
analogous to superfluidity. What can we learn of the 
former from our study of the latter? It is interesting 
that if the He atoms were charged (and their net charge 
canceled by a uniform fixed background charge of 
opposite sign) the liquid would imitate many of the 
features of a superconductor. In a magnetic field at 
absolute zero the London" equation, j= eA/mc, would 
hold. This is because stirring of atoms is equivalent to 
interchange so that in the lowest state the wave func- 
tion cannot vary if atoms are stirred, and the part of the 
current depending on the wave function gradient 
vanishes. Other states would take a finite energy to 
create, there would be states of permanent circulation 
in multiply connected rings, there would be a second- 
order transition, etc. How this close analogy is to be 
interpreted is not clear. The things which, it has been 
argued here, apply physically to helium cannot be 
justifiably taken over to the case of Fermi particles, 
or such particles in interaction with lattice waves, 
without a complete investigation of their validity in the 
new environment. For example, at present there is 
not, in the author’s opinion, justification for assuming 


“F, London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. I. 





276 R. 


that the form (2) is a reasonable wave function for an 
assembly of Fermi particles, with @ the ground-state 
function for such particles. In fact, there are definite 
arguments against it. Possibly the close analogy should 
only be used to tell us what the problem of supercon- 
ductivity is. It is, from this point of view, the problem 
of showing that, in the metal, aside from phonons there 
are no (or only very few) states of very low energy just 
above the ground state. 


DISCUSSION 


We still have left unsolved at least three basic ques- 
tions. One is to find a clear description of the neighbor- 
hood of the transition. A second is to obtain a more 
perfect roton wave function. The third is to describe 
states for which the superfluid velocity is not vortex- 
free. So far we have VXv,=0. At high velocities when 
more energy is available, more complicated motions 
might be excited. The evidence of high resistance to 
capillary flow at the higher velocities indicates this. A 
new element must presumably be added to our picture. 
We hope to publish some views on this third problem 
at a later time. 

We have limited ourselves to a qualitative analysis 
of the more curious features of the behavior of liquid 
helium. The problem of obtaining S(&) or the correla- 
tion function for the ground state quantitatively from 
first principles is beyond the scope of this work. 

It has been argued! that He* atoms in low concentra- 
tion, in He‘ would act as a gas of free particles, but 
with an effective mass m’’ higher than that of one atom. 
This mass m” is calculated in the appendix, where it is 
found to be about six atomic mass units. 

The author has profited from conversations with 
R. F. Christy and with Michael Cohen. 


APPENDIX 


According to II an impurity atom of He’ (at infinite 
dilution) should behave as an essentially free particle 
except that its effective mass m” should exceed the 
true mass of He’ due to the inertia of the Het atoms 
which must make way for it as it moves. We shall 
calculate this excess mass here. First we suppose the 
impurity atom had the same mass m as the other He‘ 
atoms (i.e., we neglect the difference in mass of He* 
and He‘). 

The wave function for such an atom (coordinates r,) 
moving with momentum /k might be conjectured to be 
exp(ik-r4)¢, where ¢ is the ground state of the system 
(which is, the same as if all the atoms were identical). 
This, as a trial function, gives the variational energy as 
h*k?/2m and shows no mass correction. It does not 
represent with sufficient accuracy the other atoms 
moving back when atom A moves forward. This 
suggests the trial function 


vy =exp(ik-ra) exp[idois(ti—r1a) }, (1-a) 
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where the velocity field Vs(r;—1r4) represents a backflow 
which depends only on the distance from the impurity. 
To omit the term i=A in the sum we take s(0)=0. 
Substitution into the variational principle gives 


é= (8/2m) [ [i8—2k- E.V5(e.—e9) 
+20. 5Vs(ti—14)- Vs(t3—18a) 
+P Vs(ri—1ra)-Vs(ti—ta) lowd% 2, (2-a) 


with g=1, as Wy is normalized. We write p2(r;,ra) 
=pop(ri—ra), and p3(j,8j,84) = pops(ti—La,¥j—Ta), and 
measure all distances from the point ra, so that (2-a) 
becomes 


2mh-*8— 1 —2k- [ Vs(0)p(e)er 


+f f¥9(0)-Vse) pate ener 
+  vs(e)-V5(0) pine, (3-a) 


Then s is to be chosen to minimize this expression. 
The function ;(r,r’) is the probability of finding one 
atom at r and another at r’ if there is an atom at the 
origin (p(r) is just the probability of finding one at 
r if one is at the origin). We do not know what this 
function p; is, but in this problem we can approximate 
it by p(r)p(r’) (except at the origin). A given atom is 
surrounded by many (eight or ten?) nearest neighbors, 
and the distribution along one radius r and another 1’ 
must be nearly independent except for the relatively 
small solid angle where the atoms at r and r’ are close 
together. Even here, if the functions s(r), s(r’) are 
smooth enough the average of p; over such angles may 
still give nearly the same result as p(r)p(r’). With this 
substitution our problem is that of minimizing 


ami8=|b~ f vs(e)p(n| 


+ fos (r)-Vs(r)p(r)d*r. (4-a) 
The error made by this approximation is 


Aé= w/am) ff vse)-vs Leto) 
— p(t) p(t’) Jdrd*r’. 


The s(r) which minimizes (4-a) behaves as a dipole 
field (as k-r/r*) at large distances and this produces 
some convergence difficulties in the first integral in 
(4-a). They may be easily straightened out as follows. 
The minimum energy is only very slightly altered if the 
function s(r) is altered at very large distances in such 


(S-a) 
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a way that it falls off eventually more rapidly than 
1/r*. For such a function the integral may be done by 
parts, the integrated part vanishing, so we may write 


2mh?§= (4+ fsvpcmer): 


+ f ¥s(0)- Vs) p(eyer, (6-a) 


But in this form all the integrals have a definite limit 
even if s(r) has no convergence factor (and therefore 
varies as 1/r*). We may therefore use (6-a) and avoid 
ambiguities from conditionally convergent integrals. 

The variational principle shows that s must be a 
solution of 


V-[p(r)((1—B)k—¥s(r))]=0, 


where we have set 


(7-a) 


— f stevp(nate= phe (8-a) 


Multiplication of (7-a) by s(r) and integration, using 
(8-a), tells us further that 


firs -Vs(r)p(r)d’r=8(1—B)R’, 


so (6-a) says 
252 252 
&=—[(1—8)?+8(1—8) ]=—(1-—8), 
2m 2m 
and the effective mass is m/(1— 8), an increase over m of 
Am=Bm/(1—8). (9-a) 


If the direction of k is taken as the z axis, the solution 
of (7-a) may be written in the form, 


s(r)= (1—B)k(z—20(r)/r), 


where 2(r) is a function of radius r=(r-r)! only, 
satisfying 

“( 25( =) 

—a er = 2p, 

dr dr 


and such that » approaches r at large distances. This 
is easily solved numerically. We used the values of 
p(r) determined by Reekie and Hutchison.‘ Starting 
for small r where p(r)=0, so that dv/dr=0, we chose 
v at some convenient value and integrated out to radii 
so large that p(r) was effectively its asymptotic value 
po. Asymptotically » has the form c(r+B/r’) where 
B, ¢ are constants. Since the equation is homogeneous 
we may divide the entire solution by c to obtain one 
with the correct asymptotic form. By substitution of 
(10-a) into (8-a) one can show, using (11-a), that the 


(10-a) 


(11-a) 
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expression for (9-a) can be written 
Am/m=4rpoB—1, (12-a) 


where we have used the fact that 


(13-a) 


f (po— p(r))4ar*dr=1 
O+ 


[the origin, where p(r) has a 6 function being excluded 
in this integral]. Actually it is difficult to obtain 
accuracy with this method because the asymptotic 
form of v is sensitive to the values of p(r) used. Those 
of Reekie and Hutchinson‘ extended only up to r=6A 
and had to be taken from a graph, so that (13-a) was 
not accurately satisfied without some small arbitrary 
readjustments of the values. 

On the other hand, the solution showed that s(r) was 
nearly proportional to z/r*. Since (6-a) is a variational 
principle we can therefore obtain a good value of the 
energy much more simply. We substitute the trial 


function, 
s(r)=Az/r', (14-a) 


directly into (6-a) and determine the parameter A to 
minimize &. This gives 


ac A % din 4nrr*d. ' 15 
am/m=4(—p») f r*p(r)dmr ‘|. (15-a) 


or, with the data of reference 4, Am=0.70m, or 2.8 
atomic mass units. (The numerical solution of the 
differential equation gave the same result within its 
accuracy of about 10 percent.) 

It is difficult to evaluate the small correction arising 
from the term A& of (5-a), for ps; is unknown. If the 
atoms locally are nearly on a lattice, say face-centered, 
or body-centered, of cubic symmetry, A& vanishes 
with the trial function (14-a). 

If the mass of the impurity atom is not four atomic 
units it is readily shown that Am is unchanged, pro- 
vided that the distribution p(r) of atoms around the 
impurity is assumed to be unchanged. This is also 
expected physically for the extra mass is due to the 
motion of the He‘ atoms in the environment of the 
impurity. Therefore for a He* atom the effective mass 
should be 5.8 atomic mass units. The higher zero-point 
motion of a lighter atom changes p(r) by pushing the 
neighbors farther away, thereby raising Am a little 
(but this effect must be a fraction of a mass unit because 
the effective mass is almost certainly less than the 6.8 
which it would be if the He® had the larger mass of 
4 units). 

This result is not in good agreement with the deter- 
minations which have been made from experiment, as 
summarized by Daunt.'® These give values nearer 8 or 
9 atomic mass units. 


16 J. G. Daunt, Advance in Physics (Phil. Mag. Supplement) 
6, 209 (1952), particularly p. 258. 
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Photoconductivity has been observed at 77°K and 22°K in n- and p-type gold-doped germanium. The 
low-energy thresholds for impurity photoconduction are compatible with the activation energies found by 
conventional electrical measurements. Quenching effects were found in some n-type samples. Prominent 
quench bands were found at 0.8 and 0.66 ev. The characteristics of the quenching were observed as a func- 
tion of light intensity, applied voltage and temperature. An interpretation of the quenching data in terms 


of a hole trap model is suggested. 


INTRODUCTION 


HE investigations of Dunlap! have shown that 

gold acts as an electron acceptor in germanium. 
On the basis of his resistivity and Hall data, he suggests 
a model in which each gold atom is capable of accepting 
one or two electrons. The first excess electron is bound 
in a state which is 0.15 ev above the valence band, 
while the second electron is bound with an energy 
which is 0.2 ev below the conduction band. These 
energies are such that if the number of gold atoms is 
greater than half the excess of normal donors over 
normal acceptors, so that all the normal donor levels 
are emptied, then the samples will be heavily deionized 
even at liquid Nz temperature. Dunlap’s model sug- 
gested that a study of the infrared photoconductive 
response of gold-doped germanium might be of interest 
in that confirmatory evidence for the proposed energy 
level scheme might be forthcoming. This proved to 
be the case.? In addition, a “quenching” of the photo- 
conductivity was observed. The latter was of interest 
in that it offered an opportunity for greater insight 
into quenching phenomena in general in a material 
for which the energy level scheme and impurity content 
is under much better control than for conventional 
photoconductive materials such as CdS.’ 


EXPERIMENTAL 


Samples of gold-doped germanium were obtained 
from W. C. Dunlap, Jr., in the form of small bars 
averaging about 3X3X10 mm. These were cut from 
the original ingots in such a way as to attempt to 
maximize sample homogeneity. In some cases, the 
samples were those used for Hall and resistivity 
measurements. In most cases, the sample resistance 
exceeded 10 megohms at 77°K, although some measure- 
ments were made with low resistance samples as well. 
For n-type samples contacts were soldered variously 
of tin, or alloys of either gold-antimony or indium- 
arsenic. Tin or indium were used for p-type samples. 


1W. C. Dunlap, Jr., Phys. Rev. 91, 1282 (1953). 

* Results agreeing in part with those obtained here have been 
described by W. Kaiser and H. Y. Fan, Phys. Rev. 93, 911(A) 
(1954). 

*E. A. Taft and M. H. Hebb, J. Opt. Soc. Am. 42, 249 (1952). 
This paper gives a detailed bibliography on quenching. 


Samples were glued to a special copper block with a 
calorimeter adhesive. Electrical insulation between the 
block and the sample was assured by a layer of 
“Formex’”’ enamel baked on to the block. The assembly 
was inserted into a cavity of a cryostat fitted with 
NaCl windows. 

Illumination from the exit port of the spectrometer 
was substantially uniform over the length of the 
samples. The contact regions were shielded from 
direct radiation in some runs and not in others. No 
important differences were found. Temperatures were 
measured by a Au, Co-Ag, Au thermocouple soldered 
to one contact point of the sample. The measured 
temperatures probably represent the highest tempera- 
tures of the sample. 

The photoconductive measurements were made in 
the usual way with a series circuit consisting of the 
sample, a load resistor, and a battery. The photocurrent 
was detected as a change of voltage across the load. 
Measurements were made as follows: (a) In dec light, 
an Applied Physics Corporation, “Vibrating Reed 
Electrometer” was used as a detecting voltmeter. 
(b) In chopped light (13 cycles), a Perkin-Elmer 
thermocouple amplifier with a high input impedance 
preamplifier was used in conjunction with a chart 
recorder. (c) For studies of transient effects, an oscillo- 
scope with a direct coupled input was used. 

A Perkin-Elmer monochromator was used with NaCl 
and CaF, prisms. The energy distribution of the globar 
radiation source was checked against a Perkin-Elmer 
thermocouple. Conventional methods were used to 
monitor the stray light response of the samples at 
longer wavelengths. 


RESULTS 
Normal Photoconduction 


The normal photocurrents are linear in applied 
voltage and incident intensity at least over the range 
studied. Figures 1 and 2 show the photoconductive 
response of m- and p-type gold-doped germanium 
samples. The curves shown are typical of those found 
for four samples of each type derived from different 
ingots. The curves were obtained from chopped light 
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data. Curves obtained by dc techniques were essentially 
identical with those shown. 

The structure in the vicinity of 0.35 to 0.4 ev is 
spurious and represents the combined effect of the 
absorption of the adhesive material on the back of the 
sample and to a lesser extent condensed contaminants 
(e.g., water vapor) on its front. The solid curves 
represent what is felt the true response should be. 

The different curves shown in the figures were 
normalized by direct measurement of the dc photo- 
currents and the incident radiation power from the 
source at a photon energy of 0.5 ev. The run-to-run 
reproducibility of the reference value for a given 
sample was of order +20 percent. Differences for a 
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Fic. 1. Spectral response of the photoconductivity of n-type 
gold-doped germanium at 77°K and 22°K. Sample thickness 
3 mm. Estimated nay=4X 10"/cc 


given sample presumably resulted from irreproducible 
geometry. 

Evidence for a complexity in the photoconduction 
is found from a study of time constants. Figure 3a 
shows the pattern of photoconductive response for 
an n-type sample at ~22°K to a light on-light off 
cycle. Radiation well in the impurity range (0.35 ev) 
was used. Clearly two processes with widely differing 
time constants are involved here. The rapid response 
is best described by a constant of order 10 sec, the 
slow response by a constant of about 0.5 sec. At 77°K 
the same time constants are found for this sample, 
but at this temperature the major part (~90 percent) 
of the photoresponse is described by the rapid response. 
When quenching effects are also present, the response 
pattern gets very complex. Figure 3b shows such a 
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Fic. 2. Spectral response of the photoconductivity of p-type 
gold-doped germanium at 77°K and 22°K. Sample thickness 2.5 
mm. Estimated nay=8X10"/cc. 


pattern for the same sample when illuminated with 
(0.8-ev radiation. The quenching effects will be discussed 
at greater length below. 

The complex response patterns were not found in all 
n-type samples. In some, no evidence was found for 
long response times except for quenching effects when 
these were present. Similarly, no long response times 
were found in any of the p-type samples studied. For 
the latter, decay times for the response to a pulse of 
light were of order 10~™ sec or less at 77°K, and about 
10 sec at 22°K. 


Quenching Effects 


Early in the investigation it was found that quench- 
ing effects were present in the gold-doped samples. In 











Fic. 3. A time-response pattern of an n-type sample at 22°K: 
(a) to 0.35-ev radiation; (b) to 0.80-ev radiation (from an oscil- 
logram). The dotted sections result from nonlinearity in the sweep 
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Fic. 4, Curve of de photocurrent vs voltage for an n-type sample 
showing quenching; the effect of different modes of illumination 
are shown. 


wars 


the usual definition, quenching is the effect by which a 
photocurrent and/or “dark” current through the 
specimen is reduced by illuminating the latter with 
another beam of light. Figure 4 illustrates the effect. 
It shows the steady-state photocurrent-voltage charac- 
teristic for a sample at 77°K when illuminated with a 
fluorescent lamp, when illuminated with 1.9y radiation 
and when illuminated with the fluorescent light and 
the 1.94 radiation. Parenthetically, it is worth noting 
that with the sample at 22°K under the same conditions 
of illumination, the quenching increased. The illustrated 
photocurrent could be decreased to about 10-20 
percent of its initial value. 

Figure 5a shows a typical cycle of response for a 
sample illuminated with quenching light. It is similar 
to other reported quench effects.* However, it has been 
observed that whether or not a sample shows a quench 
effect in the sense described above, depends upon the 
intensity of quench light and the voltage applied to the 
sample. This is partially illustrated in Fig. 5b, which 
shows that at a sufficiently high level of quench in- 
tensity, the steady-state photocurrent is positive 
relative to the background. To include such effects 
and to include examples of self quenching, the definition 
of quenching will be generalized by saying that it is 
exhibited by such samples which show, at some point 
in the “light-on” response, a negative derivative of 
conductivity with respect to time. 

Figure 6a shows the spectral distribution of a system 
of quench bands for a particular sample. The figure 
shows the steady-state photocurrent relative to a 
photocurrent set by background light. The presence 
of a band at about 0.66 ev with an additional weaker 
effect extending to about 0.35 ev seems indicated. As 
there might be some question as to the shape of the 
high-energy side of the 0.66-ev band, an entirely 


different technique was used to observe the quench. 
Figure 6b shows the spectrum of the ratio, in percent, 
of the peak transient photocurrent (see Fig. 5b for 
definitions) minus steady-state photocurrent to the 
steady state photocurrent, a quantity termed percent 
“Quench,” which should give a measure of the quench- 
ing effect. The measurements were made by an oscillo- 
scopic technique. The monochromatic light level was 
adjusted so as to give the same steady-state photo- 
current at each wavelength. It seems quite clear that a 
high-frequency limit for this quench does exist and 
that the major effect is properly defined in terms of a 
band centering at about 0.66 ev. 

The spectrum illustrated in Fig. 6a, and in particular 
the 0.66-ev band, seem to be characteristic of n-type 
specimens for which the gold concentration is estimated 
to be less than about 110" atoms/cc. In some cases, 
the 0.66-ev band is found without any other structure 
being observable. In one case, however, the prominent 
band was found at 0.54 ev with only a weak band at 
0.66 ev. The quenching effect at 0.66 ev was found in 
samples cut from 5 ingots prepared to have the low 
gold concentration. It was not found in samples for 
which the estimated gold content exceeded this value. 
It was first thought that the appearance or non- 
appearance of these bands might be a sensitive function 
of the ratio of donor atoms to gold atoms but this 
seemed not to be the case. For it was found that a 
sample having the stipulated gold concentration, but 
for which the number of donors was slightly greater 
than the number of gold produced acceptor states, 
(i.e., low resistance at 77°K) showed a quench in the 
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Fic. 5. A time-response pattern of a sample showing quenching 
when illuminated with quench light (1.94); the effect of different 
levels of quench intensity is shown in (a) and (b). The level in 
(b) is 3 times that in (a) (from an oscillogram). 
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same way as the high-resistance samples conventionally 
studied for which the ratio of the two concentrations 
is presumably reversed. It would, therefore, appear 
that the presence or absence of the 0.66-ev quench 
band is determined largely by the gold concentration. 

In some n-type samples with gold concentrations 
higher than about 1X 10", an example of self-quenching 
was observed. When light of appropriate wavelength 
in the fundamental region was turned on, the initial 
photocurrent decayed to a lower steady-state value. 
The curves observed with an oscilloscope resembled 
those of Fig. 5b. Since in this case, the radiation 
apparently produces an appropriate type of photo- 
current as well as exciting the quenching, no additional 
background radiation source was required. Figure 7 
shows spectral distributions of the percent “Quench” 
(defined above) for this quenching effect. Measure- 
ments, as in those displayed in Fig. 6b, were taken 
with the light level adjusted to give a fixed steady state 
photocurrent for each curve at all wavelengths. There 
appears to be a band centered at about 0.8 ev followed 
by a sort of continuum at energies higher than about 
0.9 ev. The figure shows that the effect is decreased 
at increasing photoconductive levels. At a level about 
5 times higher than the highest shown, no quenching 
was observable. 

In other n-type samples with high gold concentration, 
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Fic. 6. Spectral response of an n-type sample showing a strong 
quenching at 0.66 ev: (a) measurement of dc steady state photo- 
current relative to the background; (b) measurement using 
transients as described in text. 
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Fic. 7. Spectral response of an n-type sample showing self- 
quenching at 0.80 ev, using transient response as described in 
text. Effect of different levels of photocurrent (i) are shown. 


the band at 0.8 ev was present but the continuum was 
too weak to be effectively measured. However, in all 
cases for which the 0.8-ev band was present, the 0.66-ev 
band was absent and vice versa. It was of extreme 
interest to note the apparent existence of a band at 
an energy exceeding the forbidden gap in germanium. 
The situation here is complex in that for this energy 
the radiation is not uniformly absorbed. Consequently, 
the possibility exists that a purely surface effect is 
being observed. The effect seemed, however, in- 
dependent of surface treatment in that for a given 
sample the effect was present with a ground surface 
and with an etched surface. 

It was also worth noting that at 22°K several 
samples showed slight quenching at energies exceeding 
about 0.85 ev which showed no corresponding effect 
at 77°K. 

As was mentioned above, whether a sample shows a 
negative steady-state photoconductivity (relative to 
the background) depends upon the voltage applied 
to the sample and the amount of quenching radiation 
impinging on it. This is illustrated by Fig. 8 which 
shows a series of curves relating total dc photocurrent 
produced by a fluorescent light plus the quench light 
(1.94) to the intensity of the latter and to the voltage. 

The complexity of these curves can be reduced to a 
certain extent. The response to quenching light is the 
sum of a normal photoconductive component linear 
with respect to voltage and intensity and a quenching 
component. The voltage and intensity behavior of the 
normal component may be determined by observing 
the response of the sample in the absence of any 
background light. An example of the current-voltage 
characteristic for the normal component is shown in the 
curve marked “1.9 light alone” in Fig. 4. This normal 
component can then be subtracted from the total effect 
observed with the quench light plus the background 
photocurrent employed. One can then, presumably, 
observe the effect of the quench component alone, 
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Fic. 8. Curves of dc photocurrent vs voltage for a constant level 
of background and different relative intensities of quench light 
(1.9m) as indicated by the labels. 


assuming that the two components are independent 
of one another. Data corrected in-this way are shown 
in Figs. 9 and 10. Figure 9 shows the effect of the in- 
tensity of the quench component on different levels of 
background photocurrent. The ordinate, as in that of 
Fig. 10, is the total de photocurrent minus the normal 
photocurrent produced by 1.9u light at the same 
voltage and monochromatic light intensity. The 
apparent saturation of the quench effect with quenching 
intensity and the decreased fractional effect at higher 
background current levels are to be noted. Figure 10 
shows the effect of different applied voltages on the 
quenching. 

Ideally, the data of Figs. 9 and 10 should have been 
obtained with two monochromatized light beams. As 
this could not be readily arranged, a fluorescent lamp 
which has a negligible output in the quenching region 
was used as the exciting source. To insure that the 
effects were not surface phenomena, it was ascertained 
that essentially equivalent data were obtained when 
radiation reached the sample either directly or after 
passing through a germanium filter. Since only a 
limited range of background current could be obtained 
using a filter, the data of Fig. 9 were obtained without 
a filter. 

The quenching process is characterized by a relatively 
slow decay of the photoconductivity from some peak 
value, when the quench light is turned on, down to a 
lower steady-state value. Similarly, when the quench 
light is turned off there is usually a negative dip 
followed by a slow rise to the conductivity set by the 


background. These transients seem describable as 
simple exponentials. The time constants at 22°K for a 
given sample for the two processes are illustrated in 
Fig. 11 as a function of the intensity of the quenching 
light (1.9). It is seen that the decay time in the quench 
light is a function of intensity whereas the recovery 
time in the “dark” (no quench light) is not. The 
“light on” decay time is also sensitive to the back- 
ground level whereas the “dark” recovery time is not. 
For example, the former increased about a factor of 
two for a fourfold increase in background. It is also 
important to note that the dark recovery time, which 
seems a suitable descriptive parameter, only decreased 
by about a factor of two, in warming a sample from 
22°K to 77°K. In some other samples “dark” recovery 
times of order 1 sec at 22°K were observed. The 
“dark” recovery time for samples showing the 0.8-ev 
quench were of order 0.1 to 0.5 sec at this temperature. 


DISCUSSION 


A satisfactory explanation of all the effects reported 
above, particularly those related to quenching, has 
not been forthcoming. However, it is felt that for 
heuristic purposes tentative hypotheses may be of 
value. 

An analysis of the spectral dependence of normal 
photoconduction seems straightforward. The photo- 
conductive response at photon energies, greater than 
about 0.7 ev, is, of course, the intrinsic photoconduc- 
tivity. For the condition that (absorption coeffi- 
cient)“'>sample thickness, the response will be 
proportional to the absorption coefficient. The spectral 
shifts in the low energy tail of the intrinsic photo- 
conduction with temperature, therefore, mirrors the 
corresponding change in the absorption coefficient. 

At energies below about 0.7 ev, the impurity photo- 
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Fic. 9. Curves of de photocurrent at a constant voltage (6 v) 
versus the intensity of quench light (1.9u). The effects on different 
levels of background are shown. The effect of the normal com- 
ponent of response to the quench light has been subtracted 
(see text). 
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Fic. 10. Curves of de photocurrent vs voltage at a given back- 
ground level showing the effect of different relative intensities of 
quench light (1.9), as indicated by labels. The effect of the normal 
component of response to the quench light has been subtracted 
(see text). 


conductivity is, presumably, dominant. Since the 
absorption coefficient, due to ionization of the impurity 
centers, may be estimated to be at most 10~-'—10~ 
cm (atom fraction 10°), the photoresponse should 
give a measure of its spectral dependence. 

Our results indicate a different spectral response 
for n- and p-type gold doped samples. Using Dunlap’s 
model, it might be expected that the response of p-type 
samples would be simplest to understand. For the 
process in this case should involve only the ionization 
of a hole from the impurity center with a threshold 
at about 0.15 ev. This seems borne out by the data. 
The form of the curve is of the type expected for a 
simple ionization process. That is, as the energy 
decreases, the response should slowly rise to a maximum 
and then sharply fall off as the ionization limit is 
reached. There is an uncertainty in the point at which 
the ionization limit should be defined. By analogy to 
the intrinsic case, a point where the response is 10~ of 
peak might be arbitrarily chosen. Extrapolating our 
data, it is found that this corresponds to an energy of 
0.13 ev. The response at 0.15 ev, the thermal activation 
energy, is about 10~* of peak. 

In the impurity region, the photoconductivity data 
taken at 77°K and at 22°K for a given sample differ 
only by a constant scale factor (3 for the data shown). 
This factor will reflect the changes in carrier lifetime 
and mobility with temperature. For the accuracy of 
our data, the shape of the photoconductive curves do 
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not change in the 77°K-22°K interval. If a model 
employing a Coulombic potential is applicable, this is 
not surprising since the energy levels will only involve 
the dielectric constant as a variable. On this basis it 
would probably require at least a 2 percent change 
in dielectric constant or in turn approximately a 1 
percent change in specific volume to observe a tem- 
perature effect. 

Returning to Dunlap’s model, one might expect that 
the response of n-type samples might be more complex. 
Here at least two ionization processes are possible. 
First, ionization of impurities which have but one 
excess electron and second, ionization of the second 
excess electron of impurities having two excess electrons. 
The form of the n-type response is perhaps suggestive 
of a superposition of two photocor.ductive spectra. 
In any event, the lowest energy threshold is compatible 
with the thermal activation energy reported by Dunlap. 
That is, a point about 10’ down from the slowly 
changing section of the curve corresponds to an energy 
of 0.20 ev. 

Conventional theories of quenching’ (e.g. for the 
sulfides) center about the concept of a trapped hole 
which is freed by the quench light and subsequently 
recombines with a conduction electron to reduce the 
conductivity. It is presumed that the probability of 
recombination of a trapped hole and a free electron 
is small. 

This theory has attractive possibilities for the present 
case. (The subsequent discussion will refer largely to 
measurements made on the 0.66-ev quenching effect.) 
In the dark the hole concentration and hence the 
concentration of trapped holes must be small in the 
n-type samples and little or no quenching is actually 
observed. The effect of background light is to increase 
the number of electrons in the conduction band and 
the number of free and trapped holes. If now the func- 
tion of the quench light is to empty the hole traps, 
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Fic. 11. Time constants for quenching at 22°K as a 
function of quench light intensity. 


«A. Rose, RCA Rev. 12, 362 (1951). 
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than at the steady state there will be fewer uncombined 
electrons and holes and the background photocurrent 
will be quenched. (The argument could probably be 
reversed regarding holes and electrons except for 
the fact that quenching has been found for n-type 
samples having low resistance at 77°K which probably 
implies that any trap which was deep enough to be 
effective for this mechanism would already be 
saturated.) 

' If the procedure for dividing the effect of the quench 
light into normal and quench components is valid, then 
further evidence for the hypothesis is forthcoming. 
Presumably, the number of hole traps is a constant for 
a sample. It then seems reasonable that the quenching 
effect should saturate with increasing quenching in- 
tensity for a given background photocurrent. At a 
quench light level determined by the background, 
effectively all the traps will be emptied and no further 
changes in conductivity will occur. Similarly, a satura- 
tion should occur with respect to the background 
photoconductivity. That is, since the total number of 
hole traps is fixed, an upper limit should exist to the 
amount of conductivity that can be quenched; the 
fraction of the total conductivity that can be quenched 
should decrease with increasing conductivity. Also, at 
least at low background levels, the intensity of quench 
light necessary to produce a given fractional effect 
should increase more or less linearly with the back- 
ground. Effects in qualitative agreement with these 
predictions are indicated by the data of Fig. 9. 

We have no explanation to offer for the voltage 
characteristics of the quench curves. By the simple 
theory discussed above, the current-voltage charac- 
teristic should be linear. The fact that the characteristic 
for normal photocurrents is linear would seem to rule 
out the effects of contacts or inhomogeneities as the 
origin of the nonlinearity of the quenched photo- 
currents. The data suggest a decreasing efficiency for 
the quench process with increasing voltage. 

If the hole trap mechanism is correct, one is faced 
with the problem of determining the nature of the traps. 
The striking thing about the spectrum of quenching is, 
of course, the presence of well defined bands. This 
would suggest that the optical transitions involved 
are “line to line” with some subsequent process com- 
municating the effect to the continuous electronic 
states of the germanium. The insensitivity of the time 
constant to temperature (in the 22°K to 77°K range) 
would seem to rule out thermal activation from a 
discrete level to a continuous band as the time-limiting 
“subsequent process.” 

Without specifying a mechanism in detail, one can 
set up a model in which the discrete spectrum, and the 
effects of quench light intensity and background light 
intensity on time constant can be included. Suppose, 
for simplicity, that H holes produced by background 
radiation be trapped. Suppose further that the hole 
trap has a ground state occupied by / trapped holes 
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and an excited state occupied by h’ trapped holes. 
If the optical transition between them is allowed, 
then equilibrium between the states will be rapidly 
reached in any given radiation field. Suppose further 
that in the excited state the hole can ionize (perhaps by 
a multistep process) to a state p which can subsequently 
rapidly recombine with an electron. We assume that 
the process of ionization is the rate determining step. 

Now, just after the quench light is turned on, since 
the h’ssh equilibrium is rapidly established and the 
h'= equilibrium is not, one can show that 


h'= HBp/(2Bp+A), 


where B is an appropriate Einstein radiation constant, 
p the radiation density, and A a term which is the 
Zinstein A plus a term describing any radiationless 
transition between /# and h’. Similarly, under the 
aforementioned restrictions, the initial rate for the 
production of free holes will be of the form 


dp, ‘di= Ry+p(h’) + Rthermatt Ropticail — Ryn’ (p) is p/r, 


where the k’s represent rate constants for the processes 
indicated in the subscripts, J is the intensity of back- 
ground light and 7 is the recombination lifetime. 
Substituting the expression for h’ and assuming J 
large enough so that p~&,,./J7, in the absence of quench 
light, one then gets 


dp HBp 
= ky, ( A? egies ~)—k ical TR . 
a as. 0 
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Fic. 12. Time dependence of response at 77°K of a sample 
showing quenching to 0.6-ev and 0.8-ev radiation. No background 
light present (from an oscillogram). 
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By the model, the rate of production of free holes is 
the rate of the quenching process. The above then 
indicates that the initial rate of quenching would show 
a linear increase with the intensity of quench light at 
low levels. Similarly, it should show a decrease with 
increased background level. Although no detailed 
confidence is placed in the model, it is of interest to 
note that the “‘light on’’ time constant curve of Fig. 11 
resembles the predictions of the model at least at low 
quench intensities. Likewise, the “light on’ time 
constant was observed to increase with background 
level. The time constant for recovery in the “dark” 
would be determined by the rate of the p—/A’ process, 
which should be independent of the previous quench 
light intensity. 

A consequence of the hole trap model is that to the 
extent that the traps are involved, the fundamental 
photoconductivity should show long tithe constants 
identical with “dark” recovery times corresponding to 
the rate for trapping of free holes. On the other hand, 
for impurity photoconduction in the same sample, the 
long time effects need not be present. Figure 12 gives 
some confirmation of this view. It shows the “light on” 
response for a sample which exhibits quenching when 
illuminated with light in the fundamental region 
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(0.8 ev) and when illuminated in the impurity region 
(0.6 ev), without any other radiation source present. 
Since the complete light on-light off cycle for the 
fundamental photoconduction does not show complete 
symmetry, presumably, some effects are involved 
which are even more complex than those discussed 
here. However, the major point seems to be established. 

If a trapping process is involved in the quenching 
effect, the precise origin and nature of these traps 
remains unspecified. It is, for example, not completely 
established that the quenching explicitly involves 
the added gold. However, subsequent to the measure- 
ments described here, cases have been found where 
the interrelationships between quenching and trapping 
effects are more clearly brought out. The quenching 
spectra in these cases differ for that found for the gold 
and seem specific to the doping materials. The work 
will be presented in the near future. 

It is a pleasure to acknowledge the assistance at 
various times of E. A. Taft. W. C. Dunlap, Jr., and 
L. Apker performed as sympathetic sounding boards 
for the author’s ideas as well as offering many of their 
own. I am grateful to Professor Harvey Brooks for his 
criticism of this manuscript. 
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High-Frequency Resistance of Thin Films* 
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Measurements of high-frequency (hf) resistance of thin films have been performed. It is shown that 
the relatively small decrease of resistance with frequency occurring for uniform resistance is due to self- 
capacitance; the simple transmission line theory of this effect, originally presented by Howe, is incorrect 
Additional decrease of hf resistance beyond that due to self-capacitance has been found to be due to the 
presence of nonuniform regions in the resistor and not to the presence of intercrystallite barriers in the 
frequency range considered. Properly interpreted, hf measurements can give information concerning the 


presence of gross inhomogeneities in films. 


I. INTRODUCTION 


HEN a resistor is subjected to alternating current, 

the value of resistance decreases as the frequency 

increases. Several theories have been proposed to explain 
this behavior, but none has been satisfactory. 

The extensive use of photoconductive cells in recent 
years and the search for a mechanism of photoconduc- 
tivity in these cells has led to renewed activity in 

* This research was supported in part by the Wright Air 
Development Center. Based, in part, on a thesis submitted to 
the Graduate School of Syracuse University by R. Broudy in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

t Now at National Carbon Research Laboratories, Cleveland, 
Ohio. 


high-frequency (hf) measurements. The results of 
these measurements in cells have been used by many 
observers to substantiate their theories of photo- 
conductive behavior; again there has been considerable 
disagreement concerning the significance of experi- 
mental results. 

Hence it seems desirable to examine critically past 
data in order to obtain a mechanism that will explain 
observed results and to obtain information about the 
nature of thin conducting films. 

The earliest reported investigations on high-frequency 
measurements of resistors were those of Boella' in Italy 
who observed additional high-frequency conductance 


' Mario Boella, Alta Frequenza 3, No. 2 (April, 1934). 
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by using a modified resonant circuit. This phenomenon 
is often called ‘the Boella effect.” Similar mesaurements 
were made in England by Sowerby and Marshall and 
reported by Puckle;? their measuring circuit was 
similar to that of Boella. A considerable diversity of 
results appeared between investigators and between 
different resistors tested. 

Howe’ originally developed a self-capacitance theory 
to explain the behavior of resistors at high frequencies 
in which he replaces the symmetrical electrical field 
lines along a resistor by capacitances and then folds it 
over to show the resemblance to a short-circuited 
transmission line. Further experimental and theoretical 
work on resistors was done to explain high-frequency 
resistance, in which capacitance to ground and of the 
end caps was considered.*:® Nevertheless, the theory 
was still rather unsatisfactory with many anomaious 
results. In cases of apparent agreement with theory, a 
combination of various factors had to be postulated, 
apparently without specific experimental verification. 

Recently, high-frequency resistance investigations 
have received considerable impetus with their use in 
infrared photocells.~* Chasmar,* and Humphrey, 
Lummis, and Scanlon,* have considered that much of 
the observed resistance decrease can be attributed to 
capacitive shunting across small crystallite barriers 
which are known to exist in thin films. 

The present analysis will consider the resistance 
decrease expected because of barrier effects, the 
resistance decrease expected from simple self-capaci- 
tance effects, the resistance decrease expected from 
other effects, and information that may be obtained 
about the structure of thin films. 

II. CRYSTALLITE-BARRIER EFFECTS 

We will begin by developing a simple one-dimensional 
theory for capacitive shunting due to crystallite barriers 
only. Since the effect of electrodes (ieading to self- 
capacitance, as will subsequently be explained) will at 
first not be considered, we call this an “infinite” film 

We set up the simple model for crystallites of a thin 
film shown in Fig. 1 and then consider that the film is 
made up of a succession of crystallites separated by 
high resistance barriers. Region 1 consists of a crystallite 
of conductivity 7, and length /. Region 2 consists of a 
barrier of conductivity o» in series with region 1 and of 
length d. Subsequently, we will include the information : 
02Ko1. 
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Fic. 1. One-dimensional 
crystallite barrier model. 
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The boundary conditions which apply between 
regions 1 and 2 and which lead to a charge density at the 
boundary and hence to capacitive effects are 


e2Fo— ek = 41q, 
oo — oF = —0q/dt, 


(1a) 
(10) 


where E,=electric field strength in region 2, E,;=elec- 
tric field strength in region 1, ¢;=dielectric constant of 
region 1, ¢.= dielectric constant of region 2, ¢,;= conduc- 
tivity of region 1, o2=conductivity of region 2, and 
q= surface charge density at 1—2 boundary. Equation 
(1a) is a consequence of Gauss’ theorem, and Eq. (10), 
a consequence of the current continuity equation plus 
Ohm’s law. 

We now assume a harmonic solution to Eq. (1), i.e., 
all quantities are to be multiplied by e**‘. For conven- 
ience, we use the same symbols, understanding that 
they now have phase and magnitude. Equations 1 
become then 

é2Eo— ray et = 4rq, 


o2E.— 0, E\= —iwg. (2) 


The potential across 1+-2 is given by 
V=E,l+ Eed. 
The current is given by 
I = oF. 1 9 
where A is the cross-sectional area. Then the admittance 
of crystallite+boundary is 
VY =0,E,A/(E\l+ E24). (3) 


We now eliminate g from equations (2) and obtain 


E,= E,(0;/02) (wr: +1)/(wre+1), (4) 
where 
T1=€,/4901,  T2= 2/4709. 


Substituting (4) in (3) leads to 


“I (wre)?+ (do;/la2)w?r 72+ eee 5) 
_a - — —_ - P b' 


LL (re+([dos/loz wr)? + (14+do;/lo,)? 

where G, the conductance, is the real part of Y. Replac- 
ing 7; and r2 by their equivalents, we obtain, after 
setting €:= €2:=€e, 


(€w/4ara2)?(1+d/1)+ (1+de;/lo2) | 
o;=0,] ————__—_ ——————— |, 
; (€w/4aa2)?(1+d/1)?+ (1+ do,/lo2)* 


where of=conductivity of crystallite+barrier. Now 
since the film is considered to be composed of these 
aggregates, a, is the film conductivity. Using the fact 
that d/l<1 and manipulating (6), we have 


(01/00)*+ («w/4n02)*(o1/00) 
easton (7) 


(a;/a0)?+ testi 


a s/79= 


where, for w=0, a= a0. 
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It can be seen that the conductivity has the same 
general behavior that would be expected for a simple 
resistance in series with a parallel combination of 
resistance and capacitance. We are here interested in 
demonstrating only order of magnitude and so will not 
investigate the detailed behavior of (7). 

Next, in order to determine the frequency range in 
which the conductivity increases significantly, we 
rewrite (7): 


f=w/2n= (2/€) (d/l) (o1/00)00 


o;/ao— 1 4 1 
fl 
o;/a0—0;/00 1—o/0; 
Now consider an actual film for which (¢//00)max 
=0,/oo~20. For such a film, the thickness is about 
500A, e~4 and the maximum crystallite size, /, about 
2000A. d cannot be less than a few lattice spacings and 


we choose dmin about 10A. The frequency at which 
the film resistance drops to 4 its value is given from (8): 


fy ~2.5(d/Doo~ (2.5) (0.005) (10°) ~10". 


Experimentally, for films which have this general sort 
of behavior, fy~10*. 

Since the approximations have been conservative and 
such as to make f small, we must conclude that the 
observed decrease of film resistance cannot be attributed 
to capacitive intercrystallite barrier effects. Simply 
stated, the time constant of crystallite and effective 
intercrystallite capacitance is not large enough to 
produce observable effects at the frequencies considered. 

Other rough calculations were made for a case where 
the intercrystallite barrier is geometrically smaller than 
the crystallite; e.g., two spherically shaped crystallites 
in partial contact. These lead to the same qualitative 
fy results as above. This analysis thus shows that 
previous explanations of observed frequency variation 
by barrier shunting *-* are not valid. 

Since, for the frequency range we are considering, 
these films are essentially uniform, we shall refer to 
them as “infinite uniform films.’’ Next, we must 
consider practical films with connecting electrodes of 
essentially zero resistance and shall refer to them as 
“finite uniform films.” In the next section, we will 
determine the capacitive shunting for this type of film. 


III. FINITE UNIFORM FILMS 


The discussion will concern a two-dimensional thin 
resistor and electrodes along the x axis: 
V=+Vo, I<x<o, 
V=-Vo, —e~<x<-l, (9) 
dV /dx+1(x)R=0|—l<2<+l, 
dI/dx+dq(x)/dt=0| Resistor 


where V(x)=potential along x axis, /(x)=current 
along x axis, R=resistance per unit length, and g(x) 
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Fic. 2. Universal curve of Rac/Rpc vs frequency times Rpc for 
uniform films. Points for some typical films. 


= charge per unit area on the surface. Equation (9) is 
Ohm’s law and the current continuity equation. Again, 
we assume a harmonic solution and use the same 
symbols for quantities having magnitude and phase; 
(9) becomes 


dV /dx+I(x)R=0, 
dI/dx+-iwg(x)=0. (10) 


Note that these equations are the same as those for a 
transmission line for which inductance and leakage 
conductance can be neglected, if we could write q(x) 
=CV(x). Under these conditions the model originally 
proposed by Howe, in which he replaces electric field 
lines by capacitors and uses a transmission line calcula- 
tion, would be valid. We claim, however, that the 
assumptions involved in setting q(x)=CV(x) do not 
apply in the present case. The concept of a capacitance 
per unit length which appears in transmission line 
theory implicitly assumes that the capacitive coupling 
along a line length corresponding to the separation 
between conductors is negligible compared to that 
across the conductors. Actually the charge density 
along the resistor is given in the form 


a(z)= f kla—a'|V(e)ds’, f q(x)dx=0. (11) 


From these relations and (10), one gets a complex 
integral equation not here treated. 

The results for finite uniform films were obtained 
experimentally for material deposited in a controlled, 
uniform manner. Films were made of germanium, 
rhodium, and gold which were evaporated from a small 
molecular-beam oven, from a small bead on a large 
tungsten wire, and off the side of a cylindrical tungsten 
basket, respectively. By evaporating these materials in 
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Fic. 3. Resistance vs frequency for: 1—a uniform film, 2—a typical 
nonuniform gold film, 3—Howe calculation. 
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Fic. 4. An infinitely extending resistor. 


this manner, films of uniform resistivity could always be 
obtained for germanium and rhodium and occasionally 
for gold. 

We found that the data for all uniform films fit the 
curve of Fig. 2 which shows the ratio of ac to dc 
resistance vs frequency times Rg-. All points fall on 
this curve within experimental error. This curve is 
considerably higher than Howe’s. 

The data were taken with a General Radio 716-C 
capacitance bridge from 100 cps to 100 kc/sec, and a 
Boonton 160-A Q-meter from 50 kc/sec to 10Mc/sec. 

The inadequacy of Howe’s model is demonstrated 
in Fig. 3, which shows the resistance-frequency results 
expected from the Howe model and the experimental 
results for a typical film of the standard two-dimensional 
geometry. The capacitance per unit length to place in 
the transmission line calculation was determined by 
solving Eq. (10) with w=0 for V(x,y). This involved 
the two-dimensional solution of Laplace’s equation 
for boundary conditions (9). Then capacitance per 
unit length is given: 


1 OV (x,y) 
C(a)= | /V (x,0). 

4nt oy ssid 

In order to show how one might obtain data that can 

apparently be explained by this model, Fig. 3 also 
includes the experimental results for a typical gold 
film of nonuniform resistivity. The significance of this 
curve will be discussed and explained in the next section. 


IV. NONUNIFORMITIES 


It has been observed that resistances of the same 
geometrical configuration exhibit different resistance- 
frequency behavior. In this section, we show that the 
additional ac conductivity beyond that of Fig. 2 is 
due to nonuniform resistivities of certain types. 

We demonstrate first by a simple capacitance picture 
that any capacitive shunting is due to some form of 
nonuniformity. A resistor with constant resistance per 
unit length extending infinitely will develop no surface 
charge. From Fig. 4, we see that since the potential 
variation is linear, the charge at any point p due to 
points a and 6 equidistant from p=0. Pairing up all 
other points along the resistor, the net charge at p=0. 
This can also be seen from Eq. (11), since V(x’) is an 
odd function. From this, it becomes clear that a 
nonuniformity in resistance per unit length leads to 
charge density that would not otherwise appear. 

c 
Fic. 5. Equivalent circuit for 
Ri “abrupt” nonuniformity. 
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This analysis was substantiated by constructing films 
of known resistance variation. The materials and 
techniques used were the same as those for uniform 
films. The film of necessity must possess only non- 
uniformities that are purposely included. 

First, an extremely sharp nonuniformity film was 
made with a high-resistance strip parallel to the 
electrodes at the center of the film. The strip resistance 
was 800 megohms and its width 2 mm, while the 
resistance and width of the remainder of the film on 
both sides of the strip were 200 000 ohms and 1.7 cm, 
respectively. The method of construction was to 
evaporate the low-resistance film, scrape off the 2-mm 
strip and re-evaporate till the film resistance, after 
aging, was 800 megohms. Since the nonuniformity is 
abrupt, it seems plausible to represent the film by the 
equivalent circuit of Fig. 5 where, in the present case, 
R,=800 megohms (resistance of the strip), and C=1.1 
uuf. The value of C was determined by measuring the 
difference in capacitance between a 2-mm gap and a 
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Fic. 6. Resistance vs frequency for “abrupt” non-uniformity film: 
(1) experimental, (2) calculated from circuit of Fig. 5. 


1.7-cm gap. The parallel resistance for this circuit was 
calculated, and is shown along with the experimental 
data in Fig. 6; it can be seen that agreement is good 
considering the limitations of the simple model. Note 
that these curves are not fitted and the calculated curve 
is determined solely from measured values of R;, Ro, 
and C, 

Similar experiments and calculations were performed 
for various values of R;, Re, and C with similarly good 
agreement. Fig. 7 shows a family of curves calculated for 
the circuit of Fig. 5. These curves are similar to those 
of Humphrey, Lummis, and Scanlon, but are used in a 
different context and plotted differently. 

Other films were made with a large number of 
similar gaps close to each other and some with randomly 
shaped gaps. In these cases, the slope of the resistance- 
frequency curve was not quite as large as that of 
Fig. 7, since the limitations of a lumped circuit model 
become more important. Characteristic behavior is such 





HIGH-FREQUENCY RESISTANCE 


that the hf resistance approaches that of the lower 
resistance sections in the manner of Fig. 7 as frequency 
increases. The behavior of these films can roughly 
be explained from a general consideration of Fig. 5. 
The time constant R,C determines the higher freq- 
uency behavior (R,>R,). This point was illustrated by 
evaporating films through different mesh screens. Then 
the hf resistance was measured ; the dc resistance would 
have been about 1 megohm with gaps shorted. The 
measured ac resistance increased with increasing mesh 
and could not be detected above 60 mesh. 

Actually, one would not expect to find only two 
resistance-per-unit-area regions in naturally irregular 
films; hence the resistance-frequency characteristic 
should continually drop off. A material for which this 
situation exists is gold, which is known to form irregular 
agglomerates. The nonuniformity was detected by 
painting in electrodes little by little and observing dc 
resistance. Figure 8 shows resistance-frequency curves 
for assorted gold films of identical geometry. The 
40-megohm film was determined to be uniform by the 
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Fic. 7. Ratio of parallel resistance to dc resistance vs 
R2fC for circuit of Fig. 5. 


above described ohmeter method; its curve fits Fig. 2. 
Note again the nonuniform gold film curve included 
in Fig. 3 

In addition, to show that nonuniformities need not be 
abrupt, films with smoothly varying resistance-per- 
unit-length were constructed by varying slide position 
relative to a point source. In all cases, the frequency 
decrease of resistance corresponded to the degree of 
variation in resistance-per-unit length and all curves 
fell somewhat below Fig. 2. 

It was discovered, rather surprisingly, that resistance- 
frequency behavior does not depend strongly on the 
geometry. Finite uniform films were evaporated between 
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Fic. 8. Resistance vs frequency for assorted gold films. 


various irregularly shaped electrodes; their resistance- 
frequency characteristics nevertheless followed closely 
that of Fig. 2. 


CONCLUSIONS 


The slight resistance decrease with frequency occurr- 
ing for uniform resistances is due to simple self-capac- 
itance. The previously evolved transmission line theory 
for this effect is invalid. The data of resistance vs 
frequency for uniform resistances fall on a universal 
curve where R,./Ra- is plotted against fRa. (Fig. 2) for 
two-dimensional parallel electrodes. However, the effect 
is found to be geometrically insensitive. 

The additional resistance decrease beyond that of 
the uniform case is due to the presence of several 
different resistance-per-unit-area materials in the 
film on a macroscopic scale. The previous theories of 
high-frequency conductivity due to capacitive shunting 
of intercrystallite barriers fail to explain observed 
results at the frequencies considered when subject to 
quantitative analysis. 

In the past, many measurements of various properties 
of thin films have led to anomalous results. Some of 
these have been due undoubtedly to the presence of 
gross nonuniformities. 

High-frequency resistance measurements on high- 
resistance films can demonstrate the presence of these 
types of inhomogeneities without disturbing the film 
itself and hence can be a valuable adjunct to many 
thin-film solid-state measurements. However, they can 
tell nothing of the crystallite or other small scale 
structure. 

We are grateful to Professor M. Lax for many useful 
discussions. 
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High-Frequency Resistance of Photoconducting Films* 


R. Broupyt anp H. LEvINsTEIN 
Depariment of Physics, Syracuse University, Syracuse, New York 
(Received December 15, 1953) 


Measurements of high-frequency (hf) resistance and photoconductivity have been performed on PbTe 
infrared photocells, and interpreted in the light of a recent analysis of hf resistance of thin films. Hf data 
show the presence of macroscopic nonuniformity in the photoconducting layers which decreases upon 
illumination. Since this technique will not detect the presence of inter crystallite barriers, their action in 
photoconductivity can neither be proved nor disproved by this method. 


I. INTRODUCTION 


N recent years the results of high-frequency measure- 

ments on photocells have been used by various 
investigators to substantiate theories of photoconduc- 
tive behavior. Chasmar' as well as Humphrey, Lummis, 
and Scanlon’ have claimed that experimental results 
demonstrate the presence of intercrystallite barriers in 
photoconducting films. Chasmar' adduced that his 
results substantiated theories that barriers play an 
essential part in photoconductivity. Rittner and 
Grace,* however, stated that their own and Chasmar’s 
results could be explained as being due to self-capaci- 
tance naturally occurring at a resistive film. Humphrey, 
Lummis, and Scanlon? obtained some data that was 
explained by self-capacitance alone; in other cases they 
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Fic. 1. Experimental cell. 


* This research was supported in part by the Wright Air 
Development Center. Based, in part, on a thesis submitted to 
the Graduate School of Syracuse University of R. Broudy in 

rtial fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

t Now at National Carbon Research Laboratories, Cleveland, 
Ohio. 

1R. P. Chasmar, Nature 161, 281 (1948). 

* Humphrey, Lummis, and Scanlon, Phys. Rev. 90, 111 (1953). 

*E. S. Rittner and F. Grace, Phys. Rev. 86, 955 (1952). 


used a combination of self-capacitance and barrier 
effects to explain observed effects. Since some cells 
did not exhibit barrier effects, they ruled out the 
presence of barriers as being essential to infrared 
photoconductivity. 

We have recently found‘ that high-frequency 
measurements can tell nothing of crystallite or other 
similar small scale structure, and hence their results 
can neither prove nor disprove the action of inter- 
crystallite barriers in photoconductivity. It was shown 
that additional high-frequency conductivity is due to 
the presence of macroscopic nonuniformities. 

Then, having this analysis‘ available, we can interpret 
high-frequency resisfance results of photoconducting 
cells. Our experimental data were taken for PbTe 
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Fic. 2. Resistance vs frequency for special PbTe cell. (A) 
shielded ; (B) exposed to room light; (C) illuminated; (D) after 
illumination, - - - finite uniform characteristics. 


photocells, the results being similar to those previously 
obtained. 
Il. EXPERIMENTAL 


In order to investigate the properties of the film 
material in a controlled manner, a cell was prepared by 
evaporating PbTe through a small hole in a quartz 
oven and then through a collimating slit onto the 
substrate with electrodes, such that material was 
deposited only across the parallel gap. Figure 1 shows a 
diagram of this cell. 

Measurements were made with a General Radio 
716-C capacitance bridge from 100 cps to 100 kc/sec 
and a Boonton Radio 160-A Q-meter from 50 kc/sec 
to 10 Mc/sec. 


*R. Broudy and H. Levinstein, precedin r (Phys. Rev, 
93, 285 (1953)]. & paper [Phy 
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RESISTANCE OF PHOTOCONDUCTING FILMS 


Figure 2 shows resistance-frequency response for 
this cell under various conditions. The dc resistance 
with the cell shielded from room illumination was 110 
megohms, and curve A was taken. The shield was 
removed and curve B resulted. Then the cell was 
moderately illuminated by flashlight and curve C taken. 
After removing the flashlight, the resistance rose to 
curve D. The dashed curve shows the characteristics of 
a finite-uniform film of the same dc resistance as each 
curve, taken from the previous analysis.‘ This curve 
falls exactly on top of C. 

Utilizing the theory developed we can place the 
following interpretation on the data of Fig. 2: Curve A 
shows that the nonphotoactivated PbTe film has 
regions of high and low resistivity on a small but 
connected macroscopic scale. Upon being exposed to 
light (curve B) the conductivity of the regions of higher 
resistivity decreases and since this makes the resistance 
structure more uniform, the curve approaches more 
closely that of a finite-uniform film. If the film were 


Fic. 3. Resistance vs frequency for a regular PbTe cell. (A) 
totally immersed in dark room; (B) totally immersed in lighted 
room ; (C) exposed in dark room; (D) low additional illumination ; 
(E) medium additional illumination; (F) high additional illumina- 
tion. Simple dashed curves are finite-uniform characteristics. 


equally photosensitive in all regions in the sense that 
the density of photocarriers is equal everywhere, one 
would expect curve B to be always below curve A, 
but approaching more closely a finite-uniform film since 
regions of higher resistivity would be decreased more 
percentage-wise. However, the fact that curve A falls 
on curve B at higher frequencies indicates that only 
the high-resistivity regions are affected by this type 
and intensity of illumination. Then, at a more intense 
illumination, both high- and low-resistivity sections of 
the film are affected, the high-resistivity sections now 
being reduced enough to make the film effectively 
uniform. Curve D shows the presence of a long-term 
photoeffect in both high- and low-resistivity sections. 
This datum and its interpretation correlates with sensi- 
tivity contours which show the presence of macroscopic 
regions of high and low sensitivity; these can be 
interpreted as regions of high and low resistance per 
unit area, respectively. 
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Fic. 4. Resistance vs frequency for a regular PbTe cell. (A) 
totally immersed in dark room; (B) in lighted room; (C) exposed 
in dark room; (D) in lighted room; (E) additional illumination. 
Simple dashed curves are finite-uniform characteristics. 


Having demonstvated the presence of nonuniformities 
in the film itself, we can with some confidence take 
measurements on regular photocells if certain pre- 
cautions are observed: during the processing of many 
PbTe and PbS cells considerable extraneous material, 
not connected to the electrodes, deposits inside the 
cell. Clearly this leads to spurious hf conductivity 
independent of that of the photoconducting film itself 
by being capacitively coupled; hence this type of cell 
cannot be tested by hf for film properties. Also, one is 
dubious about the nonuniformity introduced by the 
nonparallel geometry of the film since most cells do 
not have material deposited only across a parallel gap. 
However, in the latter case, we feel fairly secure in 
measurements on standard cells, since we have pre- 
viously shown‘ that resistance-frequency behavior does 
not depend strongly on electrode-film configuration. 
In addition, considerable care must be taken to prevent 
condensation of moisture when testing cells which are 
cooled, since this is a source of hf conductivity. 

Complete resistance frequency data were obtained 
for several PbTe cells. Figure 3 shows the results for a 
typical cell. Curves A and B were taken while the 
cell was totally immersed in liquid oxygen in a darkened 
and lighted room, respectively. Curve C was taken in 
a darkened room but not under total immersion 
conditions. Curves D, E, and F show the results 
for low, medium, and high illumination, respectively. 
As usual, dashed lines show finite-uniform curves for 
the same dc resistance. Again, nonuniformity decreases 
with increasing illumination. The same interpretation 
can be given to this behavior as that associated with 
Fig. 2, ie., photocarriers cause greater percentage 
change in high-resistance film areas. Figure 4 shows 
similar tata for another cell, clearly possessing a much 
more uniform film. 

Several other cells, with negligible extraneous ma- 
terial, were similarly tested for resistance-photosensi- 
tivity-frequency. All results were similar to those of 
Fig. 3 and Fig. 4, falling somewhere between these two 
in departure from finite-uniform curves. The variation 
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for the cell of Fig. 4 is small enough that it is difficult 
to consider exactly how much of the extra hf conduc- 
tivity is due to the irregularity of the film deposit out- 
side the electrodes. 

We attempted to correlate the degree of nonuniform- 
ity determined for several cells with pertinent charac- 
teristics: resistance, cell area, signal, noise, noise equi- 
valent power, spectral response (photosensitivity vs 
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wavelength). It was found that there was no correlation 
with any of these properties except spectral response ; in 
this case, the degree of irregularity in the response vs 
wavelength curve varied with the degree of nonuni- 
formity of the film. It seems reasonable to explain this 
by considering that the photosensitive films possess 
several sensitive regions, each independently contribut- 
ing to the total photosensitivity and spectral response. 
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Electric Polarization of Charged Particles in Square Potential Wells 
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General Electric Company, Schenectady, New York 
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The Schrédinger equation is considered for the case of a (charged) particle which is rigidly restricted to a 
finite region within which it is subject to a linear (electric) potential. Expressions are obtained for the 
energy and polarization of the quantum levels in the case where the field_is small. Exact values for these 
properties in a stronger field are calculated for a few representative cases. 

The properties of a canonical assembly of such systems are treated. In particular, the polarization of 
such an assembly is determined as a function of temperature. 


I, INTRODUCTION 


N connection with a physical problem which will be 

discussed in a future paper, it was of interest to 
determine the effect of potential type on the polariza- 
bility behavior of an assembly of charged particles in 
unidimensional potential wells. Of the potentials con- 
sidered, one, which yielded a tractable quantum- 
mechanical problem, was the square well with infinitely 
high walls. In this system the electric field appears as 
a uniform slope in the floor of the otherwise rectangular 
potential box. 

The treatment of this general quantum-mechanical 
system and the assembly of such systems has been 
removed from the context of the particular physical 
application which motivated the work and is presented 
independently in this article. 

In Sec. II, the Schrédinger equation for this system 
is solved by treating the electric field as a perturbation. 
Expressions are obtained for the energy and polarization 
of the various states of the system. 

In Sec. ITI, the polarizability of an assembly of such 
systems is obtained as a function of temperature. 

In the final section, the corrections which must be 
applied to these results for the lowest levels in the case 
of strong field are calculated numerically for a few 
cases. 


Il. ENERGY AND POLARIZATION OF THE 
LEVELS IN SMALL FIELDS 


In this case we may write, for the energy of the nth 
level, én~en°+en”’, where ¢€,°=n*h*?/8Ma*? =Kn’? in 
which M is the mass of the particle and a the width of 


the potential box; the first-order correction to the 
energy is zero. The second-order correction to the 
energy €,”’ is given by 


9 


=| f (2/a)2zF x sin (mrx/a) sin (nx, ayds| 
vas 0 
K (n?— mi’) 


for a particle of charge .z in the presence of a field F 
acting along the one dimension x. 

The matrix elements may be integrated by parts to 
give 


+00 


, 


m=— 2 
m+n odd 


én” = — (256M a'2?F?n?/ rth?) m?/(m*?—n?)>, 


Expanding the ratio under the summation sign in 
partial fractions, and interchanging the order of the 
summations, we have 


+00 


2X  1/(m—n)P 
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én = (— 256M A'2?F?/x*h?) >” | nb ce 
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m+n odd 


Inasmuch as each of the sums inside the brackets is 
taken over the reciprocals of all odd numbers, raised to 
the power 8, the whole quantity in brackets is zero for 
B=1, 3, 5. It is equal to w*/2 for 8=2 and x‘/24 for 
8=4. Evaluation of the partial fraction coefficients, Cg, 
gives C2= 5/256, Cy4= — 1/64 so that we have, for the 
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perturbation energy , 
én! = (— Matz?/6n°h*)[ (15/n*) — (9*/n®) |F? 
= (A/2)[ (15/n*)— (x?/n?) |F?, 
or, for the polarization of the mth energy level, 


P,,= — 0e,/0F = (A)[ (15/n*) — (x?/n?) |F=a,F, 


n 


a, denoting the polarizability of this mth level. 

The negative polarizabilities exhibited by all levels 
above the ground state are subject to a simple classical 
interpretation. A classical particle whose energy is great 
enough to permit it to go anywhere in the region 
0<x<a will actually spend more time in a neighbor- 
hood of high potential energy, where it must move 
slowly, than in a more rapidly traversable one of lower 
potential energy. 


III. AVERAGE POLARIZABILITY IN THE ASSEMBLY 
The average polarizability in a canonical assembly 
of such systems is given by 


15} n- exp(— Kn?)— 2? 3° n™ exp(— Kn’) 
n=l n=l 


a=A 


~ 

> exp(— Kn’) 

n=l 
the approximation of €, by e,” in the exponentials being 
justifiable in this small field case. The sums appearing 
in this expression may be evaluated by means of their 
connection with the tabulated theta function, 43(v) 


+ @ 


- 


s=a=-—@ 


have 


q”e'™’?, That is, if we take v=0, g=e~*, we 


wn 


exp(— Kn?) = 4[0;(0)—1]. 
l 


n= 
Furthermore, 


Ln *exp(—Kn')=4 f [4;(0)—1 |dd, 
1 K 


n 


~~ 
x 
> n~“ exp(— Kn’*)= if (A— K)[0;(0)—1 Jaa, 
nel K 
in which we now understand g=e~*. 

Therefore, by carrying out the indicated integrations 
between K and infinity for various K, we may obtain 
a as a function of K (or 1/7) if @ remains constant. 
This has been done, and, in Fig. 1, the quantity a/A is 
plotted vs K. It will be seen that, for small K, a ‘A varies 
as K.! This is the classical limiting law for this system.” 

1 This may be demonstrated analytically by Euler-MacLaurin 

a 
expansion of 2 exp(—Kn?*) followed by the indicated integra- 
N= 
tions to obtain expressions for the other sums involved in a. 
2 The classical law for the polarization is 
P=(Nza/2)[coth(zaP’/2kT)—(2kT/zaF))} 
which reduces to P= N(sa/2)F/3kT = Numax?l/3kT for high T. 


POLARIZATION OF CHARGED 


PARTICLES 














At higher K (lower 7) quantum deviations set in, and 
the polarizability no longer increases as rapidly with 
decreasing 7. The asympiotic value which is approached 
at very low T is, of course, simply the average polariza- 
bility of V such systems all in the’r lowest-energy levels. 


IV. ENERGY LEVELS FOR THE CASE OF 
STRONG FIELDS 


In the case of strong fields we can no longer use the 
perturbation approximation. Instead, however, we may 
obtain numerical results by application of the box 
boundary conditions to the exact solution to the 
Schrédinger equation for a particle in a constant field 
of force. This solution is known’ and, with the zero of 
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*G. Breit, Phys. Rev. 33, 273 (1928). 
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potential energy taken at the point x=a/2, may be 
written as 


y= (By!/c)[sindJ;(y)+cos¢J_4(y) ], 
where 
y= 4 (8x°MW/h*) til x— (a/2)— (€/W) }}, 
yi/c=[x—(a/2)—(e/W) ], W=—2F. 


B sing and B cos¢ are the two arbitrary constants of 
this general solution; B may be determined by nor- 
malization. In the present case, @ and discrete values, 
e, of the energy € are determined by the box boundary 
conditions,‘ ~(y)=0 at x=0, a. 

It should be noted that the transition from a wave 
function of oscillatory character to one which falls 
monotonically in the region of barrier penetration is 
characterized by a change from real to imaginary 
argument, y,, of the Bessel functions at the value of x 
such that ¢,={Wx—(a/2) |. Higher energy levels for 
which ¢,>—|zFa/2|, the largest finite value of the 
potential energy, do not, of course, exhibit this change, 
yn remaining real throughout. 

The numerical procedure followed was to choose 
various values of ¢, find the roots, yn, of ¥(y,)=0 for 
each value of ¢, by inspection of tables of the appro- 
priate Bessel functions, and then to determine the 


and 





nel 
P=N _ 


r 


n=l 


A similar formula, in which the quantities de,/dF 
(slopes of the curves in Fig. 2) and de,’"/0F are replaced 
with 0%e,/0F? (curvatures in Fig. 2) and 0*e,/’/dF?, 
respectively, gives the polarizability of the assembly 
in this strong-field case. 

Finally, it should be noted that if the field, or W, is 
considered as being composed of two parts, one a 
constant (and possibly large) contributor to the indi- 
vidual potential systems and the other the small, 
variable applied electric field, we have here the solution 

4The quantum rule obtained above for the small field case by 
perturbation of the solutions for the box — could also be 
obtained from the general solution for the linear potential by 
application of the box boundary conditions, the asymptotic 


forms for Bessel functions of large argument (small field) being 
used. 


> [exp(— €n/kT) —exp(— €°/kT) + exp (— €n°/kT) 
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values of ¢, and W which fit the spacing of these roots 
to the boundary conditions of the problem for a given 
value of a by means of the pair of equations, 


yt= (327°M W/9h*)§[ (— a/2)— (e,/W)], 
Ynrit= (32e* MW /9h*)'[ (+0/2)—(en/W)]. 


Here y; is the imaginary root, if one exists; otherwise 
it is the real root of smallest absolute magnitude. The 
other roots are ordered according to increasing m as 
their absolute magnitudes increase. 

The results for a proton with a=0.65A are shown in 
Fig. 2 in which the values of the various e, are plotted 
against the corresponding values of W. The slope ot tne 
curve for each level, with sign changed, is a measure of 
the polarization of that level. It is interesting to note 
that the second level behaves like the upper levels in 
having a negative polarization for small W but reverses 
itself for larger W ard exhibits a positive polarization 
like the ground level in this region. 

In the calculation of the polarization of the assembly 
for the strong-field case, it is still possible to use the 
results of perturbation theory for the upper levels. The 
contribution of the r lowest levels to the assembly 
polarization may be corrected by use of the following 
formula: 


n=1 


> [ (—de,/OF) exp(—€n/kT)+ (d€n”/OF) exp(— €n9/kT) +3: (—e,"/0F) exp (— €n°/kT) 


n=l 





to the problem of the electric polarizability of an 
assembly of particles in square wells with intrinsically 
sloped floors, as well as the solution for the polarizability 
of the assembly of simple square wells. It is actually 
this solution which was particularly desired for the 
physical application mentioned in the Introduction. An 
abstract of this application, a theory of ferroelectricity 
in Rochelle salt, has already appeared. 

The author wishes to express his thanks to Dr. J. 
Rosenbloom of the University of Minnesota and to Dr. 
E. W. Hart, Dr. B. H. Zimm, and Dr. J. K. Bragg of 
the General Electric Research Laboratory for many 
helpful discussions and suggestions. 


5 J. H. Gibbs, Phys. Rev. 91, 447 (1953). 
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A plateau-like surface structure was found on single crystals grown in tungsten wire. Plateaus were 
observed on the surface normal to the (110), (112), and (001) directions. A “shingle” structure was observed 
superimposed upon the plateaus. A wire subjected to only mild heat treatment showed both types of struc- 
ture, indicating that evaporation cannot be the only mechanism involved. All wires were heated by ac 
exclusively to avoid the “dc etch.” 

New values of the thermionic constants for different crystal directions were measured on a crystal having 
a minimum of shingling. Measurements were made in the tube previously used by Nichols, modified to 
eliminate an anomalous effect. The modification did not appreciably alter the emission constants for the 
(111), (112), (116), and (001) directions, which constants are in reasonable agreement with Nichols’ values. 
A second anomalous effect contributed to currents measured in the low emission (110) direction, rendering 
normally obtained (110) values erroneous (including those of Nichols). Although the true (110) constants 
could not be obtained, an upper limit for the emission is characterized by g**=4.72, A**=9.7 and two 
estimates of about 5.3 v are deduced for y**. There was no evidence in general for patchiness of the single 
crystal surfaces investigated ; however, the usual tests cannot conclusively deny the existence of patchiness. 


I. INTRODUCTION 


HE technique of producing crystals of centimeter 

length in tungsten wire is well known. As a 
result of about 1 percent of “dope” consisting of Na,O, 
K,O, CaCle, Al,O3, and SiO, added before the sintering 
process,' the “nonsag” type of tungsten wire recrystal- 
lizes into crystals occupying the entire cross section 
of the wire. Robinson* has shown that under a favorable 
vacuum heat treatment schedule one can produce 
crystals several centimeters long in prewar nonsag 
tungsten wire. Chemical analyses of doped tungsten 
wire after the usual heat treatment associated with 
thermionic emission measurements show about the 
same very small relative impurity content as in un- 
doped wire.’ This fact along with thermionic emission 
stability through all temperature cycles after sufficient 
heat treatment, gives assurance that emission studies 
of doped wire are actually characteristic of pure 
tungsten.’ As a result of the working given the wire 
during the drawing process, the crystals grown in 
doped wire are normally oriented with a face diagonal 
very nearly parallel to the wire axis. This orientation 
is particularly favorable to emission studies since, if the 
wire is smooth and round, the placing of the face 
diagonal along the wire axis causes directions emerging 
normal to the surface to include all directions with 
Miller indices of the form (hhk). Martin’s work‘ with 


* This work was done with a facility created with the aid of a 
Research Corporation grant and was supported in part by the 
U. S. Office of Naval Research. It has been reported in greater 
detail in Final Report N6-onr-24433, June, 1952 (unpublished). 
Part of the work was done in partial fulfillment of the require- 
ments for the Ph.D. degree at the California Institute of Tech- 
nology. 

t Now at Hughes Research and Development Laboratories, 
Culver City, California. 

1C. J. Smithells, Tungsten (D. Van Nostrand Company, Inc., 
New York, 1936), second edition. 

2 C. §. Robinson, J. Appl. Phys. 13, 647 (1942). 

3M. H. Nichols, Phys. Rev. 78, 158 (1950). 

4S. T. Martin, Phys. Rev. 56, 947 (1939). 


thermionic emission from a single crystal sphere of 
tungsten showed that the directions of principal 
interest, namely the maxima and minima of emission, 
are all of the form (hhk).® 

Two kinds of surface structure have been observed 
on single crystals of tungsten heated in vacuum: (a) 
a so-called “de etch,” and (b) a “shingle” structure. 
The former effect was first reported by Johnson,* and 
has been studied by Schmidt’ and by D. Langmuir.’ 
It consists of a step-like structure found on wires 
subjected to prolonged heating with direct current; 
it also occurs near the supports of a wire heated with 
alternating current, where strong thermal gradients 
exist. The shingle structure was reported by Nichols? 
and was observed in the (110) crystal direction. Both 
structure effects were to be found on the crystal from 
which Nichols’ obtained his emission constants as a 
function of crystallographic direction. Moreover, prior 
to the present investigation it has appeared plausible 
to explain the emission data for the (110) direction as 
being characteristic of a patch surface,’ contributory 
evidence of the patchy nature deriving from the exist- 
ence of the shingle structure on that surface. The 
principal objective of this research was to make 
thermionic measurements from a crystal (a) free from 
the de etch and (b) with minimized shingle structure. 
Freedom from dc etch could readily be achieved by 
using only ac for filament heating. Indeed, Johnson® 
has reported that helical tungsten wires heated by ac 
in vacuum develop surfaces which appear to be free 
from any structure visible under a light microscope, 


5 J. A. Becker, in private communication, has indicated that 
his field emission studies show that there may be a small field 
emission minimum in the vicinity of the (210) direction. 

*R. P. Johnson, Phys. Rev. 54, 459 (1938). 

7R. W. Schmidt, Z. Physik 120, 69 (1943). 

* D. B. Langmuir, Phys. Rev. 89, 911 (1953); 91, 447 (1953). 

® M. H. Nichols, Phys. Rev. 57, 297 (1940). 

” Conyers Herring and M. H. Nichols, Revs. Modern Phys. 21, 
185 (1949). 


295 





296 GEORGE 
even after heating sufficient to evaporate away 17 
percent of the wire. The shingle structure, however, 
has been found to occur on wires heated only with ac. 
Nevertheless, it was believed that this type of structure 
could be eliminated or at least greatly reduced by a 
careful examination and selection of the crystal to 
be used. 


II. GROWTH AND SURFACE STRUCTURE OF 
SINGLE CRYSTALS OF TUNGSTEN 


With this purpose in mind, a program of single- 
crystal production was instituted. Wires to be re- 
crystallized were first polished" to remove die-marks 
and to produce a uniform circular cross section. The 
recrystallization process itself was carried out in what 
is commonly called an electron projection tube'** after 
the method of Robinson.” 

Six 14-in. lengths of 0.005-in. tungsten wire were 
recrystallized. Of the six, four were of G.E. No. 218 
wire, dated 1939, each of which produced crystals 
several centimeters in length. The remaining two were 
of Callite No. 200H, dated 1940, neither of which 
produced crystals of more than millimeter length. 
One G.E. wire was recrystallized at 1980°K, producing 
a single, but relatively imperfect, crystal filling the 
14-in. wire. The 2100°K runs each produced several 
crystals averaging three or four centimeters in length. 
In each case the orientation, length, and degree of 
perfection of single crystals produced were carefully 
noted from the emission pattern as observed in the 
projection tube. Cathetometer measurements were 
made to fix the position of each crystal section that 
showed an emission pattern free from flaws. Then the 
wire was removed from the projection tube, and each 
selected section was examined for structure visible 
under a light microscope of 100 magnification. 

In each case it was possible to resolve shingle structure 
associated with the (110) direction, even in the case 
of wires subjected to only mild heat treatment. The 
1980°K wire, given a total heat treatment of 22 hr 
at 1980°K plus 20 min at 2280°K, should have suffered 
an average diameter reduction of about 3X 10~* cm.” 
On this wire not only was the shingle structure observed 
on the two surfaces normal to (110) directions, but the 
shingles were superimposed upon what appeared to be a 
plateau, or flat surface, on the crystal. Even where the 
shingling was particularly faint, one could make out the 
plateau edges, separated by a few degrees of azimuth. 
Before prolonged heat treatment all recrystallized 
wires showed both these effects, as well as grain 
boundaries and occasional surface crystal “lakes.” 

The shingle structure observed in recrystallized 
wires before prolonged heat treatment varied both in 
form and visibility. The shingling is possibly a result of 


"t Johnson, White, and Nelson, Rev. Sci. Instr. 9, 253 (1938). 
2 R, P. Johnson and W. Schockley, Phys. Rev. 49, 436 (1936). 
8 H. A. Jones and I. Langmuir, Gen. Elec. Rev. 30, 310, 354, 


408 (1927). 
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the failure of the crystal face diagonal to be aligned 
precisely along the wire axis. The orientation of the 
apexes of the shingles then indicates the direction of 
“dip” of the true crystal planes with respect to the 
wire surface. If a true cylinder were cut from a perfect 
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Fic. 1. Projection tube pattern of wire containing single 
crystal section used for quantitative thermionic measurements. 
The white marks set off the single crystal section; the dark 
marks are crayon lines on the tube for identification purposes. 
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crystal, one would expect to find opposite directions 
of dip and opposite orientation of shingle apexes on the 
opposite (110) surfaces. This was usually but not 
always found to be the case for the crystals examined. 
The few instances noted with the same apex orientation 
on both sides of the wire could be due to the presence 
of an undetected longitudinal grain boundary between 
the two sides of the wire; variation in wire diameter 
along the length of the crystal could also produce this 
effect. Longitudinal grain boundaries are common in 
in G.E. No. 218 wire, and would be difficult to observe 
on a wire given only mild heat treatment, especially if 
the orientations of the two crystals were not appreciably 
different; no examination of this phenomenon was 
made after prolonged heat treatment. In a few cases a 
(110) surface was found with a shingle-free region 
having oppositely oriented shingles at either end. A 
slight bend in the wire before recrystallization could 
produce this effect; Jéhnson® has reported that a single 
crystal grown in a tungsten helix maintains a fixed 
orientation in space as though the helix were carved 
out of a large crystal. In some isolated cases surfaces 


TABLE I. History of single crystal wire. Temperatures below 
2100°K during taking of thermionic data are not listed. 








Heat treatment Subsequent observation 





Plateaus in (110) 
directions, shingling. 

Little change in struc 
ture. Repolish. 

Similar structure re- 
stored. 

Discover (001), (112) 
plateaus optically. 
Pre-end-guard therm- 

ionic data. 
. 2785°K, 38.5 min. Final thermionic data. 
x. 3030°K, 1 min; 2800°K, 5 sec; Photograph plateaus, 
1230°K, 92 hours. see Fig, 2. 


. 2100°K, 15.5 hr; 2410°K, 10 min; 
2610°K, 15.5 min; 2820°K, 0.5 min. 

. 2610°K, 240 min; 2720°K, 30 min; 
2820°K, 10 min; 2915°K, 2 min. 

. 2760°K, 340 min; 2990°K, 10 min. 


. 2700°K, 165 min; 2750°K, 51 min; 
2830°K, 5 min. 
. 2575°K, 32 min; 2775°K, 34 min. 








were found with little or no shingling in evidence over 
several millimeters along the axis of the wire. Both in 
obtaining a shingle-free (110) surface and in having 
precise (4hk) directions exhibited normal to the wire 
axis, such a section would show promise for quantitative 
thermionic measurements. At this point one of the four 
G.E. No. 218 wires was selected for further in- 
vestigation. The recrystallization schedule of the wire 
is given in Table I, A; the projection tube pattern after 
recrystallization is shown in Fig. 1. 

To determine the effect of moderate heat treatment 
upon the size and shape of surface structure, the wire 
was subjected to the temperature schedule of Table I, 
B. Although this treatment left the surface in general 
almost entirely smooth and free from markings, the 
size and appearance of the plateaus and shingle struc- 
ture were not materially altered. The recrystallized 
wire was then repolished (the diameter was reduced 
1 percent) in order to determine whether the structure 
had been produced during recrystallization, not to 
return if once removed. After the relatively severe heat 
treatment of Table I, C (sufficient to evaporate about 


Fic. 2. Photomicrographs of single crystal showing plateau 
structure. (a) 180° (110) plateau; (b) 235° (112) plateau; (c) 
90° (001) plateau. 


2 percent of the diameter)" the plateau and shingle 
structure were observed to be restored to essentially 
the same condition as observed before repolishing. 
From the wire in this condition a single crystal section 
was selected for the quantitative thermionic measure- 
ments. The section chosen showed a minimum of shin- 
gling and lake structure together with a flawless qualita- 
tive emission pattern. This section is marked on Fig. 1. 
The further heat treatment listed in Table I was 
dictated by outgassing procedures. Very faint plateaus 
were also discovered optically in the (001) and (112) 
directions after a preliminary run in the thermionic 
measuring tube. At this time the wire had suffered less 
than 0.5 percent additional diameter reduction by 
evaporation due to the temperature schedule of Table 
I, D, making the total reduction about 2.5 percent from 
its value at the conclusion of repolishing. 

At the conclusion of the final thermionic emission 
measurements (see Sec. V), subsequent to the heat 
treatment of Table I, EFG, the photomicrographs of 
Fig. 2 were taken of the surface structure on the chosen 
crystal section. Illumination at grazing incidence, ob- 
tained by adjusting the direct-dark field slide of the 
Zeiss Epi condenser microscope midway between the 
two usual positions, was found necessary to provide 
sufficient contrast to make out the smaller structure at 
all. The dimensions marked on the photographs and 
plateau widths listed in Table II were obtained by 
photographing an Eastman stage calibrated scale; the 


As measured by micrometer. From the Jones-Langmuir 
tables, reference 13, one computes a reduction three times as large. 
In general the evaporation computed by the Jones-Langmuir 
tables was greater than that observed by diameter measurements. 
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Taste II. Plateau widths after heat treatment of Table I. 





Orientation 
of shingling 


Width from 
emission plot 


Width from 
photomicrograph 


Direction 
of plateau 





tg tee Left, faint 
Invalid (see Right, faint 
Sec. IV) 
6.8° 
6.3° 


0° (110) 
180° (110) 11° 


55° (112) 
125° (112) 


None resolved 
Right, faint 


7” 6.3° 
7.8° 


235° (112) 
90° (001) 7° 





error in these measurements is probably less than 20 
percent. The photomicrograph of the 90° (001) surface 
shows, in addition to the plateau, a very faint periodic 
diagonal scoring which has the pitch of the polishing 
machine screw. Although the average wire diameter at 
this point had been reduced about 3.6 percent by 
evaporation from the value after repolishing, it appears 
that faint markings in the vicinity of the (001) surface 
survived the heat treatment. 

Additional evidence of the existence of (110), (112), 
and (001) plateaus is to be found in polar plots of 
thermionic emission versus azimuth around the wire. 
Thermionic plateaus were discovered during the first 
sufficiently detailed preliminary thermionic measure- 
ments. These measurements were taken just before 
the conclusion of Table I, D, i.e., just prior to optical 
observation of the (112) and (001) plateaus. The final 
data polar plots of Fig. 8 show “flats” of thermionic 
emission in the (110), (112), and (001) directions; 
plateau widths can be had from Fig. 8 by adding 2.3°, 
the resolution of the emission measuring tube, to the 
widths of the emission flats. The values listed in Table 
II are taken from the 1810°K curve; they are seen to be 
in good agreement with those obtained from the 
photomicrographs. Studies of field emission from 
tungsten points of the order of 10~* cm radius have 
shown emission flats in the same directions.45~"” 

At the same time that the photomicrographs were 
made, the diameter was measured by a simple optical 
wedge interferometer. The results are plotted as a 
function of azimuthal angle in Fig. 3. A definite up- 
ward departure from the average diameter is observed 
in the (001) direction and there may be a small upward 
departure in the (110) direction, but no minima are 
seen at the centers of these maxima. Note however that 
the deviation in diameter expected over an 11° plateau 
s 0.5 percent, or about two fringes of mercury green 
light, while that expected over a 7° plateau is one 
fringe. Moreover, the crystal section measured was 
located at the center of a 3.5-in. length of wire; although 
care was exercised in lowering the optical flat onto the 
wire, some slight twisting of the wire might have 


16 E. W. Miiller, Z. Physik 120, 261, 270 (1943). 

16 J. A. Becker, Bell System Tech. J. 30, 907 (1951); also by 
private communication. 

17 W. P. Dyke, Phys. Rev. 85, 752 (1952). 


F. 


SMITH 


occurred if the flats came to rest in such a way as to 
impose a torque on the wire. 

Just prior to removal from the emission measuring 
tube, the crystal was subjected to the temperature 
schedule of Table I, G, in an attempt to find some 
variation in plateau size as a function of temperature. 
Becker'® has shown that on tungsten field emission 
points of about 3X10~*° cm radius, the steady state 
linear dimension of the (001) and (112) planes increases 
by a factor of almost two as the temperature is lowered 
from 2600° to 1200°K. He also found that the time 
necessary to reach a steady state increased as the 
temperature was lowered, a few seconds or less being 
required at 2600°K, while at 1200°K several minutes 
are needed. Since our tungsten wire is much larger than 
Becker’s field emission point, the times used were much 
longer than his steady-state times. The 3030° and 
1230°K heating periods were each preceded and 
followed by a rapid emission measurement, at 1560°K, 
of the widths of the 55° (112) and 90° (001) plateaus; 
the reading of the two widths required approximately 
10 min. The three sets of width measurements agreed 
with one another to 0.1°, and indicate no experi- 
mentally observable change in plateau size under the 
stated limited temperature schedule. 


III. DISCUSSION OF SURFACE STRUCTURE 


The kind of surface structure observed on tungsten 
has been found by Nichols'* on tantalum single crystals 
heated in vacuum, although no plateaus were observed 
on tantalum normal to the (112) directions. He has 
also found plateaus on molybdenum crystals. The 
formation of plateaus on tungsten, tantalum, and 
molybdenum must be due to one or more of three 
processes: (1) differential evaporation, (2) volume 
diffusion, and (3) surface diffusion. Herring"® proposes 
that volume diffusion motivated by surface tension is 
mainly responsible for the plateau growth; he has 
developed, under certain reasonable assumptions, a 
theory that predicts remarkably well the size of tung- 
sten and tantalum plateaus produced under different 
temperature schedules. Clearly, evaporation has no 
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WIRE DIAMETER (NO. OF FRINGES) 


AZIMUTH ABOUT THE WIRE (DEG) 


Fic. 3. Wire diameter as a function of angle around the wire. 
A simple wedge interferometer was used with mercury green 
light. 

18M. H. Nichols, following paper [Phys. Rev. 93, 309 (1954)]. 

Conyers Herring, Siructure and Properties of Solid Surfaces, 
(University of Chicago Press, Chicago, 1953). 
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role in forming the structure on the 1980°K wire, 
although it must certainly be taken into account in a 
complete explanation of high-temperature structure. 
Herring” has pointed out that there is evidence that 
differential evaporation should tend to reduce rather 
than to enlarge the plateaus observed. He has also 
noted that at lower temperatures surface migration 
may be expected to become relatively more important, 
due to its lower activation energy. 

Johnson® found no structure on single-crystal tung- 
sten helices given ac heat treatment in vacuum suffi- 
cient to evaporate 17 percent of the wire diameter; 
from the known resolution of his observations, he 
concluded that there was no structure greater than a 
few thousand atom diameters in size on the crystals he 
studied. The structures observed here could just be 
resolved with optimum lighting. Although the plateaus 
are 10~* cm wide, the structures are probably not much 
more than 5X10~* cm in size and no larger than the 
upper bound set by Johnson. Thus it is possible that the 
plateaus on the helices were too small to be seen, 
particularly if Johnson did not use grazing incident 
illumination. However, Herring’ suggests that the 
interchange of material between the surface of an ideal 
crystal facet and the region immediately below it 
may be so difficult as to inhibit the growth of such 
ideal facets. He points out that on Johnson’s helices, 
facets would undoubtedly start as small elliptical 
spots of ideal orientation. Plateaus on long straight 
wires, on the other hand, are probably not exact 
(hhk) planes but vicinal planes, crossed by widely 
spaced transverse steps that would catalyze growth 
and dissolution. The shingle structure always found on 
long-wire plateaus is direct evidence of such transverse 
steps. Although Johnson found no plateau structure on 
vacuum-heated wires, he did report that flat surfaces 
appeared to develop in the (001) and (110) directions 
of crystals heated in lamp gas (86 percent argon plus 
14 percent nitrogen) or in pure argon. He found that 
the (001) facets were larger than the (110) facets, 
whereas the reverse was observed in the present in- 
vestigation. Evaporation is compensated for by con- 
densation and produces no net material transport on a 
crystal in equilibrium with its vapor, as is approxi- 
mately the case for a wire heated in a gas. On the other 
hand, the vacuum heated wire is subject to differential 
evaporation which could account for a (001) plateau 
of reduced width. Both the residual polishing marks 
and the maximum of diameter in the (001) direction 
can also be explained by differential evaporation. 
Using this hypothesis and the diameter plot of Fig. 3, 
Herring” has calculated an evaporation coefficient 
ao: of 4 or 3 or so. Using an analysis similar to that of 
reference 19, he has then shown that the (001) plateau 
width would be reduced to 3 or 3 of the value calculated” 


*® Conyers Herring (private communication). 
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without differential evaporation, a result consistent 
with the observed plateau width. 

The absence of a pronounced diameter maximum in 
the (110) direction must mean that there was almost 
no differential evaporation there. Herring has suggested 
two possible explanations.” First, the wire axis could 
be inclined to the (110) direction in such a way as to 
introduce steps close together on the (110) plateau but 
far apart on the (001). Second, the distance an atom 
can migrate before re-evaporation on the (001) plane 
may be substantially less than on the (110). In either 
case the evaporation coefficient ao, would be lower 
than aj. This can be understood most easily by 
recalling that the principle of detailed balance requires 
the identity of the evaporation coefficient and the 
“sticking coefficient” for atoms impinging upon the 
surface from a vapor phase in equilibrium with the 
metal. An atom striking a plane surface from the vapor 
phase will be less likely to be incorporated into that 
surface if its chance to migrate to a step before being 
re-evaporated is small. This will occur if the steps are 
far apart or if distance migrated before re-evaporation 
is short; ia either case a will be reduced.** Now from 
the last column of Table II it is seen that the wire axis 
lies very nearly in the 55° (112) plateau, since no 
shingling could be resolved on either the 55° or 235° 
plateaus. Then if the wire consists of one crystal and is 
truly cylindrical, the wire axis must make only a 
slightly larger angle with the 0° (110) plateau than with 
the 90° (001), so that steps on the (110) plateau should 
be spaced only slightly closer together than those on 
the (001) plateau. Close examination of the original 
photographs also shows (110) shingling only slightly 
more closely spaced than (001) shingling. Therefore, it 
seems that the second explanation is more plausible. 

It is interesting to compare the rates of plateau 
growth with those obtained by Becker'® for tungsten 
field emission points. Herring® has shown that under 
certain restrictions one can relate the times necessary 
to reach an equilibrium structure in two similar situa- 
tions to the scale factor r of the two configurations. 
He has shown that if the mechanism is surface migra- 
tion, the ratio of times to reach equilibrium will be r'; 
if the mechanism is volume diffusion, the ratio will be r’. 
Using these ratios and Becker’s results, Herring” has 
calculated that it should take of the order of 510° 
days at 2400°K for sizeable plateaus to develop on 
0.005-in. tungsten wires if the mechanism is surface 
diffusion. If the mechanism is volume diffusion, the 
time is reduced to about 3X 10° days. Actually, plateaus 
are observed after only a few hours. Perhaps this 
discrepancy may also be due to inhibited plateau 
growth resulting from difficulty in interchange of 
material between the ideal crystal plane and the crystal 
bulk below that surface. As in the case of Johnson’s 


#1 See Appendix III of reference 10 for a discussion of smoothing 
by evaporation and related effects. 
*® Conyers Herring, J. Appl. Phys. 21, 301 (1950). 
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Fic, 4, Cross section and top view of tube used to measure the 
thermionic constants for different crystal directions. The crystal 
wire A is mounted in the rotor RX so that it can be rotated in front 
of the slit S cut in the cylindrical anode B. 


helices, Becker’s field emission points must have 
facets starting in ideal orientation and hence would 
be subject to such inhibition, whereas the difficulty of 
interchange would not exist for the wires. 

If the size of plateaus to be found on wires does vary 
with temperature in the range covered, the times used 
were not long enough to permit detection of such change. 
Of course, it is not likely that the wires ever reached 
an equilibrium structure, the rate of diffusion at low 
temperatures being too low, and evaporation disturbing 
any high-temperature equilibrium. The use of wires of 
smaller radius would be favorable for observations in 
shorter times. 


IV. EQUIPMENT FOR THE THERMIONIC 
MEASUREMENTS 


The tube used to make the quantitative thermionic 
measurements was originally designed and constructed 
by R. B. Nelson; it was first used to study crystallo- 
graphic dependence of thermionic emission from tung- 
sten single crystals by Nichols,’ who rebuilt it to incor- 
porate certain refinements. The tube was again rebuilt, 
with further modifications for the present measurements. 
Figure 4 is a schematic diagram of the metal parts of 
the tube as modified; the principal change from the 
tube as described in reference 9 is the addition of end 
guards E£ and £’. The slit S, 0.514X3.40 mn, is 3.1 
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times as small in area as that used by Nichols, giving 
an azimuthal resolution of 2.3° as compared with his 
resolution of 2.9°. The collimating slit S’, 1.90 12.7 
mm, does not serve to limit the beam. 

The tube was pumped, outgassed, and sealed off 
by methods already described.” It is of interest that 
gas was released when the rotor R was first moved; 
care was taken to eliminate this gas before seal-off. A 
tantalum film getter along with a continuously operating 
Bayard-Alpert ion gauge™** served to maintain a 
total pressure of about 1.5X10~° mm of Hg for the 
entire period during which final measurements were 
made. ‘Emission decay” tests of 7 and 27 days duration 
at the outset and conclusion, respectively, of the final 
thermionic measurements showed no detectable change 
in emission in the (112) direction as measured at 
1585°K. This indicates that the partial pressure of 
active gases, such as oxygen, was much lower than 
the total pressure, which probably consisted almost 
entirely of helium diffused through the glass.**-*8 

The Forsythe and Watson® temperature scale was 
used to determine the temperature of the middle section 
of the filament A. The 400-cycle aiternating current 
used to heat the filament® was controlled by a therm- 
ionic regulator of the type first used by Ridenour 
and Lampson.*! The rms value of the current was 
measured to better than 0.2 percent by comparison 
with a direct current producing the same heating effect 
in a 0.003-in. tungsten wire sealed in a tube containing 
hydrogen under a few mm of pressure. A Leed’s and 
Northrup type-K potentiometer was used to measure 
therma! emf’s and, with a standard 0.1-ohm resistor, 
the direct current. The best value of the wire diameter 
was obtained by use of an optical wedge interferometer ; 
for the final thermionic data the average value from 
Fig. 3 is subject to a 0.2 percent correction due to 
evaporation resulting from the heat treatment of 
Table I, G. The uncertainty in temperature due to 
0.2 percent precision in diameter measurement is 3°K ; 
that due to 0.2 percent precision in the current measure- 
ment is 2°K. Conduction cooling due to the finite 
length of the filament was observed in all Richardson 
plots for temperatures below about 1350°K, in good 
agreement with calculations based on tables given by 
Langmuir, MacLane, and Blodgett.” 

Collector currents were measured by an Applied 


*%W. B. Nottingham, J. Appl. Phys. 8, 762 (1937). 

*R. T. Bayard and D. Alpert, Rev. Sci. Instr. 21, 571 (1950). 

*6S. Wagener, Proc. Inst. Elec. Engrs. (London) 99, Part III, 

35 (1952). 

26W. D. Urry, J. Am. Chem. Soc. 54, 3887 (1932). 

27 W. H. Keesom, Helium (Elsevier, Amsterdam, 1942). 

% 1D. Alpert, Phys. Rev. 89, 902 (1953). 

” W. E. Forsythe and E. M. Watson, J. Opt. Soc. Am. 24, 114 
(1934). 

*®Tn order to avoid the dc etch, as discussed in Sec. I, ac ex- 
clusively was used to heat the filament. Peak to peak temperature 
fluctuation at 800 cycles amounted to less than 1.5°K at 2000°K. 

3}, N. Ridenour and C. W. Lampson, Rev. Sci. Instr. 8, 162 
(1937). 

*® Langmuir, MacLane, Blodgett, Phys. Rev. 35, 478 (1930). 
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Physics Corporation vibrating reed electrometer® with 
one precision wire-wound and six Victoreen resistors. 
The anode voltage was supplied by a well-filtered 
full-wave rectifier circuit, VR-tube regulation being 
used for Richardson plots. Anode voltage was measured 
with the type-K potentiometer. All other electrode 
potentials were battery supplied. 

Preliminary to actual use of the tube and before the 
end guards EE’ were added, a complete set of operating 
characteristics was obtained to evaluate the effective- 
ness of, and correct operating point for, each of the 
auxiliary electrodes. Two forms of anomalous behavior, 
not previously reported by Nichols in his earlier work 
with the same tube, were discovered by their influence 
on the form of the operating characteristics. These 
spurious effects were more noticeable in the present 
investigation because (a) the slit S was reduced in 
cross section by a factor of three, and (b) operating 
characteristics were taken with the crystal oriented to 
measure a minimum of thermionic current. The orien- 
tation used by Nichols is not known, but judging from 
the nature of his characteristics and the order of 
magnitude of his collected currents,’ it was probably 
not a direction of minimum emission. 

Evidence of the first anomalous effect was found in 
the operating characteristic of the guard ring G. The 
proper guard ring potential required to shield the 
collector lead from stray electrons escaping from the 
open end of anode B (without end guards) was deter- 
mined by plotting the collector current 7, vs the guard 
ring potential E, with respect to the anode B. The 
collector was held at anode potential. Plots for crystal 
directions other than the minimum (110) were well- 
behaved and similar to that obtained by Nichols.™ 
The plot taken with emission from the (110) direction 
(Fig. 5a) has two distinguishing features in addition to 
the expected peak in the negative vicinity of zero E,. 
First, the current collected in the most negative guard 
ring region, although independent of E,, has a much 
greater dependence on anode-cathode voltage E, than 
does the current collected in the positive guard ring 
region. Secondly, there is an almost linear dependence 
of I, on E, for positive EZ,. The first feature appears to 
be due to photoelectric emission from the guard ring, 
produced by x-rays of 1 to 3 kv from anode B, and 
collected by the collector lead due to the favorable 
field between it and the guard ring. The reverse phe- 
nomenon, photoelectric emission from the collector lead 
when E, is positive, is not so pronounced due to the 
much smaller surface area of the collector lead. One 
cannot account satisfactorily for this first feature of 
Fig. 5a by mechanism (photoelectric effect, stray 
electron currents, field emission, ion currents) other 
than x-ray photoelectric emission. The second feature 


*% Palevsky, Swank, and Grenchik, Rev. Sci. Instr. 18, 298 
(1947). 

4M. H. Nichols, Massachusetts Institute of Technology, 
Ph.D. thesis, 1939 (unpublished). 
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of Fig. 5a, the linear decrease of J, with increasing E,, 
appears to be due to electron emission from the glass 
surface of the insulator that supports the collector, 
particularly from the Pyrex wetting glass which 
provides a thin covering for the collector lead over 
several millimeters of its length. This emission is most 
likely secondary emission arising from bombardment of 
the glass by stray primary electrons, although there may 
also be some photoelectric emission produced by 
x-rays. Since the nearest electrode to this glass is the 
guard ring itself, the emission serves to charge the 
surface of the glass to the potential of the guard ring. 
From the slope of the curves of Fig. 5a, the resistance 
of the leak is 5X 10" ohms, a value consistent with the 
resistivity of Pyrex, 10'* ohm cm, and the dimensions 
of the wetting glass. The anode potential dependence 
of I, observed for a constant positive E, is very nearly 
in agreement with the Schottky mirror image theory, 
as might be expected if the Schottky dependent 
emission has a small constant superposed leakage 
current. Further evidence of dielectric charging is 
given by long times required for reaching equilibrium 
after changing conditions in the measuring tube, 
especially if a change in E, is involved. Nichols reported 
a similar time effect for measurements in the (110) 
direction.“ A volt-ampere characteristic for the guard 
ring also was consistent with the above explanations 
of both features of the first anomalous effect. 

The choice of a completely satisfactory operating 
point on the curves of Fig. 5a is of course impossible. 
However, since the slope on the E, positive side is 
significant only for low temperatures and in the (110) 
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Fic. 5. Guard-ring characteristics before and after elimination 
of first anomalous effect. Data taken in (110) direction at 1690°K. 
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Fic. 6. Suppressor characteristics for final tube showing 
second anomalous effect. Data taken in (110) direction at 1805°K. 


direction, and since the x-ray photoelectric current is 
large only for negative E,, a value of 180 v positive was 
chosen for the unmodified tube as used to obtain the 
“pre-end-guard” data. Before taking the final data, 
the end guards EE’ were installed as shown on Fig. 4. 
Their presence and operation at 22.5 v negative with 
respect to the filament served to eliminate both radia- 
tion and stray electrons from the vicinity of the guard 
ring, as can be seen from the guard-ring characteristic 
of Fig. 5b. Their operation at anode potential, however, 
does not eliminate the glass charging effect, indicating 
that it is at least partly due to stray electrons from the 
end of the anode. No distortion was introduced in the 
field at the slit by the presence of the end guards, as 
evidenced by constant collector current for a maximum 
emission direction when the end guards were varied 
separately or simultaneously from anode to filament 
potential. 

The second anomalous effect was revealed by its 
influence on the operating characteristic of the second- 
ary suppressor C. This effect was observed even after 
installation of the end guards. For all directions of 
emission except those near the (110) minima there was 
no observable variation of collector current J, vs 
suppressor voltage E, with respect to the anode, 
provided that £, was sufficiently negative to repel and 
return slow secondaries generated at the slits and at the 
collector D, the collector being at anode potential. 
Nichols™ suppressor characteristics were also of this 
form. On the other hand, suppressor characteristics for 
the (110) direction are given in Fig. 6. There is con- 
siderable evidence that this behavior is due to collection 
through the slit system of secondary electrons emitted at 
the anode B, secondaries coming from anode regions 
upon which the impinging emission density is much 
greater than the emission density in the direction of the 
slits. Although the angular resolution of slit S to 
emission from the wire is only 2.3°, the much larger 
slit S’ is not designed to collimate the beam, and 
electrons proceeding at angles up to 6° or 7° with the 
radial direction can penetrate the slits to reach the 
collector D. Moreover, the vertical resolution is very 
poor indeed, due to the length of S and emphasized 
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by the excessive length of S’. A typical electron path 
is shown in Fig. 7. The trajectory was calculated by 
a graphical stream plotting method for an electron 
leaving the anode at 5° from the normal, with one-half 
of the primary electron energy. This electron originated 
at 120° in azimuth, measured from the slit. The curves 
of Fig. 6 are essentially integrated energy distribution 
curves of the current through the slits. The form of the 
curves indicates an energy distribution similar to that 
known for secondary emission.**~*’ There is a low- 
energy peak, an almost constant distribution over 
medium energies, and a large full-energy peak. Indeed, 
if it were not for the full-energy component of the 
secondary emission it would be a relatively simple 
matter to use the suppressor characteristic to subtract 
out all but the full-energy thermionic emission. The 
curves of Fig. 6 indicate that the spurious effect is at 
least as pronounced at low anode voltages as at higher 
ones. Although not too much is known about primary 
energy dependence of secondary emission components, 
the total secondary emission ratio is known to have a 
maxiinum at about 600 v for tantalum.** Suppressor 
curves for various temperatures show the effect to be 
relatively larger at lower temperatures. This would be 
expected since the surfaces producing the abundant 
primary emission responsible for secondary emission 
are of lower work function than the (110) surface. 
Elimination of the second anomalous effect was not 
undertaken. The technique of correction used to obtain 
(110) data will be described in Sec. V. For directions 
other than the (110), the suppressor electrode was 
operated at —540 v with respect to the anode, except 
for retarding potential plots. 

As long as the collector D was positive with respect 
both to the filament and to the suppressor, there was 
no dependence of collector current upon collector 
voltage. Except for retarding potential plots the 
collector was operated at anode potential. 


V. THERMIONIC DATA FROM SINGLE CRYSTAL 
OF TUNGSTEN 


Two complete sets of thermionic data were obtained: 
(a) the pre-end-guard data, subject to both anomalous 


es 


re Ose 
Fic. 7. Graphically computed path of a secondary electron 
emitted from anode so as to enter slits SS’ to be collected at D. 
The electron is emitted with one-half primary energy at 5° to 
the radial direction. 


3K. G. McKay, Advances in Electronics (Academic Press, Inc., 
New York, 1948), Vol. 1. 

3 Erick Rudberg, Phys. Rev. 50, 138 (1936). 

37 L. J. Haworth, Phys. Rev. 48, 88 (1935). 

3 L. R. Koller, Gen. Elec. Rev. 51, 33, 50 (1948). 
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Fic. 8. Emission vs azimuth; E,= 1600 v, corresponding to surface gradient of 5.5X 104 v/cm. 


effects, and (b) the final data, with end guards installed 
to eliminate the first anomalous effect. The pre-end- 
guard data were taken with the tube basically as used 
by Nichols; the results show good agreement with 
those he obtained. The first anomalous effect is im- 
portant only in directions of low emission, as will be 
seen from Richardson plot comparisons. The second 
anomalous effect, not eliminated in either set, seriously 
affects the measurements only in the (110) direction, 
where the data have been partially corrected, as will 
be described. At the conclusion of the final run the 
wire was flashed for one min at 3030°K to check 
reproducibility of the data. For no crystal direction 
did emission after the flash differ by more than 5 
percent from the pre-flash value. 

In Fig. 8, polar plots of emission vs azimuth about 
the wire were obtained by rotating the crystal wire 
before the slit system. Assignment of crystal directions 
is in agreement with previous work.*® The distinguish- 
ing feature of the polar plots is the appearance of 
definite “flats” in the directions of minimum emission. 
This corroborates the visual observation of plateaus on 
the wire, as discussed in Sec. II. Nichols’ polar plots® 
did not show these flats. This can be due to: (1) an 
insufficient number of points in his curves together with 
slightly poorer resolution, or (2) a different heat 
treatment of his crystal. Although the heat treatment 
Nichols gave his crystal after repolishing and before 
taking thermionic data was sufficient to give repro- 
ducible results, it was quite mild compared to that given 
here. However, since plateaus have been optically 
observed on wires given only very mild heat treatment 
(see Sec. II), the more probable explanation is (1). 
The data of Fig. 8 were taken with the final tube; the 


emission flats were found on preliminary runs, but 
there had been heat treatment sufficient to produce 
2.5 percent wire diameter reduction due to evaporation 
before the first sufficiently detailed run was made. 
It should be noted that currents smaller than that in the 
(112) direction are not reliable, owing to the second 
anomalous effect. For this reason, it is also not certain 
that the (110) plateau width derived from Fig. 8 is 
accurate. 

Schottky plots of emission vs anode-filament poten- 
tial E, were taken at two temperatures for each 
direction corresponding to a maximum or minimum 
of emission. Illustrative final tube curves are shown 
in Fig. 9. The pre-end-guard data did not differ signifi- 
cantly from the final data except in the (110) direction, 
where the former were difficult to obtain due to glass 
charging effects. The slope S of the Schottky line 
(the coefficient of E,'!/T) was used to reduce the high 
field emission to zero field conditions. Agreement of 
slopes for the two temperatures was within 5 percent. 
Average values are tabulated for each direction in 
Table III. The numerical values of slope are considered 
to be within experimental error of the mirror image 
theoretical value for a uniform surface, except in the 
(110) direction. The (110) data will be discussed 
separately below. Evidence is seen on the Schottky lines 
of the periodic Schottky deviation.” The upper 
voltage limit of 2800 v, imposed by the onset of field 
emission from tube parts, limited the voltage range of 
the tube to about one cycle of the deviation, making it 
difficult to choose a reference line for the fluctuation. 

* R. L. E. Seifert and T. E. Phipps, Phys. Rev. 56, 652 (1939). 

“T). Turnbull and T. E. Phipps, Phys. Rev. 56, 663 (1939). 


|W. B. Nottingham, Phys. Rev. 57, 935 (1940). 
“@ Munick, LaBerge, and Coomes, Phys. Rev. 80, 887 (1950). 
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Fic. 9. Illustrative Schottky plots. 


No attempt was made to study the periodic deviation 
due to the limitations of the tube. Directions other than 
the (110) show no deviation from the Schottky line, 
aside from the periodic deviation, for voltages higher 
than 750, corresponding to a gradient of 26 000 v/cm. 
A simple calculation shows that the upward deviation 
in the (112) and (001) directions at this point is clearly 
the result of failure of projection properties of the tube 
due to thermal velocities. Similar deviation occurs 
only at even lower potentials for the high-emission 
directions, as might be expected in view of the broad 
nature of the peaks of emission (Fig. 8). Patchiness, 
either small or large scale, can produce only downward 
deviation in the (112) and (001) directions. 
Richardson plots of emission vs temperature were 
taken in each minimum and maximum emission 
direction. The apparent emission constants for uniform 
and for patchy surfaces are defined and discussed by 
Herring and Nichols." The experimental constants will 
be doubly starred because there is insufficient evidence 
to show that the exposed surfaces are not patchy. 
Illustrative Richardson plots for the final and pre-end- 
guard tubes are given in Fig. 10. Complete results from 
both tubes appear in Table III, along with the values 
obtained by Nichols."° Difference between the final 
and the pre-end-guard data is a measure of the first 
anomalous effect. Except in the (110) direction the 
effect is seen to be small.“ Data from high-emission 
* The location of the pre-end-guard Richardson lines above the 
final lines is probably due to error in pre-end-guard wire diameter, 


obtained by 0.61 percent correction for evaporation from final 
line value; see reference 14. 
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surfaces were essentially unaffected while low-emission 
Richardson plots were reduced in g** and A** by 
elimination of the effect. Pre-end-guard operation, with 
guard ring at +180 v, is subject to the reduced anoma- 
lous effect of x-ray photoelectric emission from the 
collector lead, which should produce just such an effect. 
The spurious photoelectric emission produces a rela- 
tively larger reduction in measured current at low 
temperatures, since the x-ray are generated by an 
average (relatively low work function) emission. The 
low-temperature droop in the (110) Richardson line is 
a consequence of collector insulator charging and leak- 
age as discussed in Sec. IV. All other Richardson lines 
show downward departure for temperatures below 
about 1350°K. This is due to reduction in temperature 
by conduction to the ends of the wire (see Sec. IV). 
Slight systematic downward departure from a straight 
line is also observed for high temperatures. Careful 
check of the current measuring apparatus leaves 
uncertainty in the temperature scale as a possible 
source of this deviation.“ 

Data for the (110) direction, taken in the same way as 
for other surfaces, are in good agreement with those 
obtained by Nichols.* Both the final tube and the pre- 
end-guard tube gave Schottky plots with slightly 
lower than average slope and with definite departure 
from the Schottky line at about the same surface 
gradient as observed by Nichols. The final tube 
Schottky plot for the (110) direction is given along 
with valid plots for other directions in Fig. 9. The 
pre-end-guard thermionic constants obtained by normal 
operation of the tube (Tables III and IV) are in good 
agreement with Nichols’ constants. It will be recalled 
that the crystal used was selected with the purpose of 
eliminating the shingle structure on the (110) surface. 
Although shingling was not in fact completely missing, 
the degree of shingling was greatly reduced from that 
encountered by Nichols. If the shingling were indicative 

TaBLe III. Thermionic constants for the different crystal directions. 
Both final and pre-end-guard values are tabulated. Nichols’ results, refer- 


ence 10, are given for comparison. The precision of g** is about 0.5 percent, 
that of A** about 10 percent; S is the Schottky slope. 
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* Unreliable data due to deterioration of vacuum over long interval 
between remainder of pre-end-guard tube data and this measurement. 

b Anomalous behavior invalidates (110) data obtained under normal 
operating conditions. True (110) current smaller than these figures indicate. 


“Temperature dependence of work function can produce 
curvature of the Richardson line. It will be recalled, however, 
that a linear temperature dependence of ¢ for a uniform surface 
will produce no curvature. Although patchiness can produce 
curvature, it will always be concave upward. 
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of patchiness on the (110) surface and if that patchiness 
were responsible for departure from the Schottky line, 
one would expect higher g** and A** from the present 
measurements, rather than the slightly lower pre-end- 
guard values obtained. When the first anomalous effect 
was eliminated in the final tube, the constants were 
affected in the same way as were those of other low- 
emission surfaces, but to a larger degree. The more 
important second anomalous effect, due to secondary 
emission, can be partially eliminated by using the 
suppressor C as a retarding barrier. By extrapolating 
suppressor characteristic curves (Fig. 6) to the filament 
potential one can eliminate all but full-energy electrons 
to the collector. The “extrapolated” Richardson plot 
obtained in this way (Fig. 11) has emission constants 
g**=4.72, A**=9.7, which set a definite upper limit 
for the true (110) emission. An estimate of the value of 
the true (110) work function can be made under two 
assumptions: (a) that all of the secondary emission 
current has the same effective work function, and (b) 
that, as has already been found for the similar (112) 
and (001) surfaces, A** 19120. Under assumption 
(a), the difference between the left and right extra- 
polations of the suppressor characteristic is taken as a 
measure of the secondary emission current, and an 
effective work function, 4.42 v, is obtained from a 
“Richardson plot” of this current (Fig. 11). Then by a 
method of successive approximations, just enough 
spurious current with this effective work function is 
subtracted to leave a Richardson plot with A**= 120. 
The apparent work function of the estimated (110) 
line so obtained is 5.26 v. The agreement between the 
spurious current effective work function, 4.42 v, and 
the average work function of doped polycrystalline 
tungsten,’ 4.45 v, suggests that the secondary emission 
as obtained here is indeed dependent upon a high-field 
average over all of the crystal, supporting assumption 
(a). To illustrate the magnitude of concave upward 
curvature expected in the “extrapolated” Richardson 
plot,” straight 5.26 and 4.42 v Richardson lines were 
added to give a perfect match to the experimental 
curve at 10*/T of 5.3 and 6.2. Points on this computed 
line are plotted as triangles in Fig. 11; it is seen that 
the curvature produces a negligible deviation from the 
straight line in the range of temperature for which data 
are available. Due to dependence of the secondary 


TABLE IV. Summary of (110) data. 


Description ¢ 


4.68 
4.66 
4.58 
4.72 
4.42 





Nichols’ values, reference 10 

Pre-end-guard, normal operation 

Final tube, normal operation 

Final tube, extrapolated 

Pure spurious current, effective slope 

Estimate by subtraction of spurious 
current to give A**= 120 

Contact potential (implicitly assuming 
A**= 118) 
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Fic. 10. Illustrative Richardson plots of pre-end-guard data A 
and corresponding final tube data @. The Richardson lines are 
drawn for the final data. 


emission process on primavy energy, no data significant 
in the usual sense could be obtained from a (110) 
Schottky plot by extrapolation procedures. The plot 
shared the rapid downward trend at low voltages 
which marked the original unextrapolated Schottky 
curves, but for higher voltages it became almost 
constant; 745 v was chosen as the optimum anode- 
filament potential difference consistent with satisfactory 
projection properties of the tube. Since no meaningful 
Schottky slope was available, the theoretical slope of 
11.2 was used to correct the data to zero field values. 
A summary of various apparent thermionic constants 
for the (110) direction appears in Table IV. 

Although the tube as described was not designed for 
measurements using retarding fields, operation with 
the collector within a few volts of the filament potential 
permitted the taking of retarding potential curves for 
the various crystal directions. The anode was held at 
1005 v to maintain the projection properties of the tube. 
The maximum deviation from the mean filament po- 
tential due to ac drop amounted to 0.13 v. Although 
there was no completely satisfactory operating potential 
for the suppressor electrode C, the results to be reported 
were taken with the suppressor 3 v positive with respect 
to the filament, the value which gave maximum 
collected current. Data taken with the suppressor at 
collector potential or at 1.5 v negative with respect to 
the collector were essentially the same. Retarding 
potential curves for one each of the (111), (112), (116), 
(001) and (110) surfaces are given in Fig. 12. As 
expected, all curves, except the (110), merge for 
strongly retarding fields.“© The slope for strongly 
retarding fields represents a temperature of 2090°K, 


5 The fact that the curves, other than the (110), do not coincide 
precisely for strongly retarding fields is probably due to slight 
differences in temperature among the runs. However, the short 
time stability of the filament current regulator did not permit 
significant temperature drift during one retarding run. 
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potential curves can sometimes give information about 
the patch nature of the emitter.“* Patchiness produces 
a breaking away from the corner of a retarding potential 
curve. Unfortunately, the departure from an ideal 
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Fic. 11. Final tube Richardson plots for the (110) direction. 
Data plotted are: (1) uncorrected normal, taken as for other 
directions without correction for secondary emission effect; 
(2) extrapolated, giving a conservative upper limit for the “true” 
(110) current; (3) pure spurious, representative of the spurious 
secondary current alone; (4) estimate of the true (110) current. 


whereas the value computed from the filament current 
and the Forsythe-Watson temperature scale is 1990°K. 
The saturation values have been designated somewhat 
arbitrarily, since the values indicated represent only 
about 55 percent of the current collected under normal 
accelerating conditions at the same _ temperature. 
However, the fraction collected is the same for each 
direction (except for the (110), where the fraction is 
34 percent of the extrapolated Richardson current). 
The remainder of the slit current is divided between 
the suppressor C and the anode in the unfavorable 
electron optical configuration. That the (110) saturation 
value is low indicates more complete elimination of 
spurious secondary current under retarding conditions. 
Except for the (110) direction, no new information is to 
be had from contact potentials from pairs of retarding 
potential curves,“ since the saturation current is 
equivalent to a Richardson line point, and the curves 
have the same tangent for strongly retarding fields. 
But in view of the reduced (110) saturation value, it 
is interesting to obtain a contact potential for that 
direction. The value obtained with the 55° (112) 
curve, taking the difference in abscissas of points A 
and B of Fig. 12, is 0.64 v, giving gqi0)** = 5.29 v. Point 
B is taken on the common tangent since the (110) 
curve must merge with that curve for sufficiently 
retarded conditions. This g** value’ contains the 
implicit assumption that A qio**=Aus)**. Since 
A «12)**= 118, this is equivalent to assumption (a) of 
the previous paragraph. However, the comparison does 
not involve a subtraction of spurious current; thus it 
gives a more reliable upper limit for the true (110) 
emission at this temperature. The shape of the retarding 


© As pointed out by Herring in private communication. The 
view taken in the U. S. Office of Naval Research Report N6-onr- 
24433 (unpublished) on this matter is erroneous. 

47 One notes that the same values are obtained by arbitrarily 
taking A qio)**=118 and choosing ¢iio)** so that Richardson’s 
equation will give the saturation (110) current of Fig. 12. 


plane parallel configuration also causes a rounding off 
of the corner, making the observation of patch effects 
more difficult. From the shape of the curves of Fig. 12, 
it is clear that the ac filament drop does not make a 
large contribution to the rounding. Although the curves 
are all of very nearly the same shape, that for 55° (112) 
shows the least rounding at the breakpoint. In Fig. 13 
the 75° (116) curve is compared with the 55° (112) 
curve by matching saturation currents and currents for 
most retarded conditions. Excluding the (110) direction 
which will be discussed in the next section, the com- 
parison is typical, the poorest match occurring between 
the 235° and 55° (112) directions. To give some idea 
as to what sort of rounding off patchiness might 
produce, two-patch curves were computed to match 
the 75° (116) emission. The 55° (112) curve was taken 
as characteristic of a uniform surface and proper 
proportions of current from two such curves, displaced 
in abscissas, were added to obtain a retarding potential 
curve for the two-patch surface. Using Fig. 12 of 
reference 10, patches with A = 120 and no work function 
temperature dependence were chosen to give the 
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Fic. 12. Retarding potential curves for representative 
directions (final tube data); E,= 1005 v. 
* See reference 10 for a discussion of retarding potential plots 
for patchy emitters. 
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experimentally observed emission constants g**= 4.30, 
A**=40. From reference 10 it is seen that a 6920.4 v 
is required to give A**=40. For 5g=0.4, 10 percent of 
the surface must have g:=4.20 and the remainder 
¢g2:=4.61. For 6g=1.0, one may have 33 percent 
¢gi=4.30 and the remainder g.=5.30.” Retarding 
curves for these two composite surfaces are plotted 
along with the experimental curves in Fig. 13. The 
two-patch curves do show a larger falling-off in the 
vicinity of the breakpoint than does the experimental 
curve. However, it is not certain that a larger number 
of patches might not give smaller departure in form 
from the uniform surface retarding potential curve.” 


VI. DISCUSSION OF EMISSION MEASUREMENTS 


Since the first anomalous effect produced only small 
changes in the thermionic constants, and since the 
second effect was negligible (except in the (110) 
direction), it is reasonable to compare data (Table III) 
with those obtained by Nichols.’ In general, the 
precision limits overlap. However, ¢,iis)** is 0.09 v 
lower than Nichols’ value. It is possible that the differ- 
ence is due to different wire heat treatments before 
measurements were made. Although the treatment 
Nichols gave his crystal after repolishing and before 
taking thermionic data was sufficient to give re- 
producible results, it was quite mild compared to that 
given here. It is likely that the treatment of Table I, 
CDEF produced material transport responsible for the 
difference in giie)**. (111) constants are in good 
agreement, showing that the effect, if any, of the dc 
etch on Nichols’ crystal apparently did not extend to 
the (111) direction. 

It has been shown that (110) data taken in the same 
way as for other surfaces are seriously affected by the 
second anomalous effect even after elimination of the 
first anomalous effect. Indeed, both the break in the 
(110) Schottky plot and the very low value of A (110)** 
reported by Nichols and observed here are probably 
entirely due to this secondary emission effect, rather 
than to patchiness on the (110) surface. The shape of 
the (110) retarding potential curve of Fig. 12 also is 
undoubtedly influenced by remaining spurious current. 
However, when the retarding barrier at the collector 
becomes higher than the emitter surface barrier of any 
patch, one would expect the true (110) current to 
merge into the common line, as was the case for all 
other surfaces. The fact that it lies be’ow that line for 
the most retarded potentials used clearly indicates a 
deficiency rather than a surplus of current. This can 
be explained by (1) the presence of a high work function 
patch on the (110) surface, (2) a large reflection 


Although Fig. 12 of reference 10 shows two ways of obtaining 
the desired y** and A** with 5g=1.0 v, the one with the higher 
percentage of low work function patch has been chosen. This 
avoids excessive curvature of the Richardson plot for the two- 
patch surface. 

® Two-patch curves were also computed to match the 35° (111) 
emission. The results were very similar to those for the 75° (116). 
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Fic. 13. Comparison of 75° (116) and 55° (112) retarding 
potential curve shapes. Calculated two-patch curves matching 
the 75° (116) emission are also plotted. 


coefficient for the (110) surface, or possibly (3) a failure 
of projection properties of the tube in the (110) direc- 
tion. The (110) curve has not yet joined the common 
tangent at —1.5 v in Fig. 12. The (112) curve joins the 
tangent at about —0.4 v. If (1) is the explanation, this 
would indicate the existence of a patch on the (110) 
surface more than 1.1 v higher than gqi2)**, at least 
5.7 v and likely as high as 6.0 v. Since a Schottky plot 
could not be obtained for the (110) direction, (2) and 
(3) cannot be ruled out. However, tangential patch 
fields near the (110) direction would have to be much 
higher than those near the (112) direction for failure of 
projection properties since (112) Schottky plots 
showed satisfactory projection properties until thermal 
velocities became important. Assuming satisfactory 
projection in the (110) direction, one can say from the 
saturation value of the (110) retarding potential plot 
that the (110) emission at 1990°K is no larger than 
would be given by g**=5.29, A**=118. There is no 
justification for that arbitrary choice of A** except the 
similarity among the (110), (112), and (001) surfaces. 
All of them have plateaus with shingling, and each of 
the latter two has A** near 120, From the extrapolated 
Richardson plot one can say that the (110) emission 
at any temperature within the range covered is no 
larger than that given by g**= 4.72, A**=9.7, although 
this certainly includes some of the spurious current.f{ 


t Note added in proof.—Drechsler and Miiller, Z. Physik 134, 


208 (1953), M. at aageee J Appl. Phys. 24, 1203 (1953), and 
Dyke, Trolan, Dolan, and Grundhauser, J. Appl. Phys. 25, 106 
(1954), have recently reported field emission (110) values of 5.70, 
about 4.7, and about 5.2 v, respectively. Drechsler and Miiller’s 
value is derived from measurements first reported in reference 15; 
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Values of A** not equal to 120 can be explained by 
one or more of the following effects: (a) patch effects, 
(b) temperature dependence of work function, and (c) 
reflection effects. Theoretically and on the basis of 
studies of periodic Schottky deviations there is reason 
to believe that under high field conditions reflection 
effects are small for tungsten.” Although periodic 
Schottky deviations for the individual crystal directions 
were not studied in detail, the curves of Fig. 9 indicate 
that the surfaces with low A**, notably the (116) 
and (111), do not show deviations appreciably different 
in magnitude from those for the other surfaces. If one 
knew the patch nature of the surface of the single 
tungsten crystal, it might be possible to distinguish 
between (a) and (b) as responsible for the experimental 
values of A**. Herring and Nichols” have already 
suggested that the values near 120 for the (112) and 
(001) directions are consistent with uniform surfaces 
having no net work function temperature derivative. 
However, there is insufficient evidence to show con- 
clusively that the (111) and (116) surfaces are not 
patchy. As discussed in Sec. III, a nill-and-valley 
surface is a possible quasi-equilibrium structure on a 
relatively large crystal. There is, on the other hand, 
no evidence other than the variation in A** that the 
(111) and (116) surfaces are patchy. Microscopic 
examination of the crystal surface, capable of resolution 
to about 14, showed no structure except the plateau 


and shingle structure already discussed. The plateaus 
appear to be associated with simple facets exposed on 
the single crystal; the fact that the range in degree of 


they measured the (110) current through a small anode aperture. 
The other two values were obtained by phosphor brightness 
measurements. Dyke ef al. took special precautions to minimize 
light scattering into the faint (110) areas. 


,. 
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shingling encountered had no effect on the emission 
would indicate that such structure does not represent 
a significant patchiness (at least in the (112) and (001) 
directions). Tangential fields due to patches of 1p 
linear dimension and 0.5 v work function difference 
would be of the order of 0.510* v/cm and should 
easily affect the slope of a Schottky line at 2.0X10* 
v/cm, the lower limit of the Schottky plots of Fig. 9. 
The experimental Schottky lines were straight and had 
essentially theoretical slope for fields up to the limiting 
value of 1.010° v/cm. If the region plotted lies 
entirely below the anomalous Schottky region due to a 
fine scale patchiness (case 2 of reference 10), the patch 
fields would have to be of the order of 10° v/cm. Again 
assuming a 0.5 v work function difference, this would 
require a patch dimension of the order of 50A, only one 
order larger than the lattice spacing. Finally, the 
retarding potentiai plots (excluding the (110) plot) 
showed no significant rounding of the corner due to a 
patchy emitter. However, the calculated two-patch 
curves show that for the unfavorable electrode con- 
figuration used, the shape of the retarding potential 
curve is not a sensitive test for patchiness. Thus it 
appears that visual observation and straight Schottky 
lines of theoretical slope rule out large and medium 
scale patchiness, leaving a small scale effect possible. 

Especial gratitude is due to M. H. Nichols, who 
suggested the problem, for his continued interest and 
inspiration, for stimulating discussions, and for his 
many suggestions. I am indebted to Conyers Herring 
for much of the interpretation of the surface structure 
observations and for reading the manuscript. I am also 
grateful to the Standard Oil Company of California 
for the Standard Oil Fellowship, during the tenure of 
which part of this work was done. 
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A method consisting of a moving temperature gradient for producing centimeter-long crystals in com- 
mercial tantalum wire is described. Based on one run, the method was less successful on commercial molybde- 
num wire. Thermionic projection tube patterns from the resulting crystals were qualitatively the same as that 
from tungsten. Plateau-like structure similar to that of tungsten was observed on both the tantalum and 


molybdenum crystals. 


HE three most refractory metals are tungsten, 

tantalum, and molybdenum. Since these three 
all form body-centered cubic crystals, they might be 
expected to display similar crystallization, surface- 
structure, and electron-emission properties. Of these 
three metals, only the properties of tungsten have been 
investigated extensively. 


I, CRYSTAL GROWTH TECHNIQUE FOR TANTALUM 


In order to study the thermionic properties of crystals, 
it is most convenient to use crystals the order of a 
centimeter in length in fine wires.' In the case of tung- 
sten wires, which are widely used for incandescent 
lamp filaments, additives have been developed which 
promote large grain growth* so that only a simple 
heating schedule of the raw wire is necessary to produce 
crystals centimeters long occupying the entire wire 
cross section.’ In the cases of tantalum and molybde- 
num, there has been no development similar to that of 
tungsten and only “commercially pure” wire is avail- 
able. The tantalum wire used was obtained from the 
Fansteel Metallurgical Corporation and was designated 
T71-Q25014A-No. R8130-8 dated March 13, 1951. It 
is well known that the crystal growth properties depend 
on the purity of the metal and on the mechanical strain 
in the wire.** The writer has been informed that the 
Fansteel wire ‘conforms with our specifications for 
purity which designate limits; namely, iron 0.03 
percent max, carbon 0.03 percent max, and tantalum 
99.9 percent min.” “Variations between lots may be 
expected to be small” and “no detailed analysis of the 
specific lot is available.”* Mrowca‘ has reported that 
in the case of tantalum ribbon, a cold stretch resulting 
in about 2 percent elongation produced the largest 
crystals. 


* This work was started with the aid of a Research Corporation 
Grant and was completed with the support of a contract with the 
U. S. Office of Naval Research. It co been reported in more 
detail in Final Report N6-onr-24433, June, 1952 (unpublished). 

t Now at the University of Michigan, Ann Arbor, Michigan. 

1 See, for example, G. F. Smith, preceding paper [Phys. Rev. 
93, 295 (1954) ], and references thereto. 

2C. J. Smithells, Tungsten (D. Van Nostrand Company, Inc., 
New York, 1936), second edition. 

*C. S. Robinson, J. Appl. Phys. 13, 647 (1942). 

4B. A. Mrowca, J. Appl. Phys. 14, 684 (1943). 

5 By private correspondence with Dr. L. F. Yntema of the 
Fansteel Corporation. 


All the wires were 0.005 inch in diameter and were 
polished to remove the die marks.* With the exception 
of one run on tantalum in which helium was used as a 
filler gas, all runs were made in tubes continuously 
pumped by mercury vapor pumps with no stopcocks 
on the high-vacuum side. After baking at 500°C, a 
vapor trap between the tube and the pumps was 
refrigerated by liquid nitrogen during the runs. The 
Langmuir-Malter temperature scale was used,’ All 
heating was done on ac to avoid dc etching.® 

As a preliminary test, a tantalum wire 30 cm long 
was first given a cold stretch of 2 percent and then 
mounted in an electron projection tube as indicated in 
Fig. 1(a).* A heating schedule similar to that described 
by Robinson* was used consisting of 21 hours at 2100°K, 
26 hours at 2300°, 7 hours at 2500°, 15} hours at 2600°, 
and } hour at 2700°. The electron projection tube 
showed only very small crystals and optical microscope 
examination showed that some crystals were several 
wire diameters long and occupied the entire cross- 
section of the wire. These results suggested that a 
moving temperature gradient similar to that used by 
the writer on tungsten might extend such crystals to 
greater length.” 

For this purpose, an arrangement sketched in Fig. 2 
was used." The weight was a piece of tungsten rod 
0.060 inch in diameter and ? inch long. The mercury 
was distilled in. The adjustable leak was a Hoke 


* Johnson, White, and Nelson, Rev. Sci. Instr. 9, 253 (1938). 
7L. Malter and D. B. Langmuir, Phys. Rev. 55, 743 (1939). 
See also D. B. Langmuir and L. Malter, Phys. Rev. 55, 748 (1939). 

®R. P. Johnson, Phys. Rev. 54, 459 (1938). 

®*Tantalum wire does not have as much tensile strength as 
tungsten wire so that tungsten spiral springs, which are used 
extensively with tungsten filaments, are not suitable for tantalum. 
Worthing (see reference 12) gives data on the thermal expansion 
of tantalum from which the cold extension of a spring can be 
calculated so as to let the wire go slack at any desired temperature. 
However, no data on the tensile strength of tantalum as a function 
of temperature are available. Flat molybdenum springs in zigzag 
shape were used and after several tries, the dimensions in Fig. 1{b) 
were found to give sufficiently weak springs to avoid breaking the 
wire. The width of the spring was 0.15 cm and the thickness of 
the molybdenum sheet was 0.003 inch. After forming, the springs 
were heated in hydrogen to approximately 1200°C for several 
hours. Springs four cycles in length were used for wires 30 cm long. 

1° M. H. Nichols, Phys. Rev. 59, 297 (1940). 

"A nickel wire guide ring, indicated schematically at A, was 
necessary because, without it, surface tension effects in the mer- 
cury pushed the weight over to the side of the tube. The position 
of the guide was such that the surface tension effects applied only 
between the thin tantalum wire and the guide. 
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Fic. 1. (a) Schematic diagram of electron projection tube used 
for observing thermionic emission patterns. (b) Schematic 
diagram for the zigzag spring. 


“OK” needle valve. With this apparatus, four runs 
were made with cold stretch of 1.2 percent, 2 percent, 
2} percent, and 4 percent. Temperatures from 2200°K 
to 2600°K were used during the lowering of the mercury. 
Mercury lowering rates ranged from 4 cm to 0.12 cm 
per hour. In the case of each wire, the effect of growing 
“seed” crystals prior to the lowering of the mercury 
was tried. This was done by a “‘static”’ heating schedule, 
similar to that of the first test run, with the mercury 
stationary. At the completion of the schedule, the 
mercury was first raised to overlap the seed crystal, 
formed just above the mercury during the heating, 
and then lowered at the desired rate. It was found that 
seed crystals were not necessary inasmuch as about as 
many of the longer crystals appeared to be started 
during the lowering as from seed crystals. From these 
runs, one crystal 1.5 cm long, one 1.2 cm long, and 
numerous crystals ranging up to 8 mm in length were 
obtained. The best results were obtained with a cold 
stretch of 2 percent, temperature 2400-2500°K, and 
lowering rate about 0.3 cm/hr. The 1.2 percent stretch 
produced only very small crystals and the 4 percent 
stretch appeared to be less effective than the 2 percent 
in producing larger crystals. This is in agreement with 
Mrowca’s results.‘ Figure 3 is a photograph of a projec- 
tion tube showing one crystal 1.5 cm long just below 
level No. 1 and one 1.2-cm crystal just below level 
No. 4 grown at 2400°K and lowering rate 0.35 cm/hr 
and 2500°K and lowering rate 0.3 cm/hr, respectively. 
The 1.2-cm crystal was more perfect than the 1.5-cm 
crystal. 

One run was tried with helium at a pressure of 4.5 
cm Hg asa filler gas in order to increase the temperature 
gradient at the surface of the mercury. The wire was 
raised to a temperature estimated by the color to be 
between 2500 and 2600°K and the mercury lowered 
at a rate of 0.2 cm/hr. After the mercury had gone 
down approximately 1.2 cm, the wire burned out. 
Subsequent electron projection tube examination 
showed no crystals over millimeter length. 


The foregoing experiments should not be considered 
as a complete investigation of the crystal growth prop- 
erties of tantalum, but rather as a background for 
further experiments. 


II. CRYSTAL GROWTH IN MOLYBDENUM 


One run was made on molybdenum wire using the 
apparatus of Fig. 2. The wire was Fansteel MOLY-G 
spec. 1.100-17 percent No. R8130-9 dated March 13, 
1950. The writer has been informed® that the wire 
“conforms to our specifications which designate limits; 
namely, iron 0.05 percent max, carbon 0.03 percent 
max, and molybdenum 99.9 percent min.” The data 
of Worthing” on the emissivity and resistivity of 
molybdenum were used in comparison with the same 
quantities relative to tungsten” to obtain an approxi- 
mate temperature scale, The mercury was lowered 
at rates ranging from 0.3 to 1.1 cm per hour at tempera- 
tures between 2000 and 2050°K. Figure 4 is a photo- 
graph of the thermionic projection tube containing 
this wire. Because the wire above No. 3 was thinned 
by evaporation, only the emission above this level 
shows in the photograph. Approximately 3? of the way 
from level 1 to level 3, several crystals jointly occupied 
the cross section of the wire but they extended several 
centimeters along the wire. The seed crystal technique 
was tried several times in this run but yielded no 
positive results. 


III. THERMIONIC PROJECTION TUBE PATTERNS 


The thermionic projection tube patterns of tantalum 
and molybdenum appeared to be qualitatively identical 
to that of tungsten.' The crystals are oriented with a 
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Fic. 2. Schematic of apparatus for producing 
moving temperature gradient. 
2 A. G. Worthington, Phys. Rev. 28, 190 (1926). 
4H. A. Jones and I. Langmuir, Gen. Elec. Rev. 30, 310, 354, 
408 (1927). 
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(110) crystal axis aligned with the wire axis. This 
results from slippage of the crystal planes during 
the drawing process.? Thermionic and field emission 
patterns of tungsten are qualitatively identical." 
No field emission projection tube patterns for tantalum 
have been published. Benjamin and Jenkins'’ have 
published a photograph of field emission from molybde- 
num. If the “lacy” pattern surrounding the (001) 
direction is assumed to be the result of impurities, 
than the pattern agrees with that of tungsten. As best 
could be determined from the molybdenum crystals 
of Fig. 4, the thermionic and field emission patterns for 
molybdenum are also identical. To explain the identical 
field emission and thermionic emission patterns on the 
basis of internal effects alone—i.e., on the basis of 
forbidden electronic energy bands—it would be neces- 


sary to have gaps in the allowed bands both at the 
Fermi level and at the surface barrier level for the 
(110), (112), and (001) directions.'* ‘That such should 
occur for the three different metals (still must be 
checked for the field emission from tantalum) all in 
the same way is, of itself, very unlikely. The other 
explanation of anisotropy of emission is variation in 


Fic. 3. Photograph of 
electron projection tube 
showing thermionic emis- 
sion pattern from single 
crystals of tantalum. A 
mechanical support blocks 
the view of the tube at 
about the middle. The 
nickel wire for collecting 
the secondary electrons 
from the fluorescent screen 
casts a dark shadow; the 
vertical collector wire is 
almost coincident with the 
hot filament. 


4 E. W. Miiller, Z. Physik 120, 261, 270 (1943). 

16 R. O. Jenkins, Repts. Progr. Phys. 9, 177 (1943). 

16 R. Haefer, Z. Physik 116, 604 (1940). 

17M. Benjamin and R. O. Jenkins, Proc. Roy. Soc. (London) 
A176, 262 (1940). 

18 C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949), especially pages 203 and 247. 
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Fic. 4. Photograph of 
electron projection tube 
containing the molybde- 
num wire. 


the dipole moments of the surface double layers on the 
various crystal surfaces.'* Since the three metals all 
form body-centered cubic crystals, presumably having 
similar electronic structure, it would be expected that 
the double layers would be of similar nature. Thus, 
based on these experimental results alone, it is reason- 
able to conclude that the anisotropy in the field and 
thermionic emission patterns of these metals is due 
mainly to differences in the moments of the double 
layers rather than to gaps in the allowed energy bands. 


IV. SURFACE STRUCTURE OF TANTALUM CRYSTALS 


The surface structure of the tantalum crystals 
produced by the techniques described in Sec. I was 
examined and photographed by the methods described 
in the accompanying paper.' The surface structure of 
tantalum crystals is similar to that of tungsten in that 
plateaus are formed normal to certain crystal directions 
and usually display a shingle-like structure.’ Figure 
5(a) is a photograph of the surface normal to the (110) 
direction of the lower of the two large crystals appearing 
in Fig. 3. This was taken after the heating given the wire 
during the crystal growth procedure, namely 34 hours 
at 2500°K and 20 minutes at 2600°K. Careful examina- 
tion of the other surfaces showed in some places a very 
faint plateau structure normal to the (001) direction 
but it was too faint to photograph. According to the 
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Fic. 5. Photomicrographs of tantalum crystal. (a) Photomicrograph taken along a (110) crystal direction after 3} hours at 
2500°K and 20 minutes at 2600°K. (b) Photomicrograph along (110) direction of same crystal as (a) after evaporating away 
approximately 5 percent of the wire diameter. (c) Photomicrograph of a grain boundary showing two plateaus. The larger 
plateau is normal to a (110) direction and the smaller is normal to a (001) direction. (d) Photomicrograph of portion of same 
crystal as in (b) taken along (110) direction. This shows variation in the plateau width. 


data of Langmuir and Malter,’ the heat treatment up 
to this point would produce, by evaporation, a reduction 
in wire radius of 10~° cm. 

The section of the wire including the two large 
crystals of Fig. 3 was mounted in a Pyrex tube contain- 
ing a barium-aluminum getter bulb. This tube was 
evacuated, baked, gettered, and sealed off with the 
usual precautions. Although no ionization gauge was 
used, a leak test using a mercury cutoff and the system 
McLeod gauge indicated a tight tube. The wire was 
then heated according to the schedule of Table I. The 
temperatures in this table were calculated from the 
original wire diameter corrected for evaporation using 
the data of Langmuir and Malter’ and are only approxi- 


mate. After approximately 5 percent of the wire diam- 
eter was evaporated, the wire burned out. The wire was 
removed from the tube and the photomicrographs of 
Figs. 5(b), (c), and (d) were taken. 

Figure 5(b), according to the writer’s notes, is a 
photograph of the same section of the wire as shown in 
Fig. 5(a). It is hard to explain the change in apparent 
grain boundaries, etc., in Fig. 5(b), but it is certain that 
both figures are photographs along a (110) direction. 
Structure could be found normal only to the (110) and 
(001) directions; the rest of the surface was smooth to 
within the resolution of the microscope except for the 
grain boundaries. The (110) plateau of Fig. 5(a) is 
approximately 0.01 mm wide. In Fig. 5(b), the (110) 





GROWTH 


plateau has grown to twice this width and the (001) 
plateau in Fig. 5(c) is approximately 0.01 mm wide. 
Since the diameter of the wire was 0.12 mm, a width of 
0.01 mm subtends an angle of about 10° at the center 
of the wire. Figure 5(c) shows a crystal boundary and 
(110) and (001) plateaus for comparison. The wider 
plateau is the (110). 

Figure 5(d) shows a (110) plateau of varying width. 
To a lesser extent, the width of the (110) plateau of 
Fig. 5(b) also varies. It is interesting to note that the 
shingle effect is not discernible in the region of narrow- 
ing width but is usually observed in the constant-width 
plateaus, as in Fig. 5(c), for example. This might imply 
that the region of narrowing plateaus is one of approach 
to an ideal crystal plane so that the plateau growth is 
inhibited.' A slight kink in the wire, changing wire 
diameter, or a slight bending of the crystal could 
bring this condition about. 

In general, the features observed and discussed 
relative to tungsten in the accompanying paper! are 
also applicable to tantalum. There are two features 
which appear to be different, however. One is that no 
plateau was discernible normal to the (112) directions 
in tantalum. The other is that the heat treatment be- 
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tween the taking of Fig. 5(a) and Figs. 5(b), (c), (d) 
approximately doubled the width of the (110) and 
(001) plateaus, whereas in tungsten such heat treatment 
did not appreciably change the plateau widths. Also, 
no interferometer measurements were made of wire 
diameter so thut the effect in Fig. 3 of the accompany- 
ing paper! was not observed. 

It should be mentioned that a cursory examination 
of the molybdenum crystals of Fig. 4 also revealed 
plateau and shingle structure. 
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Paramagnetic Resonance of Copper Complex Salts 
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(Received August 5, 1953) 


A paramagnetic resonance experiment was performed on Cu(NH3),SO,-H,O and Cu(NHs3)4(NOs)2. 
The character of the Cu(NHs3)«** group was analyzed and it was found that the g values of this group are 
small compared with that of the Cu(H,O),** group. This can be explained by two methods, one of which 
is the covalent bonding hypothesis, the other being the usual ionic hypothesis. The exchange interaction 


of these salts is very large, which is considered to be the result of covalent bonding structure. 





ROM the results of many experiments already 
performed by many investigators, it has been made 
clear that the ground state of the paramagnetic Cut+ 
ion in crystals is *D, and because of perturbations such 
as the crystalline electric field and spin-orbit coupling, 
the effective g value obtained in the paramagnetic 
resonance experiment varies from about 2.05 to 2.40 
when the angle between the crystal axis and the ex- 
ternal magnetic field is varied. These experiments were 
performed satisfactorily on some hydrated crystals 
such as CuSQO,:5H,O, copper Tutton salts, etc.' 
Recently, Bleaney and Ingram studied the paramag- 
netic resonance of ferric complex salts,’ which have been 
considered as typical examples of materials having 
anomalously low magnetic moments. As already pointed 
out by Abragam and Pryce,’ the hypothesis of a covalent 
bond which might exit between the Cut ion and the 
surrounding H»O molecules is unsuitable for these 
crystals. Thus, the Cu** ion and the surrounding H,O 
are only in a coordinated configuration and do not 
form a covalent bond structure. 
On the other hand, it has been pointed out by 
Pauling‘ that the Cu(NH;),** group forms a covalent 
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Fic. 1. Resonance curves of copper ammonium 
complex salt (powder). 


1 For example, R. D. Arnold and A. F. Kip, Phys. Rev. 75, 
1199 (1949). 

2B. Bleaney and D. J. E. Ingram, Proc. Phys. Soc. (London) 
A65, 953 (1952). 

3A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
206, 164 (1951); A. Abragam, Physica 17, 209 (1951). 

4L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1940). 


bond of (3d)(4s)(4p)? structure. We measured the g 
values of this complex group, using single crystals of the 
two salts Cu(NH;),SO,-H.O and Cu(NHs3)4(NO3)2 at 
room temperature, by means of paramagnetic resonance 
absorption at 21000 Mc/sec. Figure 1 shows the 
absorption curves of powdered ammonium complex 
salts, and also that of powdered copper sulfate for 
comparison with the former. From this, it is obvious 
that the g values of the complex salts are quite close 
to 2. Figure 2 shows the values of g as a function of the 
angles between the crystal axes and the external 
magnetic field in a Cu(NH;),SO,4-H,0 single crystal. 
From these data, we can get the principal values of the 
g tensor as shown in Table I. 

Unfortunately, we cannot deduce the values of gu 
and g, because of the lack of x-ray data, but comparing 
with the values of ga=2.25, gg=2.20, and g,=2.05 
obtained in the case of CuSO,-5H,O, the values of 
gu and g, in our case may be expected to be compara- 
tively small and near to 2. To explain this result, we 
performed the following calculation. As has been already 
mentioned, the electronic structure of Cu(NH;)4** is 
(3d) (4s) (4p). It is easily deduced that one 4 electron 
is almost free, and perhaps its state may be 4p, because 
of the covalent bond structure.’ However to calculate 
the deviation of the g values from 2, we started with 
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Fic. 2. Variation of g values with the angle between the static 
field H and the crystal axis in Cu(NH;),SO,-H,0. 





PARAMAGNETIC RESONANCE OF Cu COMPLEX SALTS 


TABLE I. The g values of copper ammonium 
complex salts. 








Substance ga 4) he 


ro nwa ‘-H,0 2.02+0.02 2.05+0.02 2.15+0.02 
Cu(NH3).(NOs)2 2.07+0.02 2.14+0.02 2.02+0.02 











*P as the ground state of the ion, and considered that 
the contribution of other higher states is negligible. 
We then introduced the crystalline electric field, the 
spin-orbit interaction, and the external magnetic field 
as perturbations.® 

As the Cu** ion is placed at the center of four NH, 
molecules which are in a plane, we may assume the 
symmetry of the electric field to be tetragonal, so that 
the Hamiltonian is given by the following equation: 


H=Hyt+D(x'+-y'+24) +4 (2+9°)— 242 
+)(L-S)+8H- (L+28). 


From the above equation, we get the following results: 

(1) The ?P state is not split by the spherically 
symmetric field. 

(2) The degenerate level is split by the tetragonal 
field into a singlet and a doublet and this splitting is 
(6/5) A (y*)m. 

(3) In addition, because of the (L-S) coupling, the 
doublet state is separated by an amount of the order 
of \. These results are shown in Fig. 3, and the energies 
are expressed as follows: 


Ey —W = }{ Eot E:— 94+ [ (Eo— E:— 9)?— 20°}, 


JW; = E,+3,, 
E— 
\W = 4{ Bot £i— $A—[(Eo— E:— $d)?— 207 J}. 


(4) The effective g values for each level when the 
external magnetic field is applied are calculated and 
are shown in Table IT. 

From the above results, we can conclude that the 
lowest state is Wo (using the notation of Table II). 
The value g,,=2 in the case of the Cu(NH;),** group 


TABLE II. The g values of each level. 








level eu 





Wo 2.00 
Wi 4.00 


W: 0 











5D. Polder, Physica 9, 709 (1942). 
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may be evidence of covalent bond structure, in agree- 
ment with Abragam’s work® and the present experi- 
mental result. Moreover, it is noticed that the sign of 
the tetragonal field constant A is positive while it is 
negative in the case of the usual Cu** ion, and the 
values of the splitting due to the tetragonal field can 
be calculated to be about 6000 cm~ from our experi- 
mental data if we assume that the value of \ is equal 
to that for the Cu** ion. But this value may be in- 
correct. Because of the covalent bond structure, the 
*P state is already affected before we consider the 
crystalline electric field. So in our calculation this effect 
must be considered, and this is accomplished by 
varying the L-S coupling constant X. 

In addition to the above considerations, we must 
consider the fact that these experimental results caa 
also be explained by the usual method calculated by 
Polder if we assume the crystalline cubic electric field 
to be two or three times larger than that of ordinary 
paramagnetic copper salts. Because of the lack of x-ray 
data, we cannot say whether the presence of this large 
electric field is probable. So, as the result of these 
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Fic. 3. Energy-level splitting of *P state. 


considerations, we must consider at least two possi- 
bilities for the ground state of the Cu(NH;),** group 
as distinct from the Cu(H,O),** group. 

Another interesting result is the half-width of the 
absorption lines. Because of the lack of x-ray data, a 
rigorous application of Van Vleck’s theory of dipolar 
broadening® is impossible; however, using the density 
of the single crystal, we can calculate from the dipolar 
interaction an approximate value of the half-width of 
about AH~400 gauss. But the experimental data 
show about 30~50 gauss in various directions in the 
case of Cu(NH;),SO,-H,0, and also a slightly larger 
value for the nitrate. Thus, our experimental results 
give about ys of theoretical values. Hence, very strong 
exchange interactions may be expected. This may be 
caused by the effect of a larger mean distance for the 
4p orbit than for the 3d orbit in the case of Cut* 
exchange interactions in the coordinated configuration. 

The authors are indebted to Professor M. Kotani 
at Tokyo University for helpful discussions on the 
problem of complex ions. 


J. H. Van Vleck, Phys. Rev. 74, 1168 (1948) 
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The results of some experiments referring to the analogy between the effects of H (uniform magnetic field) 
and @ (static mechanical stress) on the motion of Weiss domains are described. Together with the results of 
previous work, the present paper attempts to show the existence of a magnetoelastic Barkhausen effect. A 
special extensometer with a strain sensitivity of 10-’ and completely free from hysteresis was used. Experi- 
ments have also been carried out on electrical resistivity variation. The results are summarized as follows: 
the curves of the remanent strain, e-= (A//I), versus omax, and of the remanent electrical resistivity varia- 
tion, (Ap/p), versus Omax, traced for two Ni specimens, one as cast and one annealed, show the same be- 
havior as J, (remanence magnetization) versus Hmsx. Both remanent strain and remanent electrical re- 
sistivity variation can be reduced to zero by demagnetizing the specimen. By means of these experiments 
the characteristic points of the magnetomechanical hysteresis loop have been determined statically and 


compared with the magnetic case. 





1, INTRODUCTION 


OST of the effects of stress on ferromagnetic 

properties have already been studied by different 

authors,' but it is still worth while to devote some atten- 
tion to certain aspects of this problem. 

As a result of previous work by some of the present 
authors,?* it may be assumed that a close analogy 
holds between the effect of stress and magnetic field on 
domain motion. More precisely, for every ferromagnetic 
material there exists a characteristic mechanical stress, 
below which domains behave as in the field of Ray- 
leigh’s law; when, on the contrary, the critical value is 
reached, a true magnetoelastic Barkhausen effect takes 
place, with irreversible domain jumps followed by a 
quasi-elastic rotation. The analogy is very close, the 
only difference being that in the magnetoelastic case the 
macroscopic intensity of magnetization must obviously 
remain zero and the orientation of domain magnetiza- 
tion versus stress will depend on the sign of the magneto- 
strictive coefficient, being parallel or perpendicular ac- 
cording to its sign. 
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Fic. 1. (a) The specimen with the extensometer mounted on it. 
(b) Schematic view of the apparatus used. 














* Fiat Central Laboratory, Turin, Italy. 
1R. M. Bozorth, Ferromagnelism (D. Van Nostrand Co. Inc., 
New York, 1951), p. 595 ff. 

2A. Ferro and G. Montalenti, J. Appl. Phys. 22, 565 (1951). 

2 Bonfiglioli, Ferro, and Montalenti, Phys. Rev. 86, 959 (1952). 


It should be noted that the magnetoelastic Bark- 
hausen effect has been directly observed by a method 
strictly analogous to the one for the magnetic case, and 
described in a paper‘ which was unknown to the writers 
when their previous work was published. The above- 
mentioned analogy suggests the existence of magneto- 
mechanical energy losses corresponding to those of 
magnetic hysteresis. 

An examination of the literature on the problem of 
energy losses in mechanical loops of ferromagnetic 
materials shows that only the field of low stresses has 
been thoroughly investigated. For the dynamic case, 
the existence of losses proportional to the frequency of 
vibration has been shown. For the static case, there 
exist some papers®* on the “remanent strain” but still in 
the field of low stress. 

As to the results of references 2 and 3, it has been 
shown that: (a) all the curves of J,/J, versus o, 6 
versus oa, and J versus H show the same behavior 
(J=intensity of magnetization, J,=saturation mag- 
netization, J,= remanence magnetization, H = magnetic 
field, o=mechanical stress, 5=energy losses, J,/J, 
=parameter related to domain distribution); (b) a 
law similar to the Steinmetz empirical law holds also 
for the magnetomechanical energy losses; (c) magnetic 
hysteresis energy losses in a saturation loop are of the 
same order as magnetoelastic ones (in a mechanical 
cycle described with a very low frequency, between 
values of stress not far from the yield point). These 
measurements have been made with a torsion pendulum. 


2. PURPOSE OF PRESENT INVESTIGATION 


It seemed that it should be of some interest to in- 
vestigate these phenomena in the static case, for homo- 
geneous deformation and for stresses high enough to 
give rise to irreversible domain jumps. Because of ex- 
perimental difficulties it was impossible to draw directly 


‘Toru Kamei, J. Phys. Soc. Japan 6, 260 (1951). 
5G. Richter, Probleme der Technische Magnetisierungskurve 
(Springer, Berlin, 1938), pp. 93-113. 
W. Déring, Ann. Physik 32, 259 (1938). 
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FERROMAGNETIC DOMAINS UNDER STRESS 


the magnetomechanical hysteresis loop, as would have 
been desirable. The scope of the present work is there- 
fore limited to the following points: (a) to show that 
the remanent strain versus omax after release of a static 
mechanical stress in pure extension has the same be- 
havior as a magnetization curve; (b) to show that this 
remanent strain may be reduced to zero by demag- 
netizing the specimen (by successive hysteresis loops 
tending to zero): only in this way can we be sure that 
there are no errors due to plastic deformation; (c) to 
show that a similar irreversible process exists also with 
the electrical resistivity. 


3. DESCRIPTION OF APPARATUS 


The equipment used consists of a static test machine, 
with some particular features to obtain high accuracy 
in the centering of the load on the specimen by wire 
suspension, perfect load reproducibility by direct load 
application, absence of shocks during the charge with 
an hydraulic device, possibility of applying a magnetic 
field to the specimen, thermal screening between field 
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Fic. 2. Curves of remanent strain versus maximum stress and of 
remanent resistivity variation versus maximum stress for cast 
nickel. The uncertainty in the ordinate scale of Al,/l about 
+40 percent. 


wiring and specimen in order to avoid thermal drift, etc. 
The applied loads are of compression according to the 
fact that magnetostriction of the specimen is negative. 

The extensometer for the strain measurements is of 
a new type specially designed in order to obtain the 
necessary very high sensitivity and absolute absence of 
hysteresis. Since remanent strain is of the order of 10~* 
a strain sensitivity of 10~’ is required. Some initial 
attempts with other methods such as light fringes or 
strain gauges were unsuccessful. The main difficulty 
was to obtain an extensometer completely free from 
elastic hysteresis even after a large deformation, since 
the problem was the precise detection of the very little 
remanent strain in the specimen after the removal of 
the load. The extensometer shown in Fig. 1(a) consists 
of a plane phosphor bronze spring A, rigidly clamped to 
points M—M’ and elastically predeformed just beyond 
the point of flexural instability. A mirror G is rigidly 
fixed at one fourth of the distance MM’, and a light 
beam reflected on G rotates for an appreciable space 
when distance MM’ is slightly changed. An optical 
lever with a high-power telescope (equivalent lever 


~ 4 4 = , J 
a2 0.4 0.6 08 10 
Normal stress oz,, Kg/mm? 


Fic. 3. Curves of remanent strain versus maximum stress and 
of remanent resistivity variation versus maximum stress for an- 
nealed cast nickel. The uncertainty in the ordinate scale of Al,/I is 
about +40 percent. 


length 10 m) allows a sensitivity of about 0.02y per 
unit scale. 

From measurements on a duraluminum specimen, we 
observed that this device is entirely free from hysteresis, 
as stress at A is negligible and all connections are com- 
pletely rigid. It is, however, evident that such a device 
is not linear, but calibration may easily overcome such a 
difficulty. Calibration using as reference the elastic 
modulus of the specimen must be repeated every time 
the extensometer is removed from the specimen, as the 
sensitivity is greatly influenced by the initial MM’ 
distance. Another possible cause of error could have 
been a defect in axiality of load or homogeneity of 
material: however, a series of readings taken with the 
extensometer at 0° and 180° azimuth showed differences 
always less than 10 percent and therefore not significant 
to our grade of accuracy. The thermal screening be- 
tween specimen and field wiring did not give any de- 
tectable drift even for periods of time much longer 
than that required for demagnetizing the specimen. 

From the examination of root-mean-square errors of 
the many series of readings taken during the experi- 
ments, we conclude that the reproducibility of measure- 
ments within a series of readings is better than +10 
percent; and that the uncertainty in the absolute cali- 
bration of the extensometer is restricted to +40 percent. 
Results may nevertheless be considered satisfactory and 
allow sufficient reliability as to the description of the 
phenomenon. 

The drawing of Fig. 1(b) shows schematically the 
equipment used. 














Fic. 4. Curves of remanent magnetization (in webers/meter*) 
versus maximum field (in ampere turns/meter) for cast nickel and 
annealed nickel. 
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Tase I. Comparison of static and dynamic magnetomechanical losses. 








Saturation 
magnet ic 
losses (static) 


Specimen joules/m* 


Magneto- 
mechanical 

Magnetomechanical losses 
losses (static) omax kg/mm* (dynamic 4H;) 


Omas kg/mm? 
(sat. value)* joules/m* * 


(sat. value) joules/m?* 





Cast Ni 2000 


Annealed Ni 700 


480 
180 


4.25 104+ 416 4 
1 24+ 96 








. Seat reference 3 
4. RESULTS 


The results of the measurements are shown in Figs. 2 
and 3. The curves give the remanent strain e,= (Al/I), 
and the remanent percent resistivity variation (Ap/p), 
versus applied maximum stress. Curves were obtained 
on Ni specimens: in Fig. 2 for cast Ni and in Fig. 3 
for the same Ni annealed. The coercive forces of the 
two specimens were, respectively, 1200 Asp/m (ampere 
turns per meter) for the cast nickel and 200 Asp/m for 
the annealed one. Domain distributions in the specimen 
ure nearly identical and probably nearly isotropic: 
J,/J,=0.A40 for specimen No. 1 (cast) and J,,'7,=0.50 
for specimen No. 2 (annealed). 

Measurements have been made according to the 
following scheme: (1) specimen demagnetized (by suc- 
cessive hysteresis loops tending to zero)—unloaded— 
reading, (2) specimen loaded (till omax), (3) specimen 
unloaded—reading, (4) specimen redemagnetized— 
reading. The length of the specimen in state 4 is prac- 
tically identical to that in state (1). Taking omax as 
abscissa, the corresponding ordinate e, is given by the 
difference in length of the specimen between state (1) 
for (4) ] and state (3). Every experimental point rep- 
resents an average of 80 readings. 

Both curves of remanent strain ¢e, show a variation 
of slope for a certain critical stress and for higher values 
approach saturation: this behavior is strictly analogous 
to that of the remanent magnetization intensity J, 
versus maximum field 17,,.. and confirms the presence 
of the magnetoelastic Barkhausen effect (see also the 
papers quoted*”), (See Fig. 4.) Moreover, in the course 
of experiments it has been found that the maximum 
magnetoelastic remanent strain ¢, is about 4 of the 
remanent magnetostrictive deformation measured after 
the material has been magnetically saturated and then 
released. 

An attempt was also made to verify whether the effect 
of domain motion on electrical resistivity was analogous. 
Because of the low resistivity, the large cross section of 
the specimens, and the great difficulty of getting a good 
sensitivity, the measurements were not as precise as 
the ones made on strain. Nevertheless, the curves of 
Figs. 2 and 3 clearly show that also in this case an irre- 
versible variation of resistivity takes place at a certain 


critical stress and seems to show a similar behavior. 
Also, this variation can be reduced to zero by demag- 
netizing the specimen, and yields about $ of the rema- 
nent magnetoresistivity. We are indebted to Professor 
A. Drigo for the remark that these results on the elec- 
trical resistivity variation seem to give support to the 
fact that 90° jumps are the principal cause of the effect. 


5. EQUIVALENCE BETWEEN FIELD AND STRESS AND 
COMPARISON WITH MAGNETIC LOSSES 

The ratio between coercive forces of the two speci- 
mens is nearly identical to the ratio between critical 
stresses, and the two quantities seem thus to be simply 
proportional. An attempt was also made to correlate 
stress with field, using the equations developed by 
Bozorth’ and verified for the variations of resistivity on 
permalloy. By this theory, 


(A,=saturation magnetostriction). 


In our case, assuming \,=34X10~* (see reference 1, 
p. 659), we have o=1 kg/mm? and therefore H=900 
ampere turns/meter, and characteristic points of the 
curves of €, versus stress should correspond to those of 
curves of J, versus field: the agreement obtained with 
these data seems fairly good, especially for cast nickel. 

From the values of ¢, a rough comparison between 
static magnetomechanical losses with the dynamic ones 
can also be made. The order of magnitude of the area 
of the magnetomechanical loop, by analogy with the 
corresponding magnetic case for the same material, 
can be assumed equal to 4X4} Xe,Xomax: the approxi- 
mation with which this value is known may be about 
+60 percent; the difficulty of measurement did not 
allow more accurate values. It is nevertheless possible to 
confirm the results of a preceding work’ obtained with 
damping measurements and to confirm that the mag- 
netomechanical energy losses determined statically or at 
very low frequency for a stress high enough to obtain 
magnetomechanical saturation are of the same order 
of magnitude as the magnetic losses in the saturation 
loop, the former being nevertheless decidedly inferior 
(Table I). 

7™R. M. Bozorth, Phys. Rev. 70, 923 (1946). 
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Magnetic Susceptibility of Carbons and Polycrystalline Graphites. I* 


H. T. Prinnick 
Department of Physics, University of Buffalo, Buffalo, New York 
(Received September 25, 1953) 


In this investigation, the relation of susceptibility to the ¢ dimension of crystallites was studied over the 
range from turbostratic carbons with diameters of 50 angstroms, to graphitic crystals with diameters of at 
least several thousand angstroms. Two series of carbons, one Thermax carbon black in powder form, the other 
National Carbon baked rods, were prepared in which the crystallite size was varied by heat treatment to 
different temperatures. A third series consisting of carbon blacks with different particle sizes from SOA to 
3000A was prepared by heating to 3000°C, the particle size limiting the crystallite growth. The crystallite 
diameter was determined from the broadening of the x-ray diffraction lines, 10 (two-dimensional asymmetric 
diffraction line), and 110. The magnetic susceptibility was measured at room temperature by the Gouy 
method, and the measurements were made with fields ranging from 2000 to 11 500 oersteds to correct for 
ferromagnetic impurities. The mass susceptibilities of all carbons plotted against crystallite diameter fall 
within a narrow band showing that the susceptibility is primarily a function of crystallite size (Fig. 5). 
Almost all the increase in susceptibility from —0.5X 10~*/g for very small crystallites (aromatic molecules) 
to —7.8X10~*/g for large crystals takes place in the range of diameters from 50A to 150A. The sharp 
increase in susceptibility is discussed in relation to the changes in the Hall effect and thermoelectric power 
as a function of heat treatment. It is concluded that this increase is due to an increase in the filling of the 
x band which brings the Fermi level into a region of higher curvature of the constant energy surfaces. 


INTRODUCTION 


HE susceptibility of large single crystals of 

graphite was first measured by Ganguli and 
Krishnan! who found that the difference between the 
susceptibility parallel to the principal axis and that 
perpendicular to the principal axis is about —21.5 
X10~*/g at room temperature. This large anisotropic 
component of susceptibility has a strong temperature 
dependence approaching a constant value of —30.0 
<10-*/g at low temperatures and changing into an 
approximate linear relation with 1/T at high tempera- 
tures (7>300°K). Several investigators have found 
that when graphite crystals are ground to a size of one 
micron and smaller the susceptibility becomes consider- 
ably smaller.?* For crystallites containing only a few 
benzene rings the susceptibility should approach a 
value between —0.5X10~*/g, the value for a carbon 
atom, and —0.7X10~*/g, the average susceptibility for 
a randomly arranged system of benzene rings. Since all 
the change in susceptibility occurs in the region between 
very small and very large crystals, this is the region in 
which the relation of susceptibility to size had to be 
investigated. 

Miwa‘ attempted to check the existence of a relation 
between susceptibility and size from susceptibility 
measurements on a number of carbon blacks. The 
blacks used by him had different crystallite sizes re- 
sulting from different methods of preparation. His 
results indicated that the susceptibility increased 
roughly li linearly with the c dimension (thickness of 


M ~ # Support rted in part by the U. S. Office of Naval Research. 
cwvet li and K. S. Krishnan, Proc. Roy. Soc. (London) 
7s 168 (1941). 
27. R. Rao, Indian 
1935 (un epubls ed). 
u 
M. Miwa, Sci. Repts. Tohoku Univ. 23, 242 (1934). 


. Phys. 6, 241 (1931). 
esis, California Institute of Technology, 


crystallites perpendicular to the graphitic layers). The 
c dimension of his samples varied from about 10A up 
to 70A. Since the a dimension is approximately pro- 
portional to the ¢ dimension,’ this would mean that 
the susceptibility also increases linearly with the a di- 
mension. When the size becomes very large, the sus- 
ceptibility must approach asymptotically the value for 
single crystals of graphite. Even if Miwa’s results were 
correct, it is clear that the linear relation can hold only 
over a limited range of crystallite size. It is generally 
believed that the large susceptibility of graphite is due 
to motion of electrons in the planes and that the inter- 
action with neighboring planes is very small. Therefore, 
it seems that it is the a dimension which should be 
considered in studying susceptibility. Recently a con- 
siderable amount of information on the electronic 
behavior of carbons as a function of crystallite size has 
been obtained, and it seemed important to investigate 
more extensively the relation between susceptibility 
and crystallite size from hydrocarbons up to graphite 
in order to check on the proposed explanation. 

After this work was well under way, Wynne-Jones, 
Blayden, and Iley’ published a study of the suscepti- 
bility of carbons with crystallite diameters ranging 
from 20A to 90A and also of some natural graphites. 
The crystallite sizes of the carbons studied by them 
were in general smaller than those studied here. How- 
ever, the size ranges overlap sufficiently to permit a 
comparison of the results of the two investigations (see 
following). 


*R. E. Franklin, Proc. Roy. Soc. (London) 209, 196 (1951). 
*S. Mrozowski, Phys. Rev. 85, 609 (1952); Phys. Rev. 86, 
1056 (1952). 
( 7 Wynne-Jones, Blayden, and Iley, Brennstoff-Chem. 33, 268 
1952). 
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Fic. 1. X-ray patterns of 
carbons with large graphitic 
crystals (a), with crystals of 
intermediate size and layers 
partially aligned (b), and 
with small turbostratic crys- 
tallites (c). 
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EXPERIMENTAL AND RESULTS 
1. Sample Preparation 


Two somewhat different methods were used to obtain 
various crystallite sizes. The first consisted of heat 
treating a series of carbon blacks with particle sizes 
from 50A to 3000A, to a final temperature of 3000°C. 
It is known from electron microscope studies* that in 
graphitized carbon blacks, the particle size limits the 
crystallite growth. The series of graphitized carbon 
blacks, therefore, had different crystallite sizes but all 
had been heat treated to the same temperature. The 
second method consisted of heat treating samples to 
different temperatures to obtain different average 
crystallite sizes, Two groups of samples were treated in 
this way, one of commercial baked carbon rods from 
National Carbon Company, the other a carbon black 
with a large particle size d (Thermax, d~3000A). All 
the samples were heat treated in a furnace consisting 
of a graphite tube serving as a resistance element and 
the temperature was measured with a Leeds and 
Northrup optical pyrometer. An atmosphere of nitrogen 
was provided in normal runs, but chlorine was also 
introduced during some of the runs at temperatures 
around 1000°C to reduce the amount of ferromagnetic 


impurity. 
2. Measurement of Crystallite Diameters 


The crystallite sizes of all the carbons were deter- 
mined from the broadening of x-ray diffraction lines. 
In the initial stages of the investigation, the x-ray 
patterns were recorded photographically by the Debye 


*H. T. Pinnick, J. Chem. Phys. 20, 756 (1952). 
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powder method, and the broadening was measured from 
microdensitometer traces of the films, while later a 
North American Philips spectrometer was used. For 
the Debye powder patterns Cu x-radiation was used 
with a Ni filter consisting of two foils of 0,005-in. thick- 
ness placed around the circumference of the powder 
camera. Uniform size of samples was insured by 
extruding them through a 0.5-mm capillary. The charac- 
teristics of each film were determined with the aid of a 
rotating sector disk which gave five exposures each 
differing by a factor of two. These exposures were ad- 
justed to cover the range of densities on most films and 
except for densities lower than any background, the 
density [log(/Jo) as measured on a Leeds and Northrup 
microdensitometer] was linearly related to exposure 
time. Since the density above the background is directly 
proportional to the exposure, the half widths of the lines 
were determined directly from the densitometer trace 
of the total scattering after the background had been 
subtracted. For samples investigated with the spec- 
trometer, the lines were measured by a fixed count 
technique to reduce statistical error in the background. 

In order to get the broadening @ of the line due to the 
finite size of the crystallites, the instrument width } 
was subtracted from the total half-width B. The instru- 
ment width was obtained in both the Debye and 
spectrometer methods from the lines of coke graphitized 
to 3000°C, and of natural graphite in which the crystal- 
lites are so large that the size broadenings are negligible. 
The x-ray pattern of this coke is shown in Fig. 1, 
along with patterns of a coke of intermediate size, and 
one of very small size. The relation between broadening 
of a line and the crystallite dimensions is: =Cr/8 cos8, 





MAGNETIC SUSCEPTIBILITY OF CARBONS 


where ¢ is the dimension of the crystal perpendicular to 
the set of planes giving rise to the line, is the wave- 
length of x-radiation, and C is a constant ordinarily 
taken to be equal to one. However, small crystallites of 
carbon have a turbostratic structure with successive 
planes parallel, but randomly rotated about the direc- 
tion perpendicular to the planes so that lines corre- 
sponding to cross lattice reflections 4k/ of graphite are 
not present, and only lines corresponding to hkO and O00/ 
are observed (Fig. 1c). Warren® has shown that the 
diffuse reflections corresponding to the /k0 lines in 
graphite are the result of two-dimensional diffraction 
from each plane. He showed that the shape is asym- 
metric with the intensity falling off more slowly on the 
large angle side of the peak, and that the constant C in 
the above relation between broadening and size is equal 
to 1.85 for two-dimensional diffraction lines. As the 
crystallite size increases, the layers gradually become 
oriented in the crystallites in the same manner as they 
are in the graphitic structure. Franklin’ has shown 
that in heat-treated cokes the structure of a crystallite 
consists of a stack of parallel planes composed of a 
random mixture of groups of perfectly oriented planes 
and groups of completely disoriented planes. As the 
crystallite size increases, the percentage of oriented 
planes increases and Akl lines gradually begin to appear 
in the x-ray patterns. For example, the 101 line becomes 
noticeable when it is about 7s as intense as the neigh- 
boring 100 line. Experimentally, the beginning of align- 
ment is observed in carbons with quite different histories 
of temperature treatment in about the same range of 
sizes, that is, around 150A.* Therefore, the orientation 
of the layers is not caused just by the increased thermal 
motion at higher temperatures of heat treatment, and 
probably the orientation process is the result of two 
competing forces, one tending to align the layers and 
the other preventing alignment.’ For crystallites of this 
order the 101 line shows up on the large angle side of 
the 100 line in the form of a hump which gives an error 
of about 20 percent in the determination of crystallite 
size. Therefore, the 100 line was used only for size 
measurements of crystallites with diameters less than 
150A and above 150A where the alignment gives rise 
to Aki lines, the size was obtained from the half-width 
of the 110 line which is sufficiently intense at these 
sizes for accurate half-width determination (Fig. 1b). 


3. Magnetic Susceptibilities 


The magnetic susceptibility was measured, using a 
Gouy balance. A regular chainomatic analytical balance 
was modified so that the sample could be placed in the 
field of an electromagnet by directly suspending it from 
the balance arm. The sample and the nylon suspension 
were enclosed by a glass tube to protect them from air 
currents. The separation of the pole pieces was approxi- 


9B. E. Warren, Phys. Rev. 59, 693 (1941). 
” R. E. Franklin, Acta Cryst. 4, 254 (1951). 
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mately 2.0 cm and at this separation the maximum 
field obtainable was 11 500 oersteds, sufficient to achieve 
saturation of ferromagnetic impurities. The field in- 
tensities were obtained in each case by measuring the 
current in the coils, the measurement being made with 
a precision ammeter (4 percent). A calibration curve of 
field intensity vs current was obtained from fifteen 
determinations of the field made with a fluxmeter at 
current settings approximately the same as those used 
in the susceptibility measurements, and this curve was 
used to interpolate for fields corresponding to inter- 
mediate values of current. A special search coil was 
used for most of the higher field strengths and it was 
calibrated with the standard search coil supplied with 
the instrument. No current regulating device was em- 
ployed, since the current through the magnet was con- 
stant to within 1 percent over the period required for 
determining the force on the sample, and such a change 
in current causes an even smaller change in the field. 

The susceptibility of a powder sample was measured 
by placing the powder iu the upper part of a special 
container" divided in the center by a flat glass baffle, 
with the lower half of the container evacuated. The 
samples which were in the form of rods were suspended 
so that the lower end of the rod was in the center of the 
region of uniform field. It was necessary to consider the 
correction for oxygen in the air displaced by the rod. 
For the atmospheric concentration of 20 percent this 
correction has the value x= +0.03X 10~-*/cc, which was 
negligible for all samples in this investigation. 

The volume susceptibility of all samples, both 
powders and rods, was measured at room temperature 
for 15 different field strengths ranging from 2000 
oersteds to 11 500 oersteds, The experimental values of 
the volume susceptibilities were plotted against 1/H 
and this curve extrapolated to 1/H=0 to correct for 
ferromagnetic impurities. This procedure does not cor- 
rect for any paramagnetic impurities, however. 

In most instances the correction for ferromagnetic 
impurities (kso00—«.) amounted to less than 20 per- 
cent. Commercial graphite rods contain relatively 
large amounts of residual ferromagnetic material from 
the Fe,O; added to them to inhibit puffing during 
graphitization and one of these rods was used to check 
the validity of the procedure. The susceptibility of this 
rod was measured, and the extrapolated susceptibility 
obtained was —12.710~*/cc, a correction (s000— Ke) 
of 100 percent (see curve a, Fig. 2). Following LaRosa” 
the rod was purified by heating it in a chlorine atmos- 
phere at 250°C for 30 minutes and the curve of « vs 1/H 
after this treatment is shown in Fig. 2b. Finally, the 
rod was heated in a chlorine atmosphere at 900°C for 
30 minutes and the resulting curve of « vs 1/H is shown 
in Fig. 2c. The larger diamagnetic susceptibility in 
Fig. 2c at low fields, as well as the smaller value of the 


"P. W. Selwood, Magnetochemistry (Interscience Publishers, 
Inc., New York, 1943). 
2 M. LaRosa, Nuovo cimento 12, 284 (1916). 








ee sad 
ay (0) 


o 
2 


Lt (c) 


Fic. 2. Volume susceptibility as a function of the reciprocal of 
the magnetic field intensity for a graphite rod with ferromagnetic 
impurities removed by successive heat treatments in an atmos- 
phere of chlorine: (a) untreated; (b) treated at 250°C; (c) treated 
at 900°C. Correction added in proof: units are (10-* emu/cc). 
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slope of x vs 1/H, shows a considerable reduction of the 
amount of ferromagnetic material. However, the ex- 
trapolated value of « obtained from the curve, — 13.1 
X10~*/cc, differs from the extrapolated value for the 
untreated roc by only 2 percent. Since this treatment 
would probably have removed a large part of any para- 
magnetic impurities, the very small change shows that 
the amount of paramagnetic impurities is negligible. 
It also makes it very probable that the extrapolated 
values are quite reliable in the other cases where the 
correction (Ks000—K.) was only 20 percent or less. 

In the measurement of susceptibility of powders by 
the Gouy method, the uniformity of packing is the 
main factor limiting the accuracy of the final results. 
The column of powder in the container described above 
was about 16 cm long, and to obtain uniform packing 
the powder was loaded in 10-12 consecutive operations, 
each one filling about 1.5 cm of the tube. The data 
obtained for the packing of a typical powder sample 
(Fig. 3) show that the density of the powder column is 
constant to within +2 percent. A further check on the 
uniformity of packing was made by measuring the 
susceptibility with the container suspended at one 
position in the field, and then raising the container by 
half the average length of one of the sections in which 
the powder was packed and again measuring the sus- 
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Fic. 3. Density of a carbon black sample as a function 
of height of column. 





PINNICK 


ceptibility. For all samples the results were identical to 
within +1 percent. 


4. Results 


The results of crystallite size measurements and sus- 
ceptibility determinations are given in Table I. 

There are a number of points in Table I which require 
an explanation. In the case of powders, the tamping 
produces orientation with planes perpendicular to the 
axis of the sample tube and consequently decreases the 
measured value for the susceptibility since in this 
direction the susceptibility is —0.5X 10~*/g for all sizes. 
For example, two powder samples of natural graphite 
were measured without tamping, and the values ob- 


_Tasie I. Summary of results of determinations of the a 
dimension of crystallites and corresponding diamagnetic mass 
susceptibilities. 








Heat 
treatment 
(°C) 


a dimen- 
sion 
(A) 


Mass 
susceptibility 
(g~) 


Particle size 
Sample (A) 





3000 50* 90 

3000 100-200 100 

3000 300-330" 115 
360° 130 
430> 110 
1000-2000 150 
1500-2000 350 
2500-5000 500 
2500-5000 340 
2500-5000 180 
2500-5000 90 
2500-5000 
2500-5000 
10 000 


—5.1X10-* 
—5.2 
—6.7 
—7.2 
—6.7 
—7.8 
—6.8 
—7.4 
—7.0 
—7.1 
—4.0 
—1.7 
—19 
—7.8 


Carbolac 

Voltex 
Kosmobile 77 
Statex A 
Acetylene black 
Lampblack 
P-33 

Thermax 
Thermax 
Thermax 
Thermax 
Thermax 
Thermax 
Petroleum coke 
>. carbon rod 
. carbon rod 
. carbon rod 
. carbon rod 
>. carbon rod 
. carbon rod 
>. carbon rod 
>. carbon rod 
>. carbon rod 
. graphite rod 
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*R. P. Rossman and W. R. Smith, Ind. Eng. Chem, 35, 972 (1943). 
+ Carbon Black Manual (Witco Chemical Company, New York, 1945). 
* Interpolated from curve of a dimension vs heat treatment. 


tained for the susceptibility were about —6X10-*/g. 
For these samples the holder was tapped to pack the 
powders, and even without tamping the plate like 
structure of the particles with the c axis of the crystals 
perpendicular to the plates resulted ina preferred orienta- 
tion of crystal planes perpendicular to the axis of the 
sample tube. From electron micrographs of shadowed 
replicas of graphitized Thermax, it has been estab- 
lished that the structure of these carbon blacks 
changes during graphitization from spherical into poly- 
hedra with the crystallite planes parallel to the faces 
of the polyhedra. Therefore, when the carbon blacks 
are tamped, no preferred orientation should occur and 


3 E. A. Kmetko, Phys. Rev. 86, 651 (1952). 
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no correction for orientation is necessary to the values 
of Table I. 

The value of the a dimension for Carbolac found in 
this work is larger than the average particle size 
as specified by the manufacturer. The 002 line of the 
x-ray pattern of graphitized Carbolac consists of a broad 
line with a sharp peak superimposed on it showing that 
it is a mixture of two very different size distributions. 
These large crystallites give a relatively larger contribu- 
tion to the x-ray scattering since the contribution to 
the x-ray scattering is proportional to their mass. The 
average particle size is generally determined from 
average diameter so that the x-ray size measurement 
weights the larger sizes more heavily. In addition, 
Carbolac is manufactured by an oxidation of larger 
particles so there is a greater probability for graphitized 
Carbolac particles to consist of a single crystallite than 
for other carbon blacks where the average crystallite 
size is about § to } of the particle size. 

In Fig. 4, the susceptibilities at room temperature of 
the series of National Carbon rods and the series of 
Thermax carbon blacks heated to different tempera- 
tures, are plotted as a function of the crystallite diam- 
eter. The two curves have similar shapes but reach 
slightly different values at larger crystallite sizes where 
the susceptibility is almost constant with increasing 
size. In the process of extrusion of carbon rods, the coke 
particles become aligned and there is consequently a 
preferential orientation of the crystallites relative to 
the axis of the rod. The preferred orientation will be 
with the crystallite planes parallel to the axis of the rod 
but randomly oriented about this axis. The partial 
alignment occurring in extrusion might explain why 
slightly higher values are obtained for commercial 
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graphite rods than for carbon blacks and polycrystalline 
graphites with no preferential alignment. 

There is also a small difference in the size range at 
which the rapid increase of susceptibility occurs. This 
might be due to the two series of samples having a 
somewhat different distribution of sizes, so that the 
averaging in the x-ray size determination would give 
the same average crystallite diameter, but the averaging 
in the susceptibility because of its different statistical 
weighting of the sizes would give a little different 
average value for susceptibility. The very similar be- 
havior of these two series of samples suggests, however, 
that the susceptibility is primarily a function of crystal- 
lite size with possibly small differences arising from 
variations in structure due to the origin of the carbons. 
In Fig. 5, the susceptibilities of all the carbons investi- 
gated regardless of origin are plotted against crystallite 
diameter and they all fall in a narrow band which 
lends further support to the view that the susceptibility 
is in some unknown way depending on crystallite size. 


DISCUSSION 


As can be seen from Fig. 5, where the mass suscepti- 
bilities at room temperature of all the carbons investi- 
gated are plotted as a function of crystallite diameter, 
almost all the change in susceptibility from the value 
for very small crystallites to that for very large crystals 
occurs in the relatively small range of crystallite diam- 
eters from 50A-150A. This is in disagreement with the 
work of Rao? and of Gregory* who found that suscepti- 
bility of large crystals of natural graphite already 
starts decreasing when they are reduced to a size of 
one micron by grinding. They also found a decrease in 
the susceptibility of Bi ground to a similar size. It was 
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shown later that the decrease of susceptibility of Bi was 
due to surface films of oxides and other impurities 
introduced by the grinding process." Since it is known 
that oxide surface films are formed on carbon when it 
is ground in air,'® it seems likely that such surface films 
were responsible for the decrease of susceptibility of 
small crystals of graphite in their experiments. The 
dependence of susceptibility on size found in the present 
investigation also disagrees with Miwa‘ who found a 
linear increase of susceptibility with size up to 70A 
(c dimension), His results, however, can only be con- 
sidered as qualitative since he did not determine the 
crystallite size for the carbons whose susceptibility he 
investigated, but used the values quoted by other 
investigators for carbons of the same type but probably 
of different origin. 

The recent work of Wynne-Jones, Blayden, and Iley,’ 
on the other hand, is in general agreement with the 
results reported here in the size range from 50A-100A, 
with several noteworthy differences however. They 
found that for carbons produced by coking cellulose, 
dibenzathrone, and a pitch extract, the susceptibility 
increases slowly with size from —0.5X10~*/g at 20A 
up to about —1.010~*/g at 40A, then more and more 
rapidly for diameters in the range from 40A-100A. 
The susceptibilities of these three particular carbons 
are somewhat lower at small sizes than the carbons 
investigated in the present work. The susceptibility at 
such small sizes, however, depends strongly on the 
percentage of the carbon which is in the form of con- 
densed molecules. In the coking of the particular organic 


(198 ame, Varma, and Anwar Al-Hag, Kolloid-Z. 78, 9 
WR. H. Savage and C. Brown. J. Am. Chem. Soc. 70, 2362 
(1948). 


materials which they used, the aromatization process is 
probably less rapid due to the formation of cross links 
between rings which hamper the growth of larger con- 
densed ring molecules. Furthermore, the region of 
crystallite sizes where they found the fast increase of 
susceptibility is shifted towards somewhat small sizes 
relative to those found in this work. They did not 
observe the leveling off of the susceptibility at values 
about 150A since their crystallite size range extended 
only to 100A. Their curves for the three types of carbons 
do not overlap but are shifted somewhat relative to one 
another along the horizontal axis and this led them to 
conclude that there is no general relationship between 
susceptibility and crystallite size. Such small differences 
between carbons with different structures are certainly 
to be expected and a study of them might present an 
interesting field for further investigation. However, the 
existence of such a general dependence on size as given 
in Fig. 5 is very significant and requires an explanation. 

The anisotropic component of susceptibility of con- 
densed aromatic systems seems to be well understood 
at present. Pauling'*® was the first to propose an explana- 
tion of this large anisotropy. He assumed that in setting 
up the magnetic field, circulating currents are induced 
around the aromatic rings in addition to the regular 
induced currents within atoms responsible for ordinary 
atomic diamagnetism. The induced currents represent 
something like a Larmor precession of the electrons 
and the calculated magnetic moment increases very 
rapidly with size. This semiclassical model gives a value 
more than 50 percent too large in the case of four con- 
densed rings (pyrene) and a value equal to that of 
graphite already for a molecular diameter of about 40A. 


16 L, Pauling, J. Chem. Phys. 4, 673 (1935). 
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London” and Brooks'* made quantum-mechanical cal- 
culations for aromatic systems and London, for example, 
obtained values in good agreement with experiment for 
systems containing up to four rings. These calculations 
show that the anisotropic component of susceptibility 
is very nearly proportional to the number of benzene 
rings with small deviations due to differences in arrange- 
ment of the rings. Experimentally, the proportionality 
to the number of benzene rings holds up to a ten-ring 
system (ovalence"). It has been pointed out’ that this is 
just what one would expect since the resonance elec- 
trons in these aromatic molecules just fill a Brillouin 
zone and for a full zone the diamagnetism should be 
proportional to the molecular volume or in this case 
to the number of benzene rings. Assuming that this 
result can be extrapolated to larger systems, it is found 
that the average susceptibility of the electrons plus 
the atomic susceptibility for randomly arranged planes 
of 15A diameter is —1.6X10~*/g, for planes 25A in 
diameter, —1.8X10~*/g, and for the limiting case of 
very large crystals (two carbon atoms per ring), 
—2.0X10-*/g. The planes in crystallites of carbon are 
not all of the same size and shape. Furthermore, some 
of the carbon is in the form of a disorganized phase dis- 
persed in the intercrystalline regions. Therefore, these 
extrapolated values will represent an upper limit for 
the total closed shell diamagnetism at a given size, 
the lower limit being —0.5X10~*/g, the value for 
completely disorganized carbon atoms. The relative 
amount of carbon in the disorganized form will un- 
doubtedly depend on the starting material so that for 


17 F, London, J. phys. radium B, 397 (1937). 
18H. Brooks, J. Chem. Phys. 8, 939 (1940) and 9, 463 (1941). 
1 Akamatu, Inokuchi, and Handa, Nature 168, 520 (1951). 
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crystallite sizes up to 50A, the susceptibility will fall 
somewhere between these two limits; in fact, this is 
what is always observed in experiments. 

It is evident that the closed-shell diamagnetism can 
account for only about a quarter of the total suscepti- 
bility of randomly arranged large crystals of graphite. 
Therefore, the remaining three-quarters must have a 
different origin. Ganguli and Krishnan' assumed that 
the anomalous susceptibility of graphite is due to a 
Landau-Peierls diamagnetism of the w electrons which 
form a two-dimensional gas with a low temperature of 
degeneracy. In order to fit the theoretical curve with 
the experimental data, they further assumed that elec- 
trons have effective masses equal to the electronic mass 
for directions of motion in the plane, but a very large 
effective mass in the direction perpendicular to the 
plane. However, their theory raised some serious ob- 
jections in regard to specific heat and paramagnetism. 
A modification of the Ganguli-Krishnan theory which 
considers the Landau diamagnetism of holes and ex- 
cited electrons removes these difficulties and gives a 
reasonable agreement with the experimental data.° 

As mentioned above, for sizes below 50A the meas- 
ured susceptibilities are always below the limiting value 
for the closed-shell diamagnetism of aromatic molecules 
and it seems probable, therefore, that in this region the 
Landau diamagnetism is zero or at least very small, For 
sizes of 75A and above, the disorganized carbon phase 
is not present, having been used up in the growth of 
turbostratic crystallites. This is shown by the dis- 
appearance of the strong diffuse scattering occurring in 
the x-ray patterns of all baked carbons which has been 
observed by Franklin® and in our laboratory. There- 
fore, above 75A the Landau diamagnetism of excited 





326 


electrons and holes is obtained by subtracting the closed 
shell diamagnetism from the total susceptibility. This 
difference is roughly plotted as a function of crystallite 
size in Fig. 6. The increase of the Landau diamagnetism 
from zero to its maximum value over the range of 
diameters 75A-150A is very sudden, and it is interesting 
to inquire as to which factor is mainly responsible for 
such a behavior. 

One might be inclined to attribute the appearance 
of the Landau diamagnetism to the additional order 
introduced by the change from the turbostratic struc- 
ture of small crystallites into the three-dimensional 
ordered structure of large graphite crystals. For ex- 
ample, the anomalously large diamagnetism of Bi dis- 
appears when its crystalline order is destroyed upon 
melting.” However, this additional ordering in carbons 
takes place over quite a wide range of crystallite sizes 
and only about 25 percent of the planes are ordered? at 
the sizes when the Landau diamagnetism has already 
reached its maximum value. 

The energy gap between the w band and the conduc- 
tion band decreases with increasing crystallite size. The 
gap is very !arge for small crystals and is zero, or might 
even be negative (slight overlap of bands)* for large 
crystals of graphite. One might ask if the steep rise in 
Landau diamagnetism is not directly connected with 
thermal activation of electrons into the conduction 
band. In order to examine this explanation, the behavior 
of the Hall effect” and thermoelectric power™ as a 
function of crystallite size has to be considered. For 
carbons with crystallite size of 50A the Hall coefficient 
and thermoelectric power are both negative, since so 
many 7 electrons are trapped in surface states that the 
Fermi level is depressed below the inflection curve on 
the energy surface. As the crystallite size is increased 
the number of surface traps becomes smaller, and the 
electrons released from these traps return to the r band 
thus raising the Fermi level. At crystallite sizes of 
approximately 75A, the Fermi surface is located close 
to the inflection curve and in this range the Hall 
coefficient and the thermoelectric power change sign. 
For larger sizes the filling of the w band increases 
steadily. As a result, the effective number of carriers 
decreases, and the Hall coefficient and thermoelectric 
power increase up to a positive maximum at sizes of 
about 125A. For sizes larger than 125A, the Hall coeffi- 
cient and thermoelectric power start decreasing since 
the activation energy becomes progressively smaller and 
consequently more and more electrons are thermally 
excited into the conduction band. It is evident that the 


” N. F. Mott and H. Jones, Theory of the Properties of Metals 
and Alloys (Clarendon Press, Oxford, 1936). 

*1 §, Mrozowski, J. Chem. Phys. 2i, 492 (1953). 

@E. A, Kmetko, ]. Chem. Phys. 21, 2152 (1953). 

%E, E. Loebner, Phys. Rev. 84, 153 (1951); Phys. Rev. 86, 
1056 (1952). 
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increase in the number of carriers by thermal excitation 
cannot be the reason for the steep increase in Landau 
diamagnetism since both the Hall coefficient and ther- 
moelectric power show there is no appreciable excitation 
of electrons at room temperature for sizes less than 
125A, and for this size the Landau diamagnetism has 
already increased considerably. In fact, the effective 
number of carriers is actually decreasing slightly 
through the range 75A-125A.° 

As the energy gap decreases with increasing size, the 
curvature of constant energy curves might increase 
near the zone corners.® For a given filling of the zone, 
the susceptibility which is proportional to aya, will thus 
increase. Furthermore, at the same time as the Fermi 
level is raised by the return of trapped electrons into 
the x band with increasing size, the Fermi surface will 
also be nearer to the corner of the zone where the curva- 
ture of the energy surfaces is greater; thus the sus- 
ceptibility might again increase in spite of the decrease 
in the effective number of carriers. 

At present it seems most probable to the author that 
the sudden increase in Landau diamagnetism with 
crystallite size in the range of sizes 75A-150A is due to 
the combined influence of these two factors, that is of 
the increase of curvature of the energy surfaces near 
the zone corners and the raising of the Fermi level into 
regions of higher curvature. An investigation of the sus- 
ceptibilities of residue compounds of carbons with 
bisulfate ions and of the temperature dependence of 
susceptibility of carbons with different crystallite sizes 
is currently being performed and it is hoped that it 
will furnish some information as to the relative im- 
portance of these two factors. 

It seems very significant, however, that the suscepti- 
bility reaches almost its maximum value at 150A and 
stays approximately constant from there on over such 
a wide range of crystallite sizes, a range in which the 
Hall effect, thermoelectric effect, and electric resistivity 
vary so strongly. Of course, due to a lack of knowledge 
of the exact shape of the energy surfaces, the whole 
discussion can be only qualitative and the explanation 
of all details is at present impossible. On the other hand, 
it appears possible that the whole approach to the 
theoretical explanation will have to be strongly modified 
in the light of the results of the recent work on Landau- 
Peierls diamagnetism as reported by Dingle,* Adams,” 
and others. 

The author wishes to express his thanks to Professor 
S. Mrozowski, who suggested the problem, for his 
continued advice and encouragement. The x-ray spec- 
trometer was obtained with the assistance of a grant 
from the Research Corporation. 


*R. B. Dingle, Proc. Roy. Soc. wry oN 118 (1953). 
*% E. N. Adams II, Phys. Rev. 89, 633 (19 
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The refractive index is defined in terms of momentum and energy changes in first-order transitions of a 
system consisting of the particles of a refractive medium in interaction with the electromagnetic field. 





N a previous article,' a quantum-mechanical defini- 
tion was given for the dielectric constant of a non- 
magnetic material, and it was shown that subject to 
certain restrictive conditions it led to the Kramers- 
Heisenberg dispersion formula. It is the purpose of the 
present paper to show that the above definition, con- 
sidered now as a definition of the square of the refractive 
index, is of much greater generality than was at first 
apparent. 

As in I, we consider a system § consisting of the 
electromagnetic field and the atomic particles of a 
refractive medium in interaction. The Hamiltonian for 
this system has the form 


€ (ej 


ei 
H= EanatntE/( a. Ate) +E 
a i c 7 1 f5— 
where the form of the function /; will depend on the 
nature of the ith particle and on whether it is treated 
relativistically or nonrelativistically. In particular, f; 
may be a function of spin variables but is to depend on 
positional variables only through the term A(r,) in its 
agrument. The momentum of the system S is given by 


P= L2mmegn*atd pi. (2) 


To verify that this is the correct expression, it is to be 
noted first that it has the correct form for the limiting 
case of no interaction between particles and radiation. 
It then remains only to show that P is a constant of 
the motion, that is, that P commutes with H. With the 
aid of the relations, 

V-A=0, (3) 


Con.gu* ]= (h/2rr)bx4, (4) 
(99. 1= [a*,qu* ]=0, (5) 
it is easily verified that 
CP,pi— (e,/c) A(r,) ]=0; 


then since we also have 


and 


(7) 
it follows that 
(8) 
With the aid.of (2), (4), and (5), we also obtain the 
relations: 
CP.a*J=fmg* and [P,aj=—hmm. (9) 


1S, M. Neamtan, Phys. Rev. 92, 1362 (1953). The notation used 
will be that of the above article, to be referred to henceforth as I. 


Let n and m label two simultaneous eigenstates of 
H and P. Then from (9) we find 
{(n| P| n)—(m| P| m)—hwy}(n| gr*| m)=0, 
{(n| P| n)—(m| P| m)-+-hey} (n| q|m)=0. 
Thus we have 
(n| q,*|m)=0 unless (| P|n)—(m| P| m)=he, (11) 
(n|qx|m)=0 unless (n| P|n)—(m| P| m)= —hix. 
If now the system is perturbed through the addition to 
H of a term proportional to q,* (as would, for example, 
arise through the interaction2of S with a charged 
particle), first-order transitions may be induced in 
which the momentum of S increases by 


AP, =hm, (12) 


while transitions induced by a term proportional to 
g, will correspond to a decrease in momentum of the 
same amount. In the absence of a refractive medium, 
such transitions correspond to the emission (or absorp- 
tion) of a photon of momentum f/x. For the system S, 
therefore, we must interpret such transitions as corre- 
sponding to the emission (or absorption) in the medium 
of radiation with the same propagation vector x. 

Let a be any dynamical variable of the system S. 
Then in a representation in which H is diagonal, the 
matrix elements of a and @ satisfy the relation: 


(n| &| m)+-wnm?(n|a|m)=0, 


(10) 


(13) 
(14) 


where 
hidnm=(n| H|n)—(m|H|m). 
In particular, taking a= q,*, we have 
(n| Ga*| m)-+-wnm?(n| gr* | m) =0. (15) 
In a vacuum, the wave equation for the vector potential 


A, namely 


V?A— (1/c*)a*A/dP=0, (16) 


(n| Ga*| m)+ Cx n| g,*|m)=0. (17) 
If now (15) is to correspond to a wave equation in a 
refractive medium, we must write 


yields 


(18) 


CK? /wnm =H’, 
where yu is the refractive index. 
We have thus been led to the following definition. 
If, in a first-order transition of the system S correspond- 
ing to the emission or absorption of radiation with 
propagation vector ~™, the change in momentum is 
AP and the change in energy is AW, the refractive 
index is given by 


p=c|SP|/|AW|. (19) 
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Wannier functions for free electrons in one dimension are discussed in some detail. The effects of the 
choice of lattice points and unit cell size are discussed, and details of the symmetry properties of the one- 
dimensional nearly-free-electron wave functions are given. The general relation between symmetry in the 
local site and three-dimensional space group symmetry is given. The possibilities for localized orbital 
treatments of metals and perturbed lattices are considered, and the electronic structure of CdSb is examined 
in terms of localized orbitals. The term site orbital is proposed to include the special cases of Wannier func- 


tions and Lennard-Jones equivalent orbitals. 


INTRODUCTION 


NUMBER of different kinds of localized orbitals 

have been discussed in recent years. Wannier 
functions have been given a central position in Slater’s' 
work; they are defined by 


a(q—Q,)=N~* ¥ upo(q) exp(—ipo-Q,/h), (1) 
po 


in which po runs over all the crystal momenta of a band, 
not just those for which the corresponding functions upo 
are occupied. There are some ambiguities in this 
definition for multidimensional cases, with respect par- 
ticularly to the question of which functions are to be 
included in a band. 

Lennard-Jones’ school* has placed special emphasis 
on the equivalent orbital (EO). The EO work has dealt 
mostly with molecules, but there has been an applica- 
tion’ to crystals of the diamond structure. EO are 
defined as a set of orbitals spanning the same function 
space as some set of filled molecular orbitals or crystal 
orbitals, but having the property that their constant 
value surfaces are of identical shape, differing only in 
location and/or orientation. An antisymmetrized deter- 
minant of EO can be shown to be the same function of 
electron coordinates and spins as the antisymmetrized 
determinant of the molecular or crystal orbitals from 
which the EO are formed. As Lennard-Jones has shown, 
this property arises from the degrees of freedom pos- 
sessed by the solutions of a multielectron Schrédinger 
equation according to the Hartree-Fock method. 

It proves convenient to make use of a kind of orbital 
for which we shall introduce the designation “site 
orbital” (SO). These SO are like EO except that they 
need not be limited to being linear combinations of filled 
orbitals; EO are thus special cases of SO. SO in general 
do not have the EO property mentioned at the end of 
the last paragraph. The number of SO in a set is the 
product of the number of equivalent sites of a kind in 


* Supported in part by the Signal Corps. 

1J. C. Slater, Phys. Rev. 76, 1592 (1949); 87, 807 (1952), and 
references therein. 

2 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A198, 1 (1949) 


and many later papers. 
*G. G. Hall, Phil. Mag. 43, 338 (1952). 


the molecule or crystal by the degeneracy of the site 
orbital in the site symmetry. 

The great advantage of the EO approach is that 
certain features of the EO theory correspond to the 
chemical ideas of bond, resonance, and atomic orbitals 
left unaffected by bonding. Discussing molecular 
orbital theory in EO terms enables contact to be made 
with these chemical ideas, thus clarifying the connection 
between theory and experiment. Application of the 
same kind of idea in crystals has not progressed as far. 


WANNIER FUNCTIONS FOR FREE ELECTRONS 


It seems worth while to examine the Wannier func- 
tions for free electrons in more detail than previous 
authors as a prelimary to the discussion of symmetry 
properties of localized orbitals. We begin by setting up 
Wannier functions for the bands in a one-dimensional, 
almost-free-electron situation. Our one-dimensional 
crystal has the unit cell length a, and is N unit cells 
long, with a total length Z given by Na. Except for 
functions with energies in the immediate neighborhood 
of the band gap, the eigenfunctions are 


L- exp(ip-q/h). (2) 


As the perturbation is decreased and the potential 
becomes more nearly that for completely free electrons, 
the neighborhoods of the band gaps are contracted, the 
gaps themselves decrease, and the functions at the 
band gaps become, for the mth band, as is well known, 


( 2 y{} n IF 

— -q. (3 

L sin} in—Ia 
In a perfectly free-electron case, there are no band gaps, 
and any length at all might be chosen for a. The assign- 
ment of functions to bands depends on the choice of a; 
we will take advantage of this when we discuss the 
effect of choosing unit cell lengths which are multiples 


of the primitive length. 
The Wannier function for the /th band is given by 


a'(g—Qn)=N-* E> tupo'(g) exp(—ipo-Qn/h). (4) 
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Evidently the form of a(q—Q,) depends on the choice 
of phases for the eigenfunctions. The choice made in 
expressions (2) is only one of many possibilities; in a 
later section we consider the implications of this, 
meanwhile keeping to the phases of Eq. (2). Substi- 
tution in Eq. (4) gives on this basis 


th/la 


a'(q—-Q,)=(NL# 


p=(l—1)h/2a 


{expLip(q—Q,)/h] 


+expl—ip(g—Qn)/h]}. (5) 


The p’s in the summation are to be chosen by the 
periodic boundary condition 


p= (m/N)(h/a), (6) 


with m integral. It is to be noted that Eq. (5) is really 
inconsistent with Eq. (4) in terms of order N~4; the 
band edge functions are really given by Eq. (3), and 
the band edge functions used in (4) are 


l—1)r 
Ll cos Re (7) 
l Ja 


We may expect some difficulties in this connection. 
In preparation for replacing the summation in Eq. (5) 
by integration, we rewrite: 


a'(q—Qn) = (NL)-"K{exp[ wi (?— 1) (g—Qn)/a] 
N/2 
x y exp[ 2rim(q—Qn)/aN ] 


+exp[ —i(l—1)(q—Q,)/a] 


N/2 


xX ¥ exp[—2rim(q—Q,)/aN J}. (8) 


We now replace summation over m by integration over 
dm, which is equivalent to going to infinite N and 
keeping the summation. The result is: 


(NL)*(2mi (q—Qn)/NaJa'(q—OQ,) 
= {exp[i(l—1)(q—Q,)/a]} 
X {—1+exp[ri(q—0,)/a}} 
— {exp[ — i (I— 1) (q—0,.)/a]} 
X{—1+exp[—ri(q—Q,)/a]}, (9) 


a'(q—Qx) =a *La/#(q—Qn) }{sin[ I (q—Q,)/a] 
—sin{ (/—1)4(q—Q,)/a)}} 


= [2at/w(q—O,) ] sin[*(q—Qn)/2a] 
Xcos[ax(l—4)(q—O,)/a]. (9B) 


All this is a generalization of Wannier’s original work* 
and agrees with it, of course, in the case of /=1 worked 
out by him. Wannier functions should have the property 
of orthonormality in the range — ++ for the indices 
l and m; this is shown to be the case in an appendix. 


4G. H. Wannier, Phys. Rev. 52, 191 (1937). 


(9A) 
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It is instructive to compare the Wannier functions 
for the /th band with the eigenfunctions of an electron 
in a box centered at Q, with total length a. The /th 
such function is 


Wi=Vla-4 cos rl(q—Qn)/a]; Er=WP/8mat. (10) 


Equation (9B) shows that the /th Wannier function is 
similar to Eq. (10); it has (J—4) in place of / and is 
modulated by [(2a)!/#(q—Q,) ] sin[4(q¢q—Q,/2a ]. The 
energies of the /th band run from /?(/—1)?/8me’ to 
WP/8mee. 

There is another choice of phases for the summation 
in Eq. (5) which leads to particularly simple results. 
In this choice, functions with ~o>O are positive real 
at g=0; functions with po<0 are negative real at the 
origin. In this case Eq. (8) will have the plus sign con- 
necting the summations in curly brackets replaced by 
minus sign, and Eqs. (9A) and (9B) become 


a_'(q—Q,) =[a!/wi(q—Q,) ]{cos[ el (q—O,)/a] 
—cos[r(l—1)(q—Qn),a}}, 


a_'(q—Qn) =[2iad/w(q—Qn) ] sinfa(q—O,)/a] 
Xsin[(l—})r(q—Q,)/a]. (9B’) 


We shall henceforth refer to the a’s of Eqs. (9) as a, 
to distinguish them from a_ of Eqs. (9’). Since the sets 
a,(q—Q,) and a_(q—Q,) can be used to express the 
eigenfunctions of the same band, we expect to find a 
relation between them (probably correct up to terms 
of order N~!). This relation, derived below, turns out 
to be valid in the general one-dimensional case and is 
not limited to the free-electron potential. 

Let us try to express a_(q—Q,) in terms of the set 
a,(q—Q,). We see immediately that 


a(g—Qn)=N-* > f(po)upo(q) exp(—ipo-Qn/h), (11) 


(9A’) 


where f(fo) is plus one for pp>>0O and minus one for 
po<0, and the eigenfunctions “po incorporate the phase 
choice of the original equations (9). In general, 


upo(q)= N-4 * a4(9—Q,n) exp(ipo-Qn/h). (12) 


We substitute (12) into (11) to get 
a_(q—Qn)=N- ~. LX f(Po)as(q—Or) 
Xexplipo: (Qe—On)/h]. 


Replacing the summation over po by integration leads 
finally to 


a_(q—Q,) = ~ a4(q—Qk) 
X {cos (Qs—Qn)/a]—1}[a/e(Or—On) J- 


When we substitute our a, into Eq. (12), the result 
should be upo(q) ; if a_ is used, we should get upo(q) for 
po>0, —upo(qg) for po<0, or f(po)upo(q). Before check- 


(13) 


(14) 
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ing this, it is worth while to see what exceptions there 
might be. Suppose that our a(q—Q,) differs from the 
true Wannier function A by a term of order N~}: 


A'(q—Qn)=a'(g—-OnJ+N OX. (15) 
X may be taken to be of the form 


> &*(po)upot(g) exp(—ipo'Qn/h). 


4,po 


(16) 


In carrying out the operations of Eq. (12), we find that 
upo' (q) = N~4 X a'(g—Qm) exp (ipo: Qn/h) 
Qn 
+h C4(po)upo*(q). (17) 


Hence, it may be that for certain po (for which 
(po) #0), 


N~4 XY a'(g—Qn) exp(épo-On/h) 
- wno'(Q)— c*(po)upo"(q). (18) 


In other words, the result of applying Eq. (12) to 
a(q—Q,) yields a result which is characterized by po, 
but it is not the normalized eigenfunction po unless all 
c4(po)=0. This comes about because Eq. (12) picks up 
the term of order N~ in a(q—Q,,) ; we have to be careful 
because we are in effect taking a sum of N terms of 
order N~!N-t=N-, and this sum need not vanish, It 
is plausible, however, to expect this sort of difficulty at 
only a finite number of points po (a vanishingly small 
fraction of reciprocal space as N—>), since our a’s 
are actually orthonormal. If c4(fo) were not a sum of 
5 functions around a limited number of po’s, it would 
be hard to see how orthonormality could be preserved. 
Another way of putting this is that if c4(po) were dif- 
ferent from zero over a finite range of po’s, the term in 
X would no longer really be of order N~!. 

Keeping the discussion of the preceding paragraph in 
mind, we proceed to evaluate Eq. (12) for our a’s at 
the points po=0, h/2a, and h/4a. Let g/a=x, and 
Q,=na. Then, for po=0, 


1 


— 


N-A¥ a4!(q-Q.)=—— © —— 
n (Na)! » w(x—n) 


X sin[ 42 (x— | [(l—4)e(x—n)]. (19) 


cos 
sin 
Note that for even n 


sin(de(e—n)]| {Ce ere 
: cos 
=sin(de)| "IE 0—)e2} 
sin 
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and for odd n it is given by 


cos(4rx) 


(—)! sin rd—4er] 
ope \ eh 


It is therefore easy to break the summation of Eq. (19) 
into two parts to get 


cos 


[(/—})xx] 


even n 


sin 


(Nay "eC D> (x—n)*] sin(bx2)| 


(—)! sin 
+{> (2—n)-"] cos(de)| Ico-aee]}. 
(—)*"' cos 


odd n 


We now make use of the relationships 
> (x— 2r)-'= 44 cot ($22), 
> (4—1—2r)-'= — 4x tan(}aex) 
to evaluate the sums, and obtain® 
cos 
_ {LC—3)ex] 


(Na)~! | cos ($2x) 
sin 


(—)! sin 


(—)100 


|code] 


sin} 


cos 


for/ even, (20) 


a (va) | ns) 


sin 
cos 

= (We) {ropes for | odd. 
sin 


The case of 4/2a works out to 


cos 
(Wa) Irate] for / even; 
sin 
(21) 
cos 
(Na)-* 


sin 


(lirx) for / odd. 


For po=h/4a, it turns out that the sums involved must 
be split up into four partial sums, and the final result 
is, for J=1, using either a, or a_, 


(Na)~! exp (4ix). (22) 

Equation (22) is the result we expect for almost all 
po’s: it shows that Eq. (12) yields the true normalized 
eigenfunctions. The results summarized in Eqs. (21) 
and (22) are not normalized eigenfunctions; they lack 
a factor of V2. Moreover, it is clear that to get the 
result even proportional to the correct eigenfunction, 


5 The author is indebted to Mr. T. O. Woodruff for pointing 
out this relationship. 
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a, must be used when the band-edge functions are 
cosines, and a_ when they are sines. At other po’s it is 
immaterial whether a, or a_ is employed, but at po=0 
and h/2a, the terms in N~* make trouble. 

In this connection it is of interest to see what happens 
when we use Eq. (14) to express a_ in terms of a, and 
then try to evaluate upo(q) for po=0: 


N-*> a_(q—Q,) 


( Po n)/a }—1 
{cos[ Or Q J ——dy, (q—Qn) 





=-iNIT SF 
n ok 


™(Qt—Qn)/a@ 
cos[ *(Qk—Qn)/a ]—1 
™(Qe—Qn)/a 


This expression vanishes because the coefficient of 
a,(g—Q,) is a sum over Q of terms which are odd in 
(Q.—Q,); thus each positive contribution is cancelled 
by an equal and opposite one. Under no circumstances 
can a, be made to express a sine function. When we 
try to force the issue, only zero emerges. 





=~-iNAD|D 


n 6 


a4(g—-Qn). (23) 


CHANGING THE LATTICE POINTS 


One rather arbitrary feature of the definition of 
Wannier functions is the choice of the lattice points as 
the set {Q,}. Let us see, in the general one-dimensional 
case, what the effect is of using the set {Q,+ A} instead. 
Begin by writing the one-electron eigenfunctions in 
terms of the Wannier functions defined using Q, as the 
set of lattice points, as in Eq. (12). Let 


a*(q—Q,—A)=N~* D) upo (9) 


Thin Xexpl—ipo:(Qnt+A)/h]. (24) 


a*(q—Q,—A)=N u DX a(g—Qr) 
Xexplipo:(Qi—Qn— A)/h J. (25) 


Summation, or rather integration, over p» leads to: 


(QnA) Ser O00 N/a) 
*  #(Qer—Qn—A)/a 


Extending Eq. (26) to three dimensions offers no dif- 
ficulty. 

The relation (26) illustrates the lack of uniqueness 
of the Wannier function definition. Another way to 
describe the situation is to regard Eq. (26) as the 
formula giving the new Wannier functions appropriate 
to a new choice of phases in which the phase of each upo 
is changed by poA/h. The right-hand side of Eq. (26) 
appears highly delocalized, with contributions from 
Wannier functions centered at many points; but of 
course it is equal to the left-hand side, which contains 
just one Wannier function of the type a*. A direct 


a(q—Qx). (26) 
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check of the last equation for our nearly-free-electron 
case is given in an appendix. Another possibility for 
the free-electron case is a phase change in each function 
given by pA/h rather than by poA/h. The interesting 
relationships to which this choice leads are also dealt 
with in an appendix. 


CHANGING UNIT CELL SIZE 


Slater® has worked out the effect upon the Wannier 
functions of doubling the size of the unit length in a 
one-dimensional system. We shall cover approximately 
the same ground in this section; the freedom in manipu- 
lating Wannier functions given us by Eq. (26) makes 
it profitable to do so. 

We have to begin with a system periodic with the 
period a. The Wannier function of the band which 
concerns us is 6(q—Q,). The N different functions of ¢ 
realizing by choosing Q,=na form a complete set for 
describing any function belonging to the band. If we 
now decide to double the unit cell, we will have two 
bands of functions spanning the same function space 
as our one original band. There will be $V functions in 
each of these bands, so we see that what we are doing is 
just choosing another set of NV linear combinations of 
the V original band functions. The Wannier functions 
for the new (half-) bands will be designated as 
a'(q—Q,) and a" (g—Q,), with only even values of n. 

In the following equations, fo is a crystal momentum 
for the original description, and yo isa crystal momentum 
in the double unit cell system: 


h/la 


a(q—0,)=N-4 > 


po= ~h/la 


upo(q) exp(—ipo-Qn/h), (27) 


h/4a 


a(q-Q,)=QGN)* 


po = —h/4a 


tUuo exp(—ipvo-Q,/h), (28) 


h/4a 


a"(q-0,)=4NV) & 


wo = —h/4a 


tho” (q) 


Xexp(—ipo'Qn/h). (29) 


Equation (27) is valid for all integral »; Eqs. (28) and 
(29) hold for even only. We take téuo’ = upo=uo and 
Uo’ =Upo=“0th/2a using the plus sign for uo>O and 
the minus sign for uo<0. We note that the periodic 
boundary condition (P.B.C.) gives [m/(N/2) ]/(h/2a) 
=mh/Na as the allowed values of uo; hence, uo assumes 
the same values as fo below |uo| = 4/4a. Consideration 
of the foregoing relations shows fairly directly that 


a(q—Q,) = 2-*[a! (q—Qn) +a" (g—Qn) J, 
n even; 


a(q—Q,n—a)=2-*[a' (q—O,n—a)— a" (—On—a) J, 
neven, 


(30) 


(31) 


* J. C. Slater, Phys. Rev. 87, 807 (1952). 
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Note especially the sign of a!! in Eq. (31), which is 
what takes account of the difference between po and yo. 
The expression a'(¢~—Q,,—a) is to be interpreted as the 
function obtained from Eq. (28) by replacing Q, with 
Qn+a. Obviously, a(g—-Q,—a) is equal to a(q—Qn41), 
which could be shown formally from Eq. (26). We can 
also use Eq. (26), modified for the double periodicity, 
to express the right-hand side of Eq. (31) in terms of 
the set with even n: 


a(9—Qn4s)= 2-4 2 Lat(g—Qx)—a"(g—Ou) J 


even 


x {exp[$axi(k—n)}}[2/r(k—n—1)]. (32) 
Equations (30) and (32) show us how to express the V 
Wannier function of the full band in terms of the 2 
times 4N Wannier functions for the two half-bands, 
defined for even n only. 

The converse problem, that of expressing a! and a!! 
in terms of a, can be handled by expanding the former 
in series of the latter, using Eqs. (30) and (32) to 
evaluate the coefficients : 


a N(g—O,)=2-4 > (9-02) 


exp[ 42i(n—r) ] 
—Qy++41) ie 
+a(g-Q naar ag (33) 





We use the plus sign in expanding a! and the minus 
sign for a". We see very clearly that the reason for the 
appearance of Wannier functions from many sites in 
the expansion is our exclusion of half-band functions 
at other than even lattice points and our subsequent 
use of Eq. (26) to transform these away. 


SYMMETRY PROPERTIES OF WANNIER FUNCTIONS 


Our aim in this section is to see what can be said 
about Wannier functions on the basis of crystal sym- 
metry. Previous work in this direction has been done 
by Slater,* Koster,’ and Feuer. 

The definition of Wannier functions shows that they 
are linear combinations of eigenfunctions. Since the 
eigenfunctions belong to irreducible representations of 
the space group of the crystal, it appears that Wannier 
functions could be classified symmetry-wise by speci- 
fying just which irreducible representations (I.R.) of 
the space group characterize the eigenfunctions of the 
band. Another kind of symmetry characterization 
which might be desirable is a specification of the be- 
havior of a Wannier function under the symmetry 
operations which leave invariant the point about which 
it is localized. 

It is convenient to begin with a one-dimensional 
yxample which exhibits some of the results without com- 
plicated geometry. A case at hand is our nearly-free- 


7G. F. Koster, Phys. Rev. 89, 67 (1952). 
* P. Feuer, Phys. Rev. 88, 92 (1952). 
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electron one, which will have a space group involving 
translations by multiples of a along the line, and reflec- 
tions in lines perpendicular to the line of the crystal at 
points 4a, with m any integer. Consider the case in 
which the (P.B.C.) is applied to a region of the line NV 
unit cells long. No real loss in generality is involved in 
assuming that NV is even. Any operation of the group 
may be expressed in the form {R|t}, where R is either 
the identity or a reflection in the origin, and t is a 
translation ma. On account of the P.B.C., operations 
which leave the line translated by Na from its position 
at the end of a given operation are considered to be the 
same as the given operation. All pure translations are 
of the form {E|na}, and {E| (n+-N)a} is the same as 
{E| na}. Reflections are of two types; those which leave 
invariant a point translationally equivalent to the 
origin, of the form {o| na} with m even; and those which 
leave invariant the points translationally equivalent to 
ka, of the form {o|na} with n odd. It is to be noted 
that {a|na} and {o| (n+N)a} are to be regarded as the 
same operation, since they differ only in that the line 
is translated by Na after one of these operations with 
respect to its position after the other. This (or these) 
operation(s) leaves invariant two points, at $ma and at 
i (n+N)a. 

We can get at the symmetry properties of a band by 
considering the character system of the reducible repre- 
sentation for which its functions provide a basis. These 
character systems are represented in Table I for some 
interesting cases. The four rows of entries are for, re- 
spectively, the set of even Wannier functions for a band, 
the set of odd Wannier functions, the set of eigen- 
functions of a band for which the band-edge functions 
are cosines, and the set of eigenfunctions with sine-type 
band-edge functions. The character entries are obtained 
simply, as follows: x(£) is N for all four sets since they 
all contain N functions. The functions a, and a_ are 
translated into others of the set by any translation, and 
hence have zero character for translation. Two of them 
are left invariant (for a,) or have their sign changed 
(a_). The other kind of reflection interchanges members 
of the set. The effect of a translation on any upp is to 
multiply it by exp(ipo-t/h). This number becomes a 
diagonal element of the matrix representing the trans- 
lation; the sum of these diagonal elements is the char- 
acter, and this sum vanishes. Any reflection in points 
equivalent to the origin interchanges functions of the 
sets “po contributing nothing to the character, except 
for the two band-edge functions. These are left invariant 
[for #po(cos) ], contributing two, or change sign [for 
tpo(sin) |, contributing minus two to the character. A 
similar argument shows that the contribution to the 
character for the other type of reflection and for the 
sets “po vanishes for all but the band-edge functions, 
and the upper and lower band-edge functions give equal 
and opposite diagonal elements, so that the total is zero. 

One kind of set of “po which has apparently been 
neglected is that with one cosine-like and one sine-like 
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band-edge function. Actually, this kind of set is included 
already if we reverse the roles of the two types of 
reflection, which corresponds to moving the origin from 
the initial position to the mid-point of the first unit 
cell. This kind of set could have a sine-like upper-edge 
function and cosine-like lower one, or vice versa. The 
four possibilities correspond to the four possibilities 
for band-edge functions discussed originally by Shockley® 
(see Feuer’). 

The appropriate kind of Wannier functions to go 
with each of these kinds of bands is easily determined 
by comparing characters, We note the fact which we 
have already used, that a, is even with respect to re- 
flection at its center, and a_ is odd. Then the set a, 
goes with upo(cos) and a_ with #po(sin), as these sets 
have the same characters. Similarly, if we have cos-sin 
or sin-cos bands, the appropriate Wannier functions 
would be a,-like or a_-like, centered at points transla- 
tionally equivalent to 4a. 

If we are willing to give up the ability of the Wannier 
functions to produce the band-edge eigenfunctions 
when substituted into Eq. (12) requiring only that spo 
with po different from zero or h/2a be properly rendered, 
then we have no symmetry requirement at all on the 
Wannier function. They can be either odd or even, or a 
linear combination of odd and even functions about the 
center of localization. An example of this sort of thing 
occurred when we were able to express a_ in terms of a, 
—only the band-edge function gave difficulty in that 
case. The result is trivial when we recognize that the 
functions of a band have no symmetry properties 
which distinguish them from other bands except for the 
symmetry properties of the band-edge functions. How- 
ever, it points the way to an understanding of similar 
but more complicated situations which arise in two- 
and three-dimensional cases. 

In two and three dimensions, situations occur which 
make it difficult to assign energies to bands—there is a 
sticking together of bands so that, in effect, one energy 
may belong to several bands. We wish to settle what 
restrictions, if any, there may be on the symmetry 
behavior of a Wannier function of a band of energy 
levels in a multidimensional crystal. The general case 
would be rather complicated to carry through, but the 
kind of result to be expected will be clear from the dis- 
cussion of a special case, already treated from a some- 
what different point of view by Slater® and Koster.’ 
This special case is a square lattice with a potential 
given by the sum of Mathieu potentials in x and y, plus 
a small perturbation. The 0—1 and 1—0 bands are 
degenerate, and mix under the perturbation to give us 
a situation like that mentioned in the last paragraph, 
in which the bands stick together at the center and 
corners of the Brillouin zone. 

It is easy to see that in this case one may choose to 
represent this pair of bands a pair of Wannier functions 


*W. Shockley, Phys. Rev. 56, 317 (1939). 
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TasB_e I. Some characters for reducible re yresentations of the 
linear translation group with reflection. 








even " 
{o| ma} 


odd » 
{o|na} 


Basis function {E|0} (E| na} 


a, 0 2 0 
0 —2 0 
0 2 0 
0 —2 





a. 
tty, (cos-like) 
Up, (sin-like) 








which belong to a degenerate representation of the 
group C;, of the “atomic” sites, since these are in fact 
the functions with which the analysis of Slater and 
Koster began. These degenerate functions are not cor- 
related with the individual bands; it takes both Wannier 
functions to express an eigenfunction of either band. 
Slater and Koster go on to show how nondegenerate 
Wannier functions can be formed, each of which will 
yield by itself, under proper operations, the functions 
of one band. The point which is not clear so far is how 
on the one hand a pair of degenerate functions, and on 
the other a nondegenerate pair, can give the same bands 
of eigenfunctions. The resolution of the difficulty lies in 
perceiving that they really do not. Consideration of 
Slater’s® Eq. (51) and Table VI indicates that just at 
the corners and center of the Brillouin zone the non- 
degenerate Wannier functions produce not the appro- 
priate eigenfunction, but zero. We have a situation like 
that which we have seen already in the one-dimensional 
case, when the result of using a Wannier function of 
the “wrong” symmetry is to have the expression for an 
eigenfunction at some special po yield zero. This circum- 
stance is also reminiscent of the redundant coordinates 
which appear in the theory of molecular vibrations. 
Our conclusion is that we can indeed have nonde- 
generate Wannier functions if we are willing to give up 
their ability to reproduce the sticking-point eigenfunc- 
tions. This is very much in accord with the considera- 
tions of Bouckaert, Smoluchowski, and Wigner,"® who 
feel that the definition of a band of energy levels should 
exclude the sticking-point levels. 

Slater’s and Koster’s nondegenerate Wannier func- 
tions do, however, retain the ability to yield the eigen- 
function (at least to within a nonzero factor) at points 
reciprocal space lying on symmetry planes or axes. If 
this property is given up, then there would be no sym- 
metry restriction at all on the Wannier functions. 


RELATION BETWEEN SITE SYMMETRY AND 
SPACE GROUP SYMMETRY 


We intend to show some of the relations between 
crystal orbital theory and site orbital theory which arise 
from symmetry and which are of great value in trans- 
ferring ideas from one theory to the other. The 
argument can be put in a form applicable to either 
molecules or crystals; it represents an improvement of 


(  Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
1936). 
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a method due to Hall" in that here account is taken on 
the representation of the site group to which the SO 
belongs. We consider a set of SO, each belonging to the 
representation 7, of its site group. If the representation 
is degenerate we include al] the partners. We seek to 
find which irreducible representations I’; of the molec- 
ular or crystal (space) group span the reducible repre- 
sentation for which our SO form a basis. We proceed 
by finding the character Z(R) of this reducible repre- 
sentation for each operation of the molecular or crystal 
group. For a given operation there is a contribution of 
x;**'(R) for each site left invariant by the operation, 
where x,**'(R) is the character for R in the jth site 
group representation ; otherwise the contribution is zero. 


Z(R)=> 6.(R)x/*(R). 5.=1 if R is in site 


group of the ath site; 5.=0 otherwise. (34) 
We then reduce this representation to find which irre- 
ducible representations contribute to it. If Z,(R) is the 
character of R in I’;, we have for the number of times 
I’; appears in the reducible representation 


in= (1/H)>- Z*(R)Z(R), 


R 


(35) 


where H is the order of the molecular or space group. 
We substitute for Z(R) from Eq. (34) and use the 
relationship (36), based on the site group’s being a 
subgroup of the molecular or crystal group, to obtain 
Eq. (37). As Eq. (36b) shows, the a% are easy to 
determine once the character tables of the two groups 
are known: 


Ei(R)=L aux/* (R), 
k 
an= hk" >» xe" *:(R)E,(R), 
R 


(36a) 


R in site group. 
(36b) 


(37) 


ing= > os L Ditxn™® * (R)x,* ° (R)5.(R), 


in;= dij. (38) 
Equation (38) arises from application of the ortho- 
gonality relations for group characters and the definition 
of 5,(R) to get for the summation over R and k the value 
of ai;h, where h is the order of the site group and equal 
to H divided by the number of equivalent sites in the 
set. Summing over a leaves Eq. (38). This group theo- 
retical argument has been used earlier by the author"? 
for similar purposes. Equation (38) tells us which 
irreducible representations of the crystal or molecular 
group are included in the representations induced by 
SO belonging to the jth site group representations 
located on the sites a, and hence provides a way to 
translate the symmetry properties of a site treatment 
into those of a molecular or crystal orbital treatment. 
As an example of the application of (38) we may deter- 


"1G. G. Hall, Proc. Roy. Soc. (London) A202, 323 (1950). 
1H. Winston, J. Chem. Phys. 19, 156 (1951). 
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mine the number of times any F-dimensional represen- 
tation of the space group (F is the order of its factor 
group) appears in the space group representation 
induced by a set of SO centered on sites of symmetry C}. 
From Eq. (36b) a;;, and hence ‘n,;, is obviously 
(1/1)x1°'(E)Z,(E), or just F. 

A converse problem is the determination of the kind 
of SO which may be constructed if we know that we 
have molecular or crystal orbitals belonging to T;. In 
crystals the problem will be nontrivial only when I, is 
a representation for some special value of po at which 
the star is degenerate. Possible candidates for SO must 
be those belonging to such representations y; that a,; 
does not vanish; we can easily determine these by 
running through all representations of all kinds of sites. 
Whether the SO going with such 7 can actually be con- 
structed is further determined by whether we have 
molecular or crystal orbitals belonging not only to I; 
but also to I, for all nonzero a;. Functions of I’; need 
the cooperation of functions in the other representations 
I, in order that linear combinations of them belonging 
to y; may be set up. 

A point worth mentioning is that sites are not neces- 
sarily only the loci of atoms in a molecule or crystal. 
Any point in space is a site with a site group of at least 
C, symmetry. Of course, the more symmetry there is 
around a site, the finer is the symmetry classification of 
functions centered at it. 

The kind of symmetry information which is given us 
by the knowledge that we have a set of SO of a certain 
site symmetry on a set of sites is quite similar, we see 
from Eq. (38), to information about the symmetry of 
molecular orbitals or, in crystals, to information about 
the representations of band functions at special points 
in crystal momentum space. Further, the SO informa- 
tion is so much more closely related to chemical notions 
that it may be much more valuable to have the sym- 
metry information in the SO form. In the diamond 
lattice, for instance, it is much more revealing to know 
that the valence band functions can be represented by 
SO (here they are also EO) which are symmetric with 
respect to inversion at the inversion centers midway 
between atoms and, hence, are of a binding character 
than it is to know the complete reduction of the space 
group representation of these orbitals. Likewise, valu- 
able insight into the conduction band orbitals can be 
obtained from the “chemical” kind of information 
that the corresponding SO are antibonding, having a 
node between atoms required by their antisymmetry 
under inversion. 


EQUIVALENT ORBITALS IN METALS 


It seems worth while to see what can be said about 
metals. The distinguishing characteristic of metals in 
the band theory is that they do not have filled bands 
and, hence, it is difficult to define EO for them. How- 
ever, the artifice of introducing a superlattice, which in 
turn divides up the Brillouin zones for the original 





LOCALIZED ORBITALS 


lattice, always makes it possible just to include all the 
occupied crystal orbitals in filled zones of the super- 
lattice. The idea is applicable to ferromagnetic as well 
as to ordinary metals to the extent that the ground 
states can be represented by single antisymmetrized 
determinants. Whether the artifice has any value for 
quantitative investigations depends on how big the 
superlattice has to be made; evidently a superlattice so 
large that one cell of it encompassed the whole crystal 
would have its zones filled, but it would not simplify 
things at all. A point of qualitative interest is that the 
superlattice can be superimposed upon the original 
lattice in a number of ways equal to the number of 
original unit cells in one supercell. Going with each of 
these ways are sets of sets of EO. As Lennard-Jones? 
has shown, the possibility of defining sets of EO in more 
than one way (as for the x orbitals of benzene) arises in 
situations where other valence theories would invoke 
the concept of resonance. Since each of the EO so 
defined will be spread over many atoms (at least the 
whole super-cell), we seem to have a parallel to Pauling’s 
ideas" on the electronic structure of metals, which are 
based on an entirely different staring point. 


SITE ORBITALS AND PERTURBED LATTICES 


SO have a special value in the theory of perturbed 
lattices. The methods of Peckar" and Slater,' which use 
the crystal eigenfunctions or the Wannier functions of 
one band of the unperturbed lattice as basis functions 
for a perturbation calculation, are legitimate as long 
as the perturbation is small compared to the energy 
separation between bands. This restriction is not satis- 
fied in many practical cases in which degenerate bands 
occur or where the perturbation is comparable to the 
separation between nondegenerate bands. Adams" has 
provided a formalism for taking into account as many 
bands of the unperturbed lattice as may be necessary 
to expand the perturbed eigenfunctions. We propose a 
restatement of his method in terms of SO, which has the 
advantage that SO are generally much easier to visualize 
than Wannier functions in three dimensions. As in 
general the SO are linear combinations of Wannier 
functions, no more than a linear transformation of 
Adams’ equation is necessary to put it in the SO form. 

We can discuss qualitatively the perturbation caused 
by the removal of an atom from a diamond lattice, 
leaving a vacancy or Schottky defect. The perturbation 
is very large, compared even to the valence-conduction 
edge separation. A first approximation would consist of 
the use of the valence band SO’s, localized functions 
which are even with respect to inversion at the inversion 
centers of the crystal and which correspond to the 
chemical idea of bonds. We see immediately, though, 
that limiting ourselves to expansions in these SO is 


31. Pauling, Nature 161, 1019 (1948); Physica 15, 23 (1949). 
“4S, Peckar, J. Phys. (U.S.S.R.) 10, 431 (1946). 
16 E, N. Adams II, Phys. Rev. 85, 41 (1952). 
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found to be unsatisfactory, because the complete wave 
function will be unable to take full account of changes 
within an atomic distance of the vacancy, limited as it 
is by the form of the SO. In this case it seems profitable 
to supplement our basis functions by the SO for the 
conduction bands, which are odd under inversion. Now 
the exigencies of the perturbation can cause variations 
in the relative amounts of odd and even orbital on the 
sites surrounding the vacancy, and the result is likely 
to be much more realistic. If convenient, the odd and 
even SO could be combined to form one set of new SO, 
placed at points along the interatomic axes not on the 
inversion center but symmetrically located with respect 
to it. There will be four such SO nearer each atom than 
any other. They will be rather like the directed orbitals 
of a hypothetical carbon atom in space and will be well 
suited tc describing the situation at vacancy, where we 
may well expect the electronic structure at the neigh- 
boring atoms to revert to something like a free-space 
arrangement. 


SPECULATION ON STRUCTURE OF CdSb 


Semiconductors are characterized by possessing filled 
bands, with not too large an energy gap before the next 
empty band. It is not always easy to see why the energy 
gaps should come as they do. However, to the extent 
that we can characterize bonds by the corresponding 
EO, we can make sense of a filled band structure if it 
corresponds to a set of filled bonding EO, and if the next 
SO to be filled are obviously of higher energy. This 
notion is implicit in the work of Hall on the diamond 
structure. 

The crystal structure of CdSb and ZnSb has been 
determined by Almin.'’* These semiconducting com- 
pounds contain sixteen atoms per unit cell, arranged 
so that there are twenty-eight interatomic distances 
corresponding to Sb—Sb bonds and Cd—Sb (or 
Zn—Sb) bonds. There are also four interatomic dis- 
tances corresponding to Cd—Cd (or Zn—Zn) bonds. 
The Cd—Cd, but not the Zn—Zn, distance is signifi- 
cantly larger than can be accounted for by Pauling’s 
atomic radii, according to Almin. We thus expect that 
the Cd—Cd bonds would have higher energies than the 
other twenty-eight bonds, and we observe that these 
other twenty-eight bonds are just filled by the fifty-six 
valence electrons of the sixteen atoms in the unit cell. 
The Zn—Zn distance is not indicative of a higher than 
usual Zn—Zn bond energy, but we can still argue that 
the Zn—Zn bond is different from the other twenty- 
eight bonds and very likely has a higher energy even at 
its normal distance. In each case, then, we can qualita- 
tively assign all the electrons to a set of low-lying bonds, 
leaving the next higher ones empty. This illustrates the 
maxim that filled bands imply filled bonds, and vice 
versa. 


16K. E. Almin, Acta Chem. Scand. 2, 400 (1948) 
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APPENDIX 


We find directly the relation between a,4(q—Q,,— A) 
and a,'(q—Q,) for the nearly-free electron case by 
writing : an 1 expression for the former and expanding it 





jsin(a[1(q— Qn)— A \/a}—sin[x(/ 1-1) (q- Qn), fa} 


in a series of the latter. For simplicity we will write 
the a’s as a“(q—-Q,—A) and a(q—Q,), letting the / 
and + be understood. Equation (A1) is derived in the 
same way as Eq. (9). 





a*(q—Qn— A) = (—) a 


Now, a*(q-0,—- 


(Al) 
™(q—-Qn—A)/a 


A) can be expanded in series of the orthonormal set a(qg—(Q,) for the same band. Determination 


of the expansion coefficients involves evaluation of the integrals 


f dga*(q~Q,—4)a(q—-Qr), 


a long-winded but straightforward process. The result for this coefficient is 


_sin{{1(Qr—Q 


Qn)— A \/a} —sin[-r(/— 1)Qr~On)/a} 





™(Qi-Qn- 


A little trigonometric manipulation shows that Eq. (A2) is in agreement with Eq 


(A2) 
A)/a 


. (26). Writing it in this form, 


however, briags out the fact that the coefficient is, to within a factor of a~!, the same function of (Q,—Q,) that 


a* is of (g—(Q,) in Eq. (Al). 
If we define a“’ (q—0,— 


are positive real at the point A, then obviously a*’(q—-Q,— 


is of (q—Q,). 
sin{lr(q—Qn 


a*'(q—O, —A)=a rn REN lS hae ae 


As before, the coefficients in the expansion of a*’ in 
terms of the a’s can be readily evaluated. The coefficient 
of a(q—Q,) in the expansion of a4’(q—Q,—A) is 


sin[/ (Qr— Qn ~ 4)/a}—sin[ (\—1)"(Qe— Qn— 4)/a} 


—A)/a 


-#Q- 
(A4) 


Again, (A4) is of the same form, except for the factor 
a, as a*’ itself in (A3). 

The orthogonality properties of the nearly-free-elec- 
tron Wannier functions can be worked out in terms of 
the integral 


4 (1,s;m,n) = f a,*(7—Qm)a4*(q—Qn)dg. (AS) 


Upon letting g-Q,,=x, and gq—Q,=q—Qmt+ (Qm—Qn) 


—A)/a]- sin{ (/— 1)r(q—Qn—A), ond 


A) as the free electron Wannier function with the phases so chosen that bs eigenfunctions 


— A) is the same function of (g-Q,—A) that a (¢—Q,) 


(A3) 


«(q— il b)/a 








=x+ (m—n)a, and ‘defining F (1,3; m m—n) as 


oo aaer=pereemeemes 


f° [sin (wlx/a) } sin{ws 2+ (m— n)a |/a} 
el e+ (n— na |/o2 


a Va 
we have 


9 (1,8 ;m,n) = F (1,s; m—n)+ F (l—1, s-1; m—n) 


—F(l,s—1;m—n)—F(l—1,s;m—n). (A6) 


We can evaluate the F function as follows: 

F(1,s;r) =[sin((L,s)rx |/rr, (A7) 
where (/,s) denotes the smaller of / and s; we get, for 
l¢s—1, 

9 (l,s;m,n) =0, 
For /=s we have 
9 (1,1; m—n)=5m, n- (A9) 
The preceding equations imply 9 (1,s;m,n)=51, 5m, n, aS 
required for orthonormality. 


independent of mand n. (A8) 
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Electrical Properties of Pure Tellurium and Tellurium-Selenium Alloys* 
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The resistivity and Hall coefficient of pure, single-crystals tellurium and of six single-crystal tellurium- 
selenium alloys, ranging from 2.7 percent to 13.2 percent selenium by weight, were measured over the 
temperature range 90°K to 550°K, and a few of the samples were taken down to liquid helium tempera- 
tures. It was found that the alloys show the same double reversal in the Hall coefficient that is exhibited by 
pure tellurium, going from p type to m type in the general region of room temperature, and reversing back to 
p type at temperatures near 200°C. The upper reversal temperature decreases and the forbidden band 
width, as obtained from the slope of the resistivity vs temperature curves, increases with increasing selenium 
concentration. The room temperature resistivity and lower reversal temperature do not vary monotonically 
with alloy concentration but a correlation among them has been found based on ideal semiconductor theory. 
An explanation of the anomalous Hall coefficient which considers the effect of the electron configuration and 
the lattice structure on the energy band picture is discussed and it is shown how this hypothesis fits the 
observed facts. As a further test of this theory, the effect of a hydrostatic pressure of 5000 Ib/in. on the two 


Hall reversal temperatures was measured. 


I. INTRODUCTION 


HE electrical properties of single-crystal tellurium 

of various degrees of purity have recently been 
studied extensively at Purdue University' and at 
Téhoku University** in Japan. The results of this work 
show that very pure tellurium is a p-type semicon- 
ductor below about —40°C, that it reverses to m type 
at or above this temperature, depending on the im- 
purity concentration, and that it reverses back to 
p type at about 230°C, the latter temperature being 
independent of concentration. The forbidden band 
width, as obtained from the slope of the resistivity vs 
temperature curve, is 0.32 ev. In the work to be de- 
scribed here, we have extended these electrical measure- 
ments to tellurium-selenium alloys, the maximum 
selenium concentration being about 15 percent by 
weight. The anomalous second reversal was found in all 
samples studied, and since tellurium, selenium, and 
their alloys in all concentrations are isomorphous,‘ this 
phenomenon may be associated with the hexagonal 
lattice structure of these materials, the lattice being 
formed from spiral chains lying side-by-side.’ Callen® 
and Miller’ have proposed an explanation of the second 
reversal to be described below, which is based on a 
qualitative description of the variation of the energy 
bands with lattice spacings. This energy band picture 
is believed to arise from the combination of the group 


* Supported by a U. S. Air Force Contract. 

t Now at General Research Laboratories, Minneapolis-Honey- 
well Regulator Company, Minneapolis 8, Minnesota. Abstracted 
from part of a thesis submitted in partial fulfillment of the 
requirement for the Ph.D. in Physics at the University of Penn- 
sylvania, October, 1953. 

1V. E. Bottom, Science 115, 570 (1952). 

2 Fukuroi, Tanuma, and Tobisawa, Science Repts. Research 
Insts. Tohoku Univ. Al, 373 (1949). 

*T. Fukuroi and S. Tanuma, Science Repts. Research Insts. 
Tohoku Univ. A4, 353 (1952). 

4 E. Grison, J. Chem. Phys. 19, 1109 (1951). 

5 A. von Hippel, J. Chem. Phys. 16, 372 (1948). 

6H. B. Callen, J. Chem. Phys. 22, 518 (1954). 

7P.H. Miller, Jr. (private communication). 


VIb electronic configuration s*p‘ and the unusual lattice 
structure. In order to verify some of the predictions of 
the Callen-Miller scheme, the effect of an applied 
hydrostatic pressure of 5000 Ib/in.? on the two reversal 
temperatures of some 15 percent alloys was measured. 
It was found that this band picture also fits our other 
experimental results, namely an increase in the for- 
bidden band width and a lowering of the anomalous 
reversal temperature with increased selenium concen- 
tration. 


II, EXPERIMENTAL PROCEDURES 


The resistivity and Hall coefficient of a sample of 
pure single-crystal tellurium and of six single-crystal 
tellurium-selenium alloys were measured as a function 
of temperature over the range of 90°K to 550°K, and a 
few of the samples were carried down to liquid helium 
temperatures. These samples were prepared by Loferski, 
formerly of this laboratory, who used a modification of 
the Bridgman method.* The samples were cylindrical in 
shape, with a length of about 2 cm and a diameter of 
about 1 mm. Leads for electrical measurements con- 
sisted of 20-mil platinum wire welded to the sample by 
passing a high current through the wire. The tempera- 
ture range of room temperature to liquid air (or liquid 
helium) was obtained by use of a set of glass double 
dewars. The sample was in good thermal contact with a 
660-g copper block and a platinum resistance ther- 
mometer was used for temperature measurements. For 
the high-temperature range, the sample, a thermo- 
couple, a stirring rod, and a nichrome heater were 
immersed in a beaker of Prestone oil. This oil is actually 
a polyalkylene glycol and its charring point is about 
275°C. Conventional dc methods were used to measure 
the resistivity and Hall coefficients, voltages being 
measured with either a Rubicon Model 2780 Poten- 
tiometer or a Leeds and Northrup Model 9835A Indi- 
cating de amplifier. 


* J. J. Loferski, Phys. Rev. 93, 707 (1954). 
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Stainiess steel 
Oil Jacket 


T 


Fig, 1. Apparatus for measuring Hall coefficient 
under applied pressure. 


The apparatus for the measurement of the effect of 
hydrostatic pressure on the Hall coefficient is shown in 
Fig. 1. The hydraulic fluid was Prestone oil and pre- 
cautions were taken to insure thermal equilibrium and 
to eliminate errors in temperature measurements. The 
auxiliary heater at the top of the bomb was maintained 
at a temperature a few degrees above that at the bottom 
in order to establish a thermal block and thus reduce 
the internal circulation of the oil. The alloys containing 
15 percent selenium were selected for study in this 
apparatus, since these samples have the lowest anoma- 
lous reversal temperature and hence were the easiest 
to study. Note added in proof.—All of the single crystals 
and their C axis within 10° of the cylinder axis. 


III. EXPERIMENTAL RESULTS 


The electrical characteristics of the seven samples 
which were studied are tabulated in Table I. 

The resistivity and Hall coefficient curves for the 
7.1 percent sample are shown in Figs. 2 and 3, respec- 
tively, and the curves for the other samples appear in a 
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Fic. 2. Resistivity versus 1/7 for tellurium+-7.1 percent selenium. 


separate report.’ In addition to the pure tellurium 
sample shown in Table I, a run over a narrower tem- 
perature range was made on a sample of cp grade, which 
was prepared by recrystallizing the material as furnished 
by the supplier. Bottom! has shown that the purer the 
tellurium, the lower is the temperature at which the 
material reverses from p type to m type, and the re- 
sults for our two tellurium samples were found to 
interlock very well with those for four of his samples. 
The effect of applied hydrostatic pressure on the 
Hall coefficients of two different alloys each containing 
about 15 percent selenium is shown in Figs. 4 and 5, 
and it is seen that both the upper and lower Hall 
reversal temperatures are reduced by pressure. 


IV. DISCUSSION 
A. Correlation of Results with Alloy Composition 


The experimental results tabulated in the previous 
section indicate that some of the electrical properties 
of our samples change monotonically as we proceed 
from pure tellurium to the alloy with the highest 


TABLE I. Summary of resistivity and Hall data for tellurium and 








Upper 
Hall 
reversal 
tem pera- 
ture 
(deg C) 
227° 
220° 
215° 
214° 
203° 
203° 
177° 


Lower 
Hall 
Intrinsic Forbidden reversal 
resistivity band tempera- 
at 23°C width ture 
(ohm-cm) (ev) (deg C) 


Saturation 


Composition 
by weight 





0.320 








* Extrapolated. 


selenium concentration, whereas others fluctuate in a 
seemingly erratic fashion. In order to correlate these 
latter parameters, we will derive an expression con- 
necting the lower reversal temperature 7, with the 
intrinsic conductivity of an ideal semiconductor con- 
sisting of a filled band, a conduction band, and an 
acceptor level located quite close to the filled band. By 
definition : 
T= Nolet Unlh 


= une(nec+my), 


(1) 


where o= conductivity, ».= density of free electrons in 
conduction band, m,=density of free holes in filled 
band, u.= electron mobility, u,= hole mobility, c=u./pa, 
and e=absolute value of the charge on the electron. 
The intrinsic concentration can be defined by the 
equation : 

(2) 


*A. Nussbaum, Technical Report No. 1, Contract AF-33- 
(616)-78 (unpublished). (Copies may be obtained from the 
Randal Morgan Laboratory of Physics, University of Pennsyl- 
vania, Philadelphia 4, Pennsylvania.) 


n?=NNh. 





ELECTRICAL PROPERTIES OF 


It is known that the intrinsic concentration nm; can be 
also expressed as!° 


n;= (PQ)! exp(—Eg/2kT), 
where 
P=2(2em*kT)'/h', 


Q=2(2em**kT)1/he, (3) 


m* = effective mass of an electron, m**= effective mass 
of a hole, 7=absolute temperature, = Planck’s con- 
stant, k=Boltzmann’s constant, and Eg=forbidden 
band width. Combining (1), (2), and (3) gives an equa- 
tion which is valid at intrinsic temperatures, and in 
particular at the lower Hall reversal temperature 7,. 
Incorporating with this result the condition for the 
Hall coefficient reversal, ? 


ng? =MNp, 
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Fic. 3. Hall coefficient versus 1/T for tellurium 
+7.1 percent selenium. 


gives 
Or = unre (c+1) (PQ)! exp(—Eg/2kT), (4) 
where the subscript r refers to values at 7,. The values 
of ur, to be used in this equation are obtained by com- 
puting the Hall mobility in the extrinsic range from 
the equation: 
un=3rR/8p, (5) 
where R is the Hall coefficient and p the resistivity. 
We then plot mobility »s temperature and determine pp, 
by extrapolating the curve into the intrinsic region, 
assuming a 7! law. This curve for one sample is shown 
in Fig. 6. The values of (c) to be used in (4) may be 
estimated in several ways."'~" The coefficient of the 
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(1950). 

1 L.. P. Hunter, Phys. Rev. 91, 207 (1953). 

2A. Nussbaum, Technical Report No. 8, oe se 7p of 
Physics, University of Pennsylvania, 1953 (unpublished). 

13 G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
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exponential will not be an explicit function of tempera- 
ture since the 7! term contained in (PQ)! will be 
cancelled out by the 7~! factor in the mobility. Hence, 
if we plot {Ino,/un-(c+1)} vs Ea/T,, we should get a 
straight line of slope 2k. Using the tabulated data, we 
get the results shown in Fig. 7, which indicates that 
there is a correlation of the various electrical properties 
with alloy concentration. 


B. Energy Band Picture for Tellurium and 
Selenium and Its Consequences 


; {The original attempt to explain the second Hall 
reversal in tellurium on the basis of its band structure 
was made by Fukuroi and Tanuma.’ They postulated 
the existence of two conduction bands, overlapping in 
such a manner that the bottom of one band lies some- 
what higher than the other. They then say that the 
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Fic. 5. Effect of applied pressure on low-temperature Hall 
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effective mass of a free electron will be the average of 
the effective masses in each of the two bands, and since 
the relative concentration of electrons in the two bands 
will depend on temperature, the average effective mass 
will also do so. Thus, the mobility ratio will also vary 
with temperature, decreasing when the ratio of effective 
masses increases, and it presumably approaches unity 
as the temperature rises to 230°C. The Hall coefficient 
will then go from negative to positive in accordance 


with 


3m(c?—1) 
peat wee (6) 


~ Ben (e+1)® 


Callen® has suggested that a number of properties of 
tellurium and selenium may be understood on the basis 
of a particular tetragonal simplification of the true 
crystal structure. He considers a hypothetical structure 
in which the chains of the tellurium structure are 
straight, rather than spiral, and arranged with square 
rather than hexagonal symmetry in the plane per- 
pendicular to their axes. As shown in detail in Callen’s 
paper, the symmetry of the structure leads to the band 
structure postulated by Fukuroi and Tanuma,’ and also 
provides a mechanism for the infrared optical phe- 
nomena and other effects to be discussed briefly in the 
following. 

Consider a crystal imagined to have been formed by 
bringing a number of free atoms together from a 
distance. As the atoms approach their ultimate posi- 
tions, the d functions lying along the chain axis, which 
is denoted as the C axis, will overlap first. The wave 
functions parallel to the C axis will overlap to a greater 
extent than those perpendicular to it. Figure § illus- 
trates the resultant widening of the band and Fig. 9 
shows the symmetry properties of the functions in the 
isolated atoms. In Fig. 8, we have plotted reduced, 
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rather than actual, lattice parameters. These are defined 
as the ratio of the lattice parameters along each axis at 
a given temperature and pressure to their values at an 
arbitrary temperature and pressure. The use of reduced 
quantities enables us to plot both sets of parameters on 
one diagram. The next functions to overlap are the 
d functions normal to the chain axis, then the  func- 
tions, and finally the s band widens, The doubly 
degenerate p functions ¥,(E.) give rise to the filled 
band, and the lower-lying s band needs not be further 
considered. For convenience in following the subse- 
quent discussion, we will denote the wave functions 
corresponding to p functions oriented parallel to the 
chain axis by “p parallel,” with similar designations for 
the other functions. 

The other three d functions which are not shown in 
either Fig. 8 or Fig. 9 actually give rise to bands which 
have roughly the same behavior as the fa-perpendicular 
band which is explicitly shown. There is some doubt 
a priori as to whether the y, parallel or the a parallel 
in the lower lying band at the actual iattice parameter. 
The observed approximate agreement between the 
optical and thermal activation energies suggest that 
the d parallel band is in fact the lower and we have 
drawn Fig. 8 accordingly. 

The 5s state in tellurium is full and the 5p state is 
two-thirds occupied in the isolated atoms. If we had 
no knowledge of the proposed energy band scheme we 
would expect on the basis of naive considerations that 
tellurium would be a metal. That is is a semiconductor 
is due to the splitting of the p levels into doubly- 
degenerate p-perpendicular states and singly-degenerate 
p-parallel states. Fig. 8 indicates that the electrical 
properties of our materials will depend on any variable 
affecting the lattice parameters, such as temperature 
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Fic. 7. Correlation of electrical properties with alloy 
concentration in tellurium-selenium alloys. 
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and pressure. The following experimental results illus- 
trate this. 


1. High-Temperature Reversal 


Since the upper reversal in the Hall coefficient occurs 
at temperatures high enough to assume that the 
number of free electrons equals the number of free 
holes, if the mobility ratio in tellurium is reduced to 
unity, the Hall coefficient will approach zero. In Fig. 8, 
we assume that at temperatures near the lower Hall 
reversal temperature, when electrons are just beginning 
to be thermally excited across the forbidden gap, the 
majority of them will go into the lower-lying d-parallel 
band. As the temperature increases, a larger fraction 
of the free electrons get into the higher d-perpendicular 
band. Since this is a narrower band with a lower 
mobility, the average mobility of the free electrons will 
decrease with temperature, and eventually the effective 
mobility ratio will pass through unity to fractional 
values. Thus we have a second reversal in the Hall 
coefficient. In this explanation, we have ignored the 
effects arising from changes in crystal dimensions. 


2. Increase of Forbidden Band Width in the Alloys 


As shown by Grison,‘ the addition of selenium to 
tellurium reduces the lattice parameters both along and 
normal to the chain axis. Thus, we move to the left 
in Fig. 8 and the distance between the filled and con- 
duction bands is seen to increase. The values of the 
forbidden band width we have given are determined 
from the slopes of the resistivity curves in the region 
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Fic. 8. Schematic dependence of energy bands 
on lattice parameters. 
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Fic. 9. Symmetry properties of isolated atom wave functions. 


below the second reversal points, so that it is correct 
to take the forbidden gap as the distance between the 
top of the p-perpendicular band and the bottom of 
the d-parallel one. Also, we have made the reasonable 
assumption that the d-parallel band, with its greater 
overlap of functions, will have the greater slope. 


3. Decrease in the Upper Hall Reversal 
Temperature in the Alloys 


As explained in Sec. 1, above, the anomalous reversal 
occurs because of the greater fraction of electrons being 
found in the d-perpendicular band at high temperatures, 
and as described in Sec. 2, the addition of selenium 
reduces the lattice parameters. Hence, if we move to 
the left in the diagram, at a given temperature we 
would expect a larger fraction of the free electrons in 
the upper d-perpendicular band, because of the closer 
spacing between the upper and lower perpendicular 
bands, and the second reversal occurs at a lower tem- 
perature. 


4. Decrease in Lower Hall Reversal Temperature 
with Pressure 


At temperatures in the vicinity of room temperature, 
it is believed that the mobility ratio is essentially in- 
dependent of temperature, and we have the usual 
criterion for a reversal : 


N= Np. 
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The increase in electrical conductivity with the appli- 
cation of hydrostatic pressure has been discussed by 
Bridgman“ and Bardeen.'® Bridgman'* has shown that 
the application for hydrostatic pressure to tellurium 
compresses the crystal in the direction normal to the 
chain axis and lengthens it along the chain axis, the 
latter changing by about twice the amount of the 
former. Therefore pressure causes us to move to the 
left in both the p-perpendicular and d-perpendicular 
bands, and to the right in the d-parallel band. The 
lowering of the reversal temperature is believed to be 
due to the decrease in forbidden band width, thus 
requiring a lower temperature to supply the requisite 
number of electrons to dominate the holes. The for- 
bidden band width decreases because of the movement 
of both bands, but the largest contribution to its change 
comes from the d-parallel band, which has a greater 
slope. This effect is accentuated by the greater dilation 
at a given pressure for the parallel dimension. 


5. Decrease in the Upper Hall Reversal Temperature 
with Pressure 


At the upper reversal temperature, the greater frac- 
tion of electrons in the d-perpendicular band results in 
a lowering of the mobility ratio. Applying pressure, it is 
seen that the distance between the two perpendicular 
bands lessens and causes the reversal temperature to 
decrease, in a fashion similar to that described in 
Sec. 2, above, but the distance between the p-per- 
pendicular and d-parallel bands increases, with pre- 
sumably the opposite effect. However, the density of 
states in the d-perpendicular band is believed to be so 
much higher than the d parallel, that the average 
mobility is reduced, producing a lowering of the reversal 
temperature. 


4 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 72, 159 (1938). 
nd | Bardeen, Phys. Rev. 75, 1777 (1949). 
16 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 77, 187 (1949). 
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6. Optical Properties 


The transmission measurements made on single 
crystals of tellurium by Loferski'’ show that there are 
two absorption edges, depending on whether the in- 
cident light is polarized parallel or perpendicular to 
the C axis. The forbidden band widths of 0.36 ev for 
the former case and 0.32 ev for the latter are shown in 
Fig. 8. The selection rules devised by Callen*® explain 
this dependence of the absorption edge on the direction 
of polarization. 


C. Alloy Scatterings 


Brooks'* has suggested that in addition to impurity 
and thermal scattering normally considered in mobility 
studies, there will exist in alloys a scattering due to the 
deformation of the band edges produced by the minority 
component with its different forbidden band width. We 
have been unable to detect this alloy scattering in our 
samples because of the relative magnitudes of thermal 
and alloy mobilities. The total mobility will be the 
reciprocal of the sum of the reciprocals of the two 
contributions, and since for our samples the alloy 
mobilities as predicted by Brooks are about 50 times 
higher than the computed Hall mobilities, they would 
have very little effect on the total. 
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The microwave spectrum arising from transitions between Zeeman levels in the "I1}, J = state of nitric 
oxide is reinvestigated with particular regard to the lambda doubling which is observable for electric-dipole 
transitions. This doubling is compared with the theory of Karnaugh. The experiments also give a new 
and improved determination of the nuclear hyperfine coupling constants and of the molecular splittings. 
The theory of the hyperfine effect is reexamined in detail. 


INTRODUCTION 


ICROWAVE studies' and the theory** of the 
high-field Zeeman levels of the J=4%, *Il, state 
in N“O"* have appeared in this journal. After publica- 
tion, J. H. Van Vleck pointed out to us that each 
Zeeman level is a lambda doublet, that electric-dipole 
transitions between the lambda-doublet components of 
adjacent Zeeman levels would occur, and that the lambda 
doubling would be observable with sufficient resolution. 
This paper reports an experimental] investigation of 
these suggestions, a recalculation of the hyperfine 
structure constants from the improved date, and a 
further check of the molecular Zeeman theory. A forth- 
coming paper of Karnaugh‘ discusses the theory of the 
lambda doubling in the nitric-oxide Zeeman levels. 
The microwave spectrum of N“O'* in high magnetic 
fields was originally interpreted' as being due to 
magnetic-dipole transitions (My, Mr—~M +1, Mr) be- 
tween the twelve Zeeman levels arising from the lowest 
(J =) rotational level of the *II; component. This in- 
terpretation is still correct for absorption and induced 
emission produced by microwave magnetic fields normal 
to the dc magnetic field. Also, no appreciable lambda 
doubling is present in this spectrum, since magnetic- 
dipole transitions are of the type +—+ and —~— 
and the alternation of + and — levels serves almost to 
cancel the lambda-doublet intervals in the transition 
energies. For electric-dipole transitions, where the 
microwave electric field has a component normal to the 
dc magnetic field, each (My, M7—M +1, M7) transition 
is a doublet since +—>— and ——>+, and the doublet 
spacing is the sum of the lambda-doubling intervals 
in the initial and final states. It is noted that the 


* Assisted by the U. S. Office of Naval Research. A preliminary 
eon of this work appeared in Ann. N. Y. Acad. et 55, 814 
1952). 

+ U. S. Atomic Energy Commission predoctoral fellow. This 
work is part of a dissertation submitted to the Graduate School 
of Yale University for the Ph.D. degree. Now at Lincoln Lab- 
oratory, Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

1R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950). 

2H. Margenau and A. Henry, Phys. Rev. 78, 587 (1950). 

3A. Henry, Phys. Rev. 80, 549 (1950). 

‘M. goa Ph.D. dissertation, Yale University, 1952 
(unpublished). 


electric-dipole and magnetic-dipole spectra arise from 
the same levels and are of the same frequency. They 
differ only in regard to the lambda doubling, intensity, 
and polarization. 

The most effective way to separate the two spectra is 
by the polarization of the microwave fields; the greater 
intensity of the electric-dipole spectrum is also of use. 
In addition, the observation of lambda doubling identi- 
fies the electric-dipole spectrum. 


POLARIZATION AND SATURATION EXPERIMENTS 


The original experiments' used a circular TMon 
mode cavity with the cavity axis parallel to the dc 
magnetic field. In this field configuration the microwave 
H, being purely azimuthal, is entirely perpendicular to 
the de H, but only the radial component of the micro- 
wave E is perpendicular to the de H. The electric-dipole 
spectral intensity is proportional to the square of this 
radial E integrated over the cavity volume, and the 
magnetic-dipole intensity is proportional to the integral 
of the square of the azimuthal H integrated over the 
cavity volume. This integration for the cavity used 
gives an electric-dipole spectrum 34 percent as intense 
as the magnetic-dipole spectrum for the same intrinsic 
intensity. The ratio of the intrinsic electric to magnetic 
intensity® is 4.2/0, where® yu, is the permanent electric- 
dipole moment and yp is the Bohr magneton. Assuming 
that u.=0.1X10~'* esu, the intrinsic intensity ratio is 
about 120, and in the reported experiments! the electric 
spectrum would have been 40 times as intense as the 
magnetic spectrum. It appears, therefore, that the 
agreement cited in reference 1 between the measured 
intensity and that calculated for magnetic-dipole transi- 
tions was quite erroneous. Part of this discrepancy is 
attributable to power saturation of the electric-dipole 
spectrum which, for the conditions prevailing in refer- 
ence 1, would have reduced the electric-dipole spectral 
intensity by a factor 2. This leaves a factor 20 for the 


5 Equation (15) of reference 2 gives the magnetic-dipole matrix 
element. The electric-dipole matrix element has the same de- 
pendence on J and M and the same factor 0.386. 

* Watson, Rao, and Ramaswamy, Proc, Roy. Soc. (London) 
143, 558 (1934), give u.=0.16K 10~ esu. C. P. Smyth and K. B. 
McAlpine, J. Chem. Phys. 1, 60 (1933), give u.<0.110~" esu. 
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discrepancy in the ratio of the calculated to observed 
intensities in reference 1. 

The first experiment of the present work used a rec- 
tangular To, mode cavity one-half wavelength long. 
It was constructed of a copper wave guide of internal 
dimensions 0.900 in.X0.400 in. and coupled at either 
end to a similar wave guide by means of inductive 
irises, The microwave apparatus and experimental 
method were similar to those described.' Microwave 
radiation at the cavity-resonance frequency was coupled 
through the cavity to a de biased bolometer. The cavity 
was in the gap of a magnet, and the magnetic field was 
varied to produce resonance between the cavity fre- 
quency and the spectral transitions. This resonance 
diminished the power coupled to the bolometer and was 
detected by modulating the magnetic field across the 
spectral line at a low audio-frequency and noting the 
modulation in the voltage across the bolometer. After 
amplification and demodulation in a lock-in mixer 
operating at the modulation frequency, the absorption 
signals were presented on a galvanometer. 

The electromagnet, of recent construction, was 
operated from a motor-generator controlled by a 
simple, degenerative voltage stabilizer operating on 
the shunt field of the generator. A proton-resonance 
field regulator feeding back to a high impedance winding 
on one magnet pole was used for accurate field regula- 
tion. The 30-cy/sec field modulation was produced by 
a winding on the other pole. 

In the rectangular 7.E»,;, mode the microwave mag- 
netic field is confined to planes parallel to the broad sides 
of the wave guide, and the electric field is perpendicular 
to these planes. If the wave guide axis is perpendicular 
to the dc magnetic field, rotation of the wave guide 
about its axis can bring either the microwave electric 
or magnetic field entirely into planes perpendicular to 
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Fic. 1. Variation of width of electric-dipole line H, with 
pressure showing systematic broadening at low pressures. This 
was evidence for unresolved A components spaced by approxi- 
mately 2 gauss. 
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the dc field. When the magnetic dipole spectrum is 
being observed polarization entirely forbids the electric 
dipole transitions, but when the electric spectrum is 
observed some magnetic spectrum is mixed in. Experi- 
ments were tried in which the cavity was rotated as 
described. The electric dipole spectrum was easily ob- 
served but the magnetic dipole spectrum was too weak 
for detection. The indicated ratio u,?/puo? from these ob- 
servations was greater than 20, setting a very loose lower 
limit of 4 10~” for u.. 

Using the same cavity a measurement of u,? was made 
from power saturation of the electric spectrum. The 
energy density in the cavity was fixed and the gas 
pressure successively reduced to produce increasing 
saturation. Analysis of the results with the usual theory 
gave u.=0.3X10-' esu. This is in disagreement with 
the static value® and if used in calculating absolute 
intensity would give an even larger discrepancy in the 
measurements of reference 1 than that cited above. 
The situation regarding the spectra! intensities in the 
various measurements is quite confused. It is further 
complicated by the recent work here of R. Collier, who 
has attempted without success to detect the direct 
A-doubling transitions. From his apparatus sensitivity 
he concludes that the y, is less than 0.06 107'8 esu. 

In the saturation experiments the lambda doubling 
was not resolved at the lowest usable pressures, but 
there was some suggestion of doublet structure from 
the relatively greater breadth of the line at low pressure. 
This is shown in Fig. 1 where the line widths are plotted. 
In these measurements the modulation amplitude was 
was scaled linearly with the pressure so as to minimize 
modulation broadening. Extrapolation to zero pressure 
yields about 2 gauss for the peak separation, which is 
consistent with a line having two components spaced 
by about the same amount. This extrapolated com- 
ponent spacing is somewhat high because of the broad- 
ening due to saturation. 

Analysis of this and similar data also gives the width 
of the NO lines in the absence of lambda doubling and 
power saturation. This was found to be AH=3.0 
gauss/mm Hg using the methods and notation of Fig. 4 
in reference 1. This line width corresponds to 3.3 
(Mc/sec) per mm Hg,’ whereas the earlier! value was 
AH = 3.5 gauss/mm Hg at 9360 Mc/sec or 3.8 (Mc/sec) 
per mm Hg. The lower line width in the present experi- 
ments is due to improved field regulation. 

In order to observe the unsaturated lines at pressures 
low enough to resolve the lambda doubling, it was 
necessary to modify the apparatus. A lower power 
level would have sufficed, but with our apparatus the 
signal-to-noise ratio of the bolometer system suffers 
severely at low microwave power. In the absence of 


7It is not quite true that line widths in frequency units are 
4v=»(4H/H) because of the nonlinear (Paschen-Back) type of 
variation of level energy with H. In the present experiment this 
correction to Av is small compared with the experimental error 
in AH. 
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TABLE I. Experimental lambda-doubling and resonance 
eld values for N“O spectrum. 








Arithmetic 
Corrected average 
A com- resonance 
ponent field of A 
separation components 
(gauss) (gauss) 


Microwave 
frequency 


Line Ms, Mi1-+Ms —1, M1 (Mc/sec) 


Ay §,1-4,1 
A 3,0-+4,0 
A; j,-—1-}4,--1 


A, $,1—-—4,1 
Hs 4,0>—4,0 
He },—-1-3,--1 





9269.94 
9270.65 
9270.65 


9270.65 
9270.65 
9270.65 


9269.81, 


8398.61 
8425.71 
8453.44 


8501.49 
8528.28 
8555.84 


8600.97 
8629.71 
8656.46 


1.48 
1.34 
1.32 


1.54 
1.86 
1.49 


1.82 
1.97 
2.01 


Hy —},1>-j,1 
Hy —4$,0——3,0 
H —4,-1--4,-1 





sensitive, low-power bolometers, saturation was allevi- 
ated by using a large cavity which lowered the micro- 
wave field intensity for a given power transmitted to the 
bolometer. A cylindrical TE; mode cavity of 1.99-in. 
i.d. was used. The cavity axis was along the dc mag- 
netic field. Another design feature was to make the 
input coupling much smaller than the output coupling 
to the bolometer. This serves to keep the loaded Q high, 
and hence the spectrometer sensitivity large for a 
given transmitted power. The cavity used had a power 
transmission of 31 percent, loaded Q of 2850 and un- 
loaded Q of 21 000. At a bolometer power level of 10~ w, 
a pressure of 0.1 mm Hg in this cavity produced the 
same degree of saturation as did 0.7 mm Hg in the 
rectangular 7-E,; cavity. With pressures of 0.1 mm Hg 
the lambda doubling could be resolved. 


The Lambda Doubling 


A number of runs were taken with the circular TE); 
cavity to determine the lambda doubling in the nine 
absorption lines. The microwave frequency was fixed 
at the center of the cavity resonance in each run. The 
dc magnetic field was varied with a proton field con- 
trol which employed a proton oscillator* locked to a 
variable and accurately known frequency of about 
36 Mc/sec provided by mixing harmonics of a BC 221 
frequency meter with a 30-Mc/sec crystal-controlled 
signal. As in earlier work' the data were taken point-by- 
point, varying the dc magnetic field and noting the out- 
put of a lock-in mixer with a galvanometer. 

The microwave cavity frequency was measured by 
mixing the microwave oscillator signal with a crystal- 
controlled 9270-Mc/sec signal and measuring the differ- 
ence frequency with a calibrated communications re- 
ceiver. The cavity frequency was fixed throughout a 
run to about +2 kc/sec. 

Figure 2 is a typical example of these measurements. 
The two lambda-doublet components are seen to be 


8 In these experiments a regenerative, proton oscillator-detector 
similar to that of N. J. Hopkins, Rev. Sci. Instr. 20, 401 (1949), 
was used with a water-filled coil. 
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resolved well enough to determine their separation. 
The two outer “crossovers” (points of zero lock-in 
mixer output) are slightly closer together than the 
centers of the two line components because of the slope 
of the overlapping line tails. This “squeezing” correc- 
tion was evaluated by graphical analysis of the partially 
resolved patterns. In this analysis it was assumed that 
the two line components were identical but not neces- 
sarily symmetrical. Line contours were added until the 
experimental line shape was reproduced. Such fitting is 
very sensitive to the separation of the two line com- 
ponents when they are resolved as well as those of 
Fig. 2. 

Table I gives the results of measurements on the nine 
lines. The line component separations have been 
corrected for “squeezing.” The fields in the third 
column are the arithmetic mean fields ef the two 
lambda components and are corrected for field differ- 
ence between the proton probe and the center of the 
cavity. 

The lambda-doubling theory of Karnaugh*‘ expresses 
the separation of + and — levels in a given (M;,M,) 
state of NO"* in terms of four parameters which must 
be evaluated by experiment. Two of these arise from 
the nonhyperfine part of the doubling and the other 
two from hyperfine contributions. The nine (M;, M;-> 
M,, M;—1) transitions between the twelve levels serve 
to evaluate these four parameters. Karnaugh does this 
in two stages: the average doubling in each group of 
three lines with the same My, My—1 is used to evaluate 
the nonhyperfine contributions. These three averages 
are satisfied by the theory with two parameters to 
within 0.14 percent. The two hyperfine parameters are 
then evaluated by taking differences in the doubling in 
several states differing in My. Table II gives the result 
of these calculations. The deviations between the ex- 
perimental and semitheoretical values of the lambda 
doubling are well within the experimental error which 
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Fic. 2. Signal from line H;. The’gas pressure was{0.096 mm Hg, 
30 cy/sec, modulation was 0.68 gauss peak-to-peak, and the 
microwave frequency 9270.650 Mc/sec. e outer crossovers are 
separated by 1.84 gauss which is corrected by 0.02 gauss for 
“squeezing” to give 1.86 gauss for the separation of the A doublet 
components. 
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TABLE II. Comparison of theory and experiment 
in A doubling of the N“O spectrum. 





Experimental Calculated 
separation separation 
of A components of A components 
(gauss) (gauss) 


1.482 


1.352 
1.311 


Deviation 
(percent) 


+0.13 


+0.89 
—0.69 


Line 


A, 1.48 
Hy 1.34 
A; 1.32 





—0.46 
—0.11 
+0,13 


+0.49 
—0.15 
—0.05 


A, 1.54 
HA; 1.86 
Hg 1.49 


1.533 
1.858 
1.492 


1.829 
1.967 
2.009 


A; 1.82 
Ay 1.97 
Hy 2.01 


is estimated as 2 percent of the lambda-component 
separations. Certainly, the main features of the varia- 
tion of the doubling with My, and My, are as predicted 
by Karnaugh’s theory. 


The Molecular Zeeman Effect 


In the earlier work’ the molecular Zeeman splittings 
were a principal point of comparison of theory and ex- 
periment. The agreement at that time was quite satis- 
factory. It has not been improved by using the present 
data. 

In the earlier work the molecular splittings were ex- 
pressed as the resonance field values H;, Hr, Hr of a 
hypothetical nitric oxide with spinless nitrogen. To 
obtain these field values directly from experimental data 
one must express the hyperfine couplings in field units. 
This method is only approximate and is not used here. 
Rather, the values of H2, Hs, Hs are compared with a 
new calculation of the molecular energies E,,(M,) 
+4E.»(M,z) which proceeds directly from Eq. (1) 
using the calculation method of reference 2. As before, 
the value 123.8 cm was taken for the S-A coupling 
constant. 

The results of this calculation are given in Table ITI. 

As a check on the method of energy calculation of 
reference 2, a second calculation of Ea,(Ms)+4E,.(M,) 
was made from the seventh-order determinant which 
arises when all seven eigenfunctions of reference 2 are 
combined at once. For a field of 8425.71 gauss and 
M,=% the energies calculated by the two methods 
differed by only 0.012 percent. Apparently then, the 
approximations in the calculation method are not re- 
sponsible for the deviation between theory and 
experiment. 


Tasce III, Molecular Zeeman splitting in 
the N“O spectrum at 9270.65 Mc/sec. 





(Hs —H2) 


104.54 gauss 
102.57 +0.05 
1.9 percent 


Ay (Hs —Hs) 


~ 8537.50 gauss 403.07 gauss 
8528.28+0.1 101.4340.05 
0.11 percent 1.6 percent 





Theory 
Experiment 
Percent diff. 
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The molecular coupling constant of S-A, which is 
given from the band spectrum analysis of the doublet 
splitting, is not known very accurately. We have used 
123.8 cm™ for this constant. A value of 124.2 cm~ has 
been used*® most recently in analysis of the rotation- 
vibration spectrum. The constant may be in error by 
as much as 0.5 cm™, and it is important to know how 
this affects the theoretical value for Hs. This has not 
been determined using the complete theory of reference 
2 but only with the stage 1 approximation using Hill’s 
formula.”® This formula predicts 17 quite well, although 
it does not give good values for the H;— 7; and H;— Hz 
differences. With Hill’s formula an increase of 4.0 cm™ 
in the coupling constant is required to decrease the 
theoretical 8537.5 gauss for H resonance by the re- 
quired 9.2 gauss. Such an increase in the coupling 
constant is out of the question, and it is concluded that 
this cannot account for the discrepancy. 

A final point should be mentioned in connection 
with the H discrepancy. In reference 2, the orbital 
Bohr magneton was used for both orbital and spin con- 
tributions to the magnetic energies. A better procedure 
would include the spin moment anomaly. For pure 
case (a) the g factor of a J = §, "I, level is (4/5) (1+26/3) 
rather than the usual 4/5; here 6 is the spin moment 
anomaly 0.0011454. Since we are rather near to case 
(a), it is expected that the theoretical resonance fields 
of Table III will be multiplied by a factor (1+26/3) 
=().999237. This reduces the theoretical Hs to 8531.0 
gauss. Thus, the spin-moment correction together with 
an increase of about 1 cm in the S-A coupling con- 
stant would remove the H, discrepancy in Table III. 
It is known, however, that other points in the theory of 
reference 2 should be reexamined if theoretical precision 
of 0.1 percent is desired. 


Theory of the Hyperfine Structure 


The hyperfine structure of the *II; state of N“O"* in 
high magnetic fields has been developed in two previous 
papers.?* The present calculation was performed in an 
attempt to provide a more stringent test of the theory 
of reference 3 by using the data which resulted from the 
lambda-doubling measurements. The lambda doubling 
itself does not appear in these calculations; it is assumed 
that it splits each hyperfine level symmetrically and 
that the hyperfine constants can be evaluated from the 
nine-line spectrum consisting of the arithmetic mean 
positions of the nine lambda doublets. 

It is convenient to represent the energy of one of 
these nine components as W(M,,M7) such that 


W (Ms,M1) = Eas(Ms)+AE.0(Mz) 
+ E;(M y,M1)+A4E;(Mys,M1)+E,(My,M71). (1) 


Here E,.(M,;) and AE,»(M,) are the first- and 
second-order molecular Zeeman energies; they are 


~ ®R. H. Gillette and E. H. Eyster, Phys. Rev. 56, 1113 (1939). 
w E. L. Hill, Phys. Rev. 34, 1507 (1929). 
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functions of the magnetic field strength and of My, the 
quantum number representing the component of the 
total angular momentum of the molecule (exclusive of 
nuclear spin) in the direction of the magnetic field. Ex- 
pressions for E,.(M,) and AE,»(M,) as power series 
in M, and the magnetic field strength are given in Sec. 3 
of reference 2. 

The term E,(M,,Mr) represents the energy due to 
the quadrupole moment of the N™ nucleus, M; being 
the quantum number associated with the component 
of nuclear spin of N™ in the direction of the magnetic 
field. In the approximation employed here, E,(M,,M7) 
is independent of the magnetic field strength. It is 
given by Eq. 14 of reference 2 which, for the J =, "I, 
level, is 


B,(dMi)= oY 3M. A) @o-smr), (2) 
60 


where |e! (gq is the nuclear quadrupole coupling constant 
defined in the manner of Bardeen and Townes." 

The quantities E;(M ,,Mr) and AE;(M,,M7) are the 
first- and second-order interactions between the mag- 
netic moment of the N“ nucleus and the magnetic fields 
due to the spin and the orbital motion of the *m elec- 
tron. Application of standard perturbation theory 
yields the usual expressions 


E;(Ms,M1)=(¥(Mz,M1) |r| ¥(My,M1),) (3) 
AE;(Mz,M7) 

_ May M1) |r| ¥ (Ma+1, M1—1)? 
W(M,,M)—W(My+1, M;—1) 
(W(My,M7) |r| ¥(My—1, Mr+1)? 

W (My,M1)—W(Ms—1, Mr+1) * 








in which ¥(M,,M,) is the state function of *II, level 
in the absence of any nuclear interaction, and 3; is the 
operator representing the interaction. 

The state function, ¥(M,,M7), can be expressed as 
a product of an electronic, a vibrational, a rotational, 
and a nuclear part. We shall write the product of the 
first three of these as ¥(M,) and the nuclear part as 
|Z, Mr), I being the quantum number associated with 
the nuclear spin. Moreover, since we are here concerned 
with only one electronic and vibrational level, we may 
write ¥(M,) as a linear combination of a basic set of 
eigenfunctions each having the same electronic and 
vibrational parts but different rotational parts. So that 
use could be made of matrix elements already com- 
puted by Hill," the rotational parts were taken in 
reference 2 to be functions representing Hund’s case 
(b), in which the rotational quantum number K, the 
total electron spin S, the total angular momentum 
quantum number J, and its component My, in the 


1 J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 
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direction of the magnetic field are sharp. These eigen- 
functions are written |K, J, M,); it was found that a 
combination of four of them yield a sufficiently accurate 
expression for ¥(M,). This combination is (see ref- 
erence 3, Eq. 5) 


v(M,;)=a| 1, i, M;)+6|2, 3, Ms) 
+c|2, 5/2, My)+4|3, 5/2, M3), (5) 


where the coefficients are functions of My, and of the 
magnetic field strength; their values are such that 
V(M,), although compounded of “case 5” eigen- 
functions, is fairly close to an eigenfunction repre- 
senting Hund’s case (a). Thus the state functions to be 
used in (3) and (4) have the form 


W(Ms,M7)=a|1, j, I, My, M7) 
+6|2, 3, 1, Ms, Mr)+e|2, 5/2, 1, Ms, M1) 
+d|3, 5/2, I, My, M1), (6) 


in which the product |K,J,M,)|I, Mr) is written 
|K,J,1I, Ms, Mr), explicit dependence on electron 
spin, vibrational, and electronic quantum numbers 
being supressed. 

The interaction operator, averaged over electronic 
and vibrational coordinates is given by [reference 3, 
Eq. (9) with an obvious change in notation ] 


,= AI-A+B(S,/,(3 cos*?@—1) 
+41], sind cos (iSte~¥—iS-e'¥) 
+45, sind cos6(ilt+e~*—il~e'¥) 
—# sin?6(St+]+e?*#¥+S-I-e'¥) 
—}(3 cos*@—1)(StJ-+S-I*) ], (7) 


where I is the nuclear spin operator, A the operator 
representing the component of orbital angular momen- 
tum along the internuclear axis of the molecule, § 
the electronic spin operator; the Euler angles @ and 
¥ specify the orientation of the molecule with respect 
to the direction of the magnetic field, and the constants 
A and B are averages over electronic and vibrational 
coordinates. Specifically, 


A = (4pour/T* detec, vib; 
B= (2pomr (3 cos*x — 1)/?* detec, vib» (8) 


where yo is the Bohr magneton; yy; is one-half the 
magnitude of the nuclear magnetic moment of N, r is 
the distance between the *# electron and the N“ 
nucleus, and x is the third Euler angle of the set 6, ¥, x 

In a recent paper” Frosch and Foley obtained a 
relativistic expression for the hyperfine interaction 
operator; this expression reduces to (7) in the non- 
relativistic approximation. In the absence of any in- 
formation about the electronic part of the state function 
for the *IIy state of NO, it is difficult to determine 
whether or not a relativistic expression is needed. In 
this particular case, provided only effects diagonal 
in A are considered, the sole difference between the 


# R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). 
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relativistic and nonrelativistic expressions lies in the 
interpretation of the constants A and B. Application of 
Eqs. (1) of reference 3 allows (7) to be written in a 
form appropriate for case (a) eigenfunctions: 


KH, = AI-A+B(—1-S+31z-Sz’) 
= (AA+2BE)I-k’—B(Ix-Sxy-+1y Sy), (7’) 


where the components of I and S are now expressed in a 
coordinate system X’Y’Z’ fixed in the molecule, Z’ 
being the direction of the intermolecular axis and k’ 
being a unit vector in this direction, The expression 
(7’) is identical in form with Frosch and Foley’s Eq. 
(10.4), the two differing only in the definition of the 
coefficients of the operators. The relativistic theory 
shows that (AA+2B2Z) should be replaced by 


[aA+ (b+c)z], 
and B by —), where 


Suouzd(r) 
a=A; bm — B+ (— —— . 
3r* elec, vib 


c=3B. 





(K, J, 4, 1, Mz, Mr|r| K+-2, J+1, 4, I, Ms, Mr) 
3M 
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Since only the two coefficients can be obtained from 
analysis of the data, a test of whether or not there is 
any spherically symmetric component to the electronic 
part of the state function (3b+-c0) appears impossible 
from the first-order hyperfine interaction. 

Matrix elements of the first term of (7) between 
eigenfunctions | K,, J:, My) and | Ke, J2, Mz) are given 
by Hill; those of the remaining terms (except the one 
between |K,J,My,) and |K+2,J+1, M,) appear in 
reference 3). However, it was discovered during the 
analysis of the present data that the phases of the 
eigenfunctions employed in calculating the latter 
elements are inconsistent with those used (implicitly) 
by Hill. As a result, the second and third of Eqs. (11), 
reference 3, should be multiplied by (—1) if they are 
to be used in conjunction with the matrix elements 
given by Hill. 

An exact calculation of (3) and (4) requires use of the 
following additional matrix elements: 


—__________{[ (K+1)*— a" J[ (K+2)*—a?][(J+1)"—M7]},_ (9) 


~ 2(K+1)(K+2)(2K 


+3) 


(K, J, 4, 1, Ms, M1|r| K, J, 4, 1, My, MrF1)=( (14 M7) (27 M1) (JM) (J4M5+1) } 


1A? B 
(2K+1)(J+4) (4K?—1)(2K+3)LK(K+1) 


(K, J, i, I, M;, M;|%,|K+1, J, }, I, M,+1, Mr¥1) 
A+3BA 
~ (K+1)(2K-+1) (2K+3) 





(K, J, 4, 1, Ms, Mr|K1| K, J+1, 4, I, Ma1, Mr¥1) 


3A? 


tft —$2K+1)+ UK) AR K+ 3)] : 


{ (1+ M1) (2 M1) (JM) (J4Ms+1)[(K+1)?— A" }}4, 


2A —(K*+K—3)B 


{ (1: M1) (27 M1) (J2Mys+1)(J+Ms+2)}}, 





=+ 
4K(K+1)(2K+1) 


(K, J, 4, I, Mj, M1|%1|K+1, J+1, 4, I, M +1, Mr¥1) 


= + { (1M7) (2 M1) (J4Ms+1)(J4Ms+2)[(K+1)—A*}}}! 


A AB 





(K, J, 4, I, Ms, Mr|%r| K+-2, J+1, 4, 7, Mr1, Mr¥ 1) 


3B 
4(K-+1)(K+2)(2K+3) 





9 
PE = [—3(J—K)(K°+2K+4)+-(K+1)]}, 
4(J+1)(K+1) K(K+1)(K+2)(2K+1)(2K+3) 4 


(((K+1)?—A*)[(K+2)?—A*](J+Ms+1)(J+Ms+2)}}. 
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The foregoing have been computed by applying the 
angular momentum addition laws given by Condon and 
Shortley" to the matrix elements calculated by Rade- 
macher and Reiche.'* Phases have been chosen so as 
to be consistent with the elements computed by Hill. 


The Hyperfine Constants 


If the theory being applied is correct, it should be 
possible to find a pair of constants A and B [Eqs. (7) 
and (8) ] such that the three following difference equa- 
tions are satisfied for W(M,,Mr1): 


CW (3, 1)—W 4, 1) Ja, 
—(WG, see 1)— W (3, 7h 1) Ju,= Vi— V3, 


LW (3, 1)— W (—}, 1) Ju, 
—(Wd, —1)—-W(-3, —1)Ja,="—- 6, 


[W(—4, 1)-W(-§, I) Ja, 
—(W(-3, —1)-—W(-j, —1)Ju,=»1— ¥%. 


The W(M,,Mr1) are given by (1), the subscripts 
H;, refer to the nine line positions of Table I, and the »; 
are the microwave frequencies at which each of the 
measurements were made. 

Unfortunately, the best set of values of A and B 
obtained from (15) are inconsistent with the definitions 
(8) which require A>0; —(1/2)A<B<A. This diffi- 
culty may arise from the fact that the value of B is 
very sensitive to experimental errors in magnetic field 
strength differences H,—H;, Hy—H,s and H,—H, 
(a variation of 1 percent in these differences can change 
the value of B by a factor of several hundred), or it may 
be due to some small perturbation which we have failed 
to include. The fact that seemingly reasonable values 
of A and B were obtained from the earlier analysis* is 
apparently an accident, due to the inconsistency in 
phases mentioned above. 

4% E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 


(Cambridge University Press, London, 1951), second edition. 
4H. Rademacher and F. Reiche, Z. Physik 41, 453 (1927). 
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If, as is suggested by (7’), we recast (15) in the form 
of three equations in (A+B) and B, we find that the 
value of (A+B) is relatively insensitive to the field 
strength errors and small perturbations which may have 
been neglected. In fact, (A+B) changes by less than 
3.7 percent, as B varies over the whole range of values 
consistent with the definitions (8). 

In view of these considerations, we calculate only 
the sum A+B which is fairly insensitive to limitations 
in theory and experiment. In the calculation B is 
assumed negligible as compared with A+B. Frosch and 
Foley suggested this assumption from examination of 
(7’). Use of (15) yields three independent values of 
A+B. None differ from A+B=0.00247 cm™'=74.1 
Mc/sec by more than 0.9 percent. Frosch and Foley ob- 
tained [a+4(b+c) ]=0.002607 cm™ using the former 
data! and a basic set of eigenfunctions corresponding to 
case (a). 

Two values of the quadrupole interaction constant 
werc determined from the equations 


LW (¥, 1)—W, 1) Ja, 
+(W (, -1)- W (4, —1) Ja, 
— 2(W (¥, 0)—W (4, 0) Ju, = rit vs— 202, 


CW (—4, 1)—-W(—§, 1) Ja, 
+(W(—}, —1)—W(—j, —1) Ja, 
—2(W (—}, 0)—W(—§, 0) Ju,=vr+v9— 25. 


The valuesare | e|Qqg= — 0.000076 cm = — 2.28 Mc/sec 
and |e|Qqg=—0.000073 cm™'=—2.19 Mc/sec. The 
mean value |e|Qg=—0.000075 cm™=— 2.23 Mc/sec 
agrees with both determinations to within the limits 
of error of the experiment which is estimated as +0.06 
Mc/sec in the value of |e|Qg. These results are rela- 
tively insensitive to the values of A and B. Hence, 
provided the assumption that the lambda doubling 
splits each hyperfine line symmetrically is not grossly 
in error, the sign of the quadrupole coupling constant 
|e|Qq is definitely negative. 


(16) 
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The diamagnetic susceptibility x, the rotational magnetic moment yu,, the magnetic shielding constant o, 
and the spin-rotational magnetic interaction constant H, of the hydrogen molecule are calculated theo- 
retically. The energy of the rotating molecule, under an external magnetic field, is calculated by means of 
the variational method using 7+2 term wave function. By expanding the energy in powers of the appro- 
priate parameters, x, ur, ¢, and H, are determined and the relations between these quantities are obtained. 


Comparison with Ramsey’s experiments is also made. 


1, INTRODUCTION 


S a result of the increasing accuracy of microwave 
and molecular beam measurements, it is found 
that the apparent magnetic moment of a nucleus has 
different values when it is contained in different mole- 
cules. This phenomenon, called “chemical shift,” arises 
from the fact that the surrounding electric charges 
create a magnetic field at the position of the nucleus in 
addition to the external one. Based on Wick’s theory,! 
Ramsey has treated this problem in a series of papers.’ 
It seems to be important to study the chemical shift 
for the hydrogen molecule, since accurate experimental 
data are available for this molecule, and its nuclear 
magnetic moment is used as the standard for the meas- 
urement of magnetic field strength. The calculations 
were made by Ramsey* and by Hylleraas and Skaviem.’ 
In all these calculations, however, the perturbation 
method was adopted, and the difficulty lies chiefly in 
the fact that the second-order terms cannot be evalu- 
ated accurately. 

On the other hand, one of the present authors has 
succeeded in calculating the polarizability of the hydro- 
gen molecule and in overcoming the difficulty by using 
the variational method.‘ The aim of the present paper 
is to show that the same method is also applicable in 
principle to the calculation of the magnetic properties 
of this molecule. We have calculated the chemical shift 
o (magnetic shielding constant) as well as the other 
magnetic quantities, i.e., the diamagnetic susceptibility 
x, the rotational magnetic moment y,, and the spin- 
rotational magnetic interaction constant H,, and found 
that the well-known relations between these quantities 
can be formulated quite fundamentally. 

For the purpose of examining the usefulness of this 
method, a preliminary calculation has been made and 
rather good results have been obtained. 


1G. C. Wick, Phys. Rev. 73, 51 (1948); Z. Physik 85, 25 (1933). 

*N. F. Ramsey, Phys. Rev. 77, 567 (1950); 78, 699 (1950); 
83, 540 (1951); 85, 60 (1952); 243 (1952). 

+E. Hylleraas and S. Skavlem, Phys. Rev. 79, 117 (1950). 

‘Ishiguro, Arai, Mizushima, and Kotani, Proc. Phys. Soc. 
(London) A65, 178 (1952). 


2. HAMILTONIAN 


The Hamiltonian of a hydrogen molecule placed in 
the magnetic field H is given by 


1 oe Peay le ye 
Keo = — = (FA) +— z:(p+“A) 
2M a,b ; Cc 


c 2m i=t 
+V—p'H(o.+oo)+f(u'eau'or), (1) 


where we neglect the electronic spin which has no 
influence on our final result within the accuracy of our 
approximations. @, and , denote the Pauli matrices 
of the two protons a and 3, respectively, and y’ is the 
magnitude of the magnetic moment of the proton. 
We may adopt the representation in which the total 
nuclear spin of the molecule can be specified by a set 
of quantum numbers (J,m;), and take only the diagonal 
elements. Then the x and y components of the e’s 
may be omitted. For the states with m;=1, 0, —1, the 
expectation values of oq, and a», are (o4:)= (ov.)= 1, 0, 
—1, respectively. Therefore, 


M0 a:= 00. =H. (2) 


The first term of 3Cyo represents the kinetic energy 
of the two-proton system and, neglecting the term for 


b 
x 


Fic. 1. Relation between the fixed and moving coordinates. 
a and b denote the nuclei. The ¢ axis is taken to lie in the xy plane. 
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the motion of the center of gravity, we can write in 
terms of polar coordinates: 


h? 1a ) ao € 3? 
Ky = —— | —(e—) + cote +csc*6- | 
MR \AR\ OR 06 08° d¢’ 


eh fs] a2 0 
-—u(-i—)-—-—(-+-), (3) 
2MC d¢ 2MC R* 0¢ 


where R denotes the internuclear distance of this 
molecule. In this derivation, the z direction is chosen 
to be parallel to the external magnetic field, the vector 
potentials A, and A, are assumed to be expressed in 
terms of the coordinates with their origin at the center 
of the gravity as 


Qu 2u 
Aux=-}HY.-—Y, _ Aux=-}H%-—", 
R’ R’ 


Qu 2u 
Aqgy= 4HX.+—Xa, and Asy= 4HXo+ —X4, (4) 
R’ R' 


Aqz=0, Ayz=0, 


and the small terms proportional to the square of A’s 
are neglected. The last terms of Eqs. (4) are the com- 
ponents of the vector potential due to the presence of 
the proton magnetic moment. 

The second term of Hot is the kinetic energy of the 
two electrons and, together with the third term V, the 
electrostatic potential energy of the four particles, can 
be expressed most readily in terms of the £, n, ¢ reference 
system which has the ¢ axis parallel to the axis of mole- 
cule and travels with the nuclei (see Fig. 1). We may 
suppose the ¢ axis to lie in the xy plane without loss of 
generality. Then the moving and fixed systems are 
connected by 


t= —xsing+y cosg, 
n= —x cosd cosy—y cosé sing+z sind, (5) 
t= sind cosy+y sind sing+z cosé. 


Using these coordinates and adopting as the vector 
potentials A,, A», the following expressions: 


Ajz=— (1/2) Hy;— (u/ta}*)Vaji— (4/10?) yj 
A jy= (1/2) Hj+ (u/raf*)%ajt (u/10;*) x0; (6) 
A =O, 


where 
Laj=Xj— Xa, etc., 


we obtain 


1 oe 
x= — 5 (pth) +V 
c 


2m i 


= ROL ARV +R +R + HR + een 


MOLECULES 


where 


he a eo e 
seo =—— 5 ( +—+- )+v, 
2m i 0? On? a? 


th : i) ] 
KH = —— 2 sina ($)—— 8 ) 
2met i O&; oa; 


é te) 
+cou0( 8 — ny ) , (8b) 
ony 9E; 


7 
eh d q 

C2) = ¥| {2 sino( x, 7 ) 
2mci i A TY 


a a adit 
+2 cont -n—) | ( —— —) 
On; _—k; Taj To 
1 1\2@ 
—R sino(—-—)— | 
fof rr? 0€; 
é , 
504) = —— {2+ (nj cosd—f; sind)*}, 
8me? i 


é 1 1 
I) = — =| (e+ (ny cosd—f3 sina) ( —+- ) 
. rf rr} 


2mc*? i 


R 1 1 
ba sind (fj sind nos) (—-—) | (8e) 


fap tr 


In terms of the same coordinate system, we may also 
take the wave function as the product of two parts: 


¥=9(R9O,o)V (Ex,miyf1,E2,n2,f2} Rp). (9) 
Then, since £, 7, ¢ depend upon @ and ¢ through the 


relations (5), the differential operators appearing in 
the Eq. (3) have to be transformed as 

a 2a dt; 9 an; 9 at; A 

rain 2 —+5(— ref ) 

30 «00 “7 \ a0 aE; 


80 On; 


86 Of; 


of; 
(~ 9 On 9 df; A 
: ~ —+— —) 
1 


Og 9E; AgIn; AGI; 


a er wy way 
- —-¥ | sino(t,—-t—) 
dg i 0g; of; 


0 ] 
+cou( &;——n/—) . (10b) 
On; 0g; 


The physical significance of this transformation is 
most easily seen if, for instance, we consider the 


— =) —— 


dg 
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meaning of the operator 0/dg. As is well known, 
(—10/O~) ro.x;,--- Tepresents the z component of the 
angular momentum of the free rotator composed of 
two protons. On the other hand, since the new 0/dg 
means differentiation with R, 0, &, ---, and {2 kept 
constant, the new —id/d¢ is the operator which repre- 
sents the angular momentum of the two-proton system 
carrying the two electrons with it. Therefore, the dif- 
ference between the new and the old —id/dg should 
be equal to the z component of the angular momentum 
of the two electrons relative to the nuclear system. 
Equations (10b) express this relation. A similar situation 
is valid for 0/00 mutatis mutandis. 

Substituting Eqs. (10a) and (10b) into (3) and 
considering Eq. (1) and —yp’H(oq.+0%.)= —2yH, we 
finally obtain the total Hamiltonian: 


kh? 190 0 0 
ca ye irs 
MR*\AR\ OR 06 

F) : a 
+(——it) +esco(—— iL.) 
00 09 


0 ich 4u 0 
(Sup Bee 
2Mc \d¢ 2Mc R®\0¢ 


its) 
it 2uH+ 4¢ (0) +HRO+p~R® 
+HP?R+ApR”™, (11) 


where use has been made of the following abbreviations : 


ri 0 
Ly=l-+le= -i(u—-t—~), 
i OF; = On; 


| a a 
L=Wi+ii=-i5(t—-t—), 
i\ 0& of 
. a @ 
Ly le'+ht= 15 (b—— a , 
iX\ On; 8; 
L,= L, sind+ L; cos#. 
3. PROCEDURE 


The Hamiltonian given by (11) seems to be un- 
manageable. We will, therefore, treat it in the following 
manner: 

(i) First we determine the internal wave function 
Wo(E:,m1,¢1,€2,92,¢2; R) and its lowest eigenvalue Eo in 
the case H=0 and u=0, by solving the equation 


KHOW—= EoVo. (13) 


As is well known, this calculation has been made by 
many investigators, including one of the present au- 
thors.* We can, therefore, utilize the results already 
obtained. 


+E. Ishiguro, J. Phys. Soc. Japan 3, 129 (1948). 
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(ii) Using the above Wo, one should be able to deter- 
mine the vibration-rotation wave function #» in the 
case H=yu=0. A rigorous treatment might be difficult, 
of course. However, it has been shown that to a good 
approximation ®) can be written as f(R)-x(0,¢), and 
the rotational eigenfunction x(6,g) can be expressed 
by the spherical harmonic Yy"/ which has the eigen- 
value J for the angular momentum and my, for its 
z component. 

(iii) Finally, introducing H and uy, we calculate the 
internal wave function ¥ (£1,91,¢1,£2,n2,¢2; R,@) by means 
of the variation method. In this step, x is assumed to 
be not considerably different from the one obtained in 
(ii). Then we can safely replace the operator —id/d¢ 
(z component of the angular momentum of nuclear 
system) with its eigenvalue m,. From the first term of 
(11) we pick out the term proportional to m, and con- 
sider it as a perturbation in addition to the terms 
HR, pH, PH, and Hux. Then, 


2h?my 2 


re] F) 
ms H® = ——_—_— <— ¥ | sina t-—-—8—) 
iMR? sin’ =1 ‘at ak, 


A 0 7] 
+cist( &——n/—) ; (14) 
On; = 9; 


The remaining electronic terms are all neglected be- 
cause they contribute nothing to the quantities in 
which we are interested. Thus the Hamiltonian in 
question becomes 


x= HO+ARY+ pH 


+msK+PH+ Hye, (15) 


4. APPLICATION OF THE VARIATION METHOD 


The electronic wave function of the ground state of 
the free hydrogen molecule, which is the solution of 
Eq. (13), has the symmetry '2,*. When the perturba- 
tions are introduced, the electron distribution is de- 
formed and the wave function loses its symmetry. 
If the perturbations are sufficiently small, the wave 
function may be expressed as 


V=) 00+ Dibigr 
+ Vicwret mys Yndaxnt:, 
where the 6’s have the symmetry '2,*, and gy, ¥, and 


xn have¥the other symmetries. Normalization of Vv 
gives 


i=), a,*a;Si;+H? > byt be Sex 
Led ky ke 


(16) 


+Hyu > (b,*cpSurt+ cr*bpS x) 
kl 
-f Hmy ; (by*daSin+ dn*biS nk) 
kn 


+pmy se (ci*dwSintdn* cS nt) + et (17) 
in 
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where Sij= S0;0,dr, Su=JS oxi, etc., and Six, Sit, 
and S;, vanish because of symmetry. The mean value 
of the Hamiltonian with respect to the function ¥ 


is given by 


E=Doa*aj;Hij+H{> afajKyj+>D ba*by: Hage 
+2 (G*hiKu™+c.c.)} 
+AUD (aFe:RaM+c.c.) +L (ai*b. Hu” +c.c.) 
HL a*aj Hy O+L (OF c1Hu+c.c.)} 
+ Hmg{Dd (adn Kin+c.0.) +L (a*he Ki 
+...) +E (bi*dn Hin +c.€.)} 
+m yd (aFdnHin® +c.c.) +2 (GF Ka+c.c.) 
+2 (Ci*d,. Hin +c.c.)}, (18) 


where c.c. means the complex conjugate. We try to 
find the coefficient of (16) which minimizes E of Eq. 
(18) under the condition given by (17). Differentiating 
(18) with respect to a,;*, b,*, c;*, and d,*, and using the 
well-known Lagrangian multiplier method, we obtain: 


¥ (Hi —Syh)ajyt+ (Lj Ry ajt+ Dr HiaOdy) 
+ Ay (Si KaMat Ce Kade + Lj Hijas) 
+ Amy (X nin dnt Dd eKin™ de) 


+ pms (Ln KinPdrA Li Kacy) =0, (19) 


By ee (Kew — See Elbe +d i Raia} 
+ Auld Hii atd (Kia — SxE)ei} 


+ Am{¥n( Kien —SinE)dat+LiKei™a,} =0, 


Auld RiP at+-Di(Ku™ —SuF£)be} 
tumsl>d Ri atd a(Kin —SinE)dn} =0, 


pm {>i Rai ait Di( Ku —Subyer 
+ Hm > nai act Die (Hur —SnrE) de} = 0. 


(20) 


(21) 


(22) 
From these we get at once: 
Lv (Rew — LoS be = — LiKe May, 
Lil Ke — EoSer= — LiKe a?’, 
¥ n( Hen — EoSen\dn=— LiKe a?, 
Die (Ku — ESu)be= — LiKuiMa?, 
Dn Hin — EoSin)da= — LiKua?, 
Lil Ku — LoS aer=— LiKai”ay, 
Yel Raz — EoSnr)be=—LDiKnia?. 


(23a) 
(23b) 
(23c) 
(23d) 
(23e) 
(23f) 
(23g) 
To satisfy Eqs. (23) consistently, it is necessary that 
Pk=Vi= Xn (24) 

Thus Eqs. (23) can be reduced to: 

Die (Hee — EoSee be = —LiKesVa?, 

Lil Ker — EoSnier=— LiKeia?, 

Lal Hen —LoSen)dn=— LiKe a? 


(25a) 
(25b) 
(25c) 
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From Eq. (19) it is seen that a; can be written as 


aj=a/-+ Haj) + Hua; + Hmsa; 
+pmsajs+ eee, 


(The proof of this relation is given in the Appendix.) 
Substituting (26) into (17), we get 


1= 5 2 afa/Sij+ ATS b.* bh Siw +L (aa; 
+4;aP)Si5 + Auld (ds*cSartci*beS x) 
+E (aa; +4,a/)Sij] 
+ Hm LE (bi*d Sint dn*beS nr) 
+L (afa;% +0; a/)Sij] 
+pm > (c:*dySint dn*cyS ni) 
+¥ (afa;+a,Ma)Siy] 
init (2) 


The expressions in the square brackets should all 
vanish, because >-aa/Sij= Sf |WVo|*dr=1. Making use 
of these relations together with (23) and 2(%,; 
— §,;Eo)aP=0, etc., we car. simplify (18) as follows: 


E= Eot > afafRy+> ah, Ka | 
+HAyl> afafHy™+> afc; Ry” 
+¥ afb, Riu J+ HmiLX afb, Ku 
+¥ afd, Rin J+ pms LY aera” 
+> afd, Kin™ |+ eee, 


Since L,6;=0, the second term of #“ and K® can be 
dropped. Then, we can put 


(26) 


(28) 


HY’ = 3 /sind = — (eM R*/4mch) sind- H™, (29) 


and from (25a) and (25c) we obtain 


—d,= (4mch/eM R?*) sin6b;,’, (30) 


where 


b,’= b,/sind. (31) 


Similarly, 
cr = c,/sind. 


Thus (25a) becomes 
LX (Rew — LoSee be’ = —L Kyi’. 


Furthermore, if we put 


(32) 
(33) 
KH = sind H®’+cosd- HK”, 


(34) 


it is shown from the symmetry properties that 3,,;°” 
vanishes for those values of k to which the non-vanish- 
ing 3,,;“”’ corresponds. On the other hand, if 3¢,;“’=0, 
then (33) gives b,’=0 which makes a/b,3(,,; vanish. 
Therefore, X,;°” is of no use for our purposes. Thus 
(25b) can be written as 


YY (Ha — ES er’=—-Y Kei?’ ?. 
It follows from (33) and (35) that 


/ , 
> afb,’ Ky?’ =>, ave, Ky s 


(35) 
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Taking account of the above relations, we finally get 


E=Eot+ HD afafKHy+sin? > afb,’Ky™’] 
+HAyl> afaf Hy; +sin0(2 > afb,’ Ra”) 
—2Hm4s(4mch/eM R*)¥- afb,’ Ra’ 


— pm, (4mch/eM R*)2 2, afb; Ry, ?'+ tated (36) 


On the other hand, the total energy should be written 
[see Eq. (11)] as: 
Evor= (Rotational energy) + (vibrational energy) 
— (eh/2Mc)Hm,— (eh/2Mc) (4/R®) 
Xumy—2npH+E+--- 
= (Rotational energy) + (vibrational energy) 
+ Eo+ (— x/2)H?—2(1-—0)Hu— Hm yp, 
—2umsH,+--+, (37) 
where x means the magnetic susceptibility of this 
molecule, o the magnetic shielding constant, u, the 
rotational magnetic moment, and H, the rotational 
magnetic field (spin-rotational magnetic interaction 
constant). Comparing (36) with (37), we obtain 


x= —2[> a°aPHy+sin9 > afd,’ Ky], 
c= (1/2)>> afa?PK;; +siné yy afb,’ Riz”, 
br = (eh/2Mc)+ (8mch/eM R*)>” afb,’Ky™’, 


H,= (eh/2Mc) (2/R*) 
+ (4mch/eM R*)>- afb,’ Kiy,?”. 


(38) 
(39) 
(40) 


(41) 


These results depend upon the molecular orientation 
6 and the internuclear distance R, and the observed 
values are considered as averages over 6 and R. 


5. NUMERICAL CALCULATION 


The most accurate wave function Vo of a hydrogen 
molecule so far obtained is that of James and Coolidge.® 
It is therefore desirable to use it to calculate the x’s 
and to take as many additional functions as possible. 
It is, however, very laborious. 


TaBLe I. Coefficients and energies of the wave functions. 





(atomic 


R=1.5 units) 


2.29591 
0.82526 
—0,64411 
—0,66111 
0.05333 
0.01891 
— 0,02839 


R=14 


2.46595 
0.90325 
— (0.67659 
— 0.59722 
0.05031 
0.01191 
— 0.03731 


R=1.3 


2.61810 
0.98603 
— 0.70138 
—0.49117 
0.05030 
0.00090 
— 0.04938 


(atomic 
Ee units) 


b,’ — 0.003335 
b,’ 0.001910 
ci’ 0.004416 
Ca! 0.000668% 














—1,1556648 


—0.0031444 
0,001720% 
0.002320: 
0,00058 15% 


~1,1575046 


— 0.003257: 
0.001819% 
0.003 1944 
0.000636% 


—43,1553615 











*H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 


ISHIGURO AND S. KOIDE 


TABLE IT. The calculated values of xmoi, ¢, ur, and H, 
for R=1.3, 1.4, and 1.5 atomic units and for arbitrary 0.* 








(atomic 
R units) Unit 
10~* erg G-* mol™ 
10~* erg G-? mol 
10-¢* erg G* mol 
10-6 
10-5 
1075 
eh/2Mc 
eh/2Mc 
eh/2Mc 
Gauss 
Gauss 
Gauss 





—3.4674 —0.5974 sin” +0,1469 sin® 
—3.5814 —0.7339 sin® +-0,1947 sin¥” 
—3,7206 —0.8838 sin” +0.2485 sin’ 
2,897 —0.1515 sin¥® +0.0706 sin¥ 
2.774 —0.0573 sin” +-0.0683 sin¥® 
2.657 +0.0292 sin” +-0,0643 sin¥® 
1 —0,1466 
1 —0.1675 
1 —0.1862 
31.004 +-2,138 
24.823 +1.783 
20.182 +1.463 


Coot eh SOE SORES eon es 
Uee Vee Wee Vale 








* The first and the second terms of xmo1 come from the first term of (38), 
and the third terms (high-frequency terms) from the second term of (38). 
The first two terms of each # come from the first term of (39), and the 
last from the second term of (39). The dominant part of H, (the first terms) 
is obtained from the first term of (41). 


In the present paper, for >a,°0,, we tentatively adopt 
the seven-term wave function obtained by one of the 
present authors :° 


Wo= (1/2m) exp{ —5(Ar+-Az2)} [2019+ a9 (us?+- 2") 
+ 2ay"urypot+ ag (Ai t+A2)+ as" (A1?+A2”) 
+ 2a6Asd2ps142+ 2a7"p cos(bi— $2) |, 


Aj= (rajt+roj)/R, hj (raj—1vj)/R, 
p= { (A.?— 1) (A?— 1) (1—y,”) (1—y2")} 4. 


¢; and ¢2 denote the azimuthal angles of the two elec- 
trons, and 6 is fixed as 0.75 throughout this calculation. 
The values of a, and Ep are tabulated in Table I for 
R=1.3, 1.4, and 1.5 (atomic units). For the additional 
function, we have used two functions: 


¢1=Vi=xi= (1/2) exp{ —5(A1+A2)} 
Lai (Ar? 1)#(1—1*)* cosd, 
+2 (A2?— 1)#(1—2*)! cosde ], 
¢2=W2= x2= (1/2) exp{ —5(A1+A2)} 
X [ua (As?— 1)4(1—4,)! cos, 
+r (Ao?— 1)4(1— us")! cos@e J. 


(42) 
(43) 
(44) 


where 


and 


(44) 


The details of the calculation are quite analogous to 
those of the polarizability calculation‘ and we shall 
omit them here. The numerical values of the integrals 
required for our problem have been taken in part from 
the tables published by Kotani ef al.’ The tables made 
for the calculation of the polarizability have also been 
utilized. The results obtained are shown in Table II. 


6. RESULTS AND DISCUSSION 


In the preceding section, we obtained expressions 
for x, 7, uy, and H,, for fixed R and @. We will now aver- 
age these quantities over R for the lowest vibrational 
state. The method is the same as that used for calculat- 


* Kotani, Amemiya, and Simose, Proc. Phys. Math. Soc. Japan 
20, extra number (1938); M. Kotani and A. Amemiya, Proc. 
Phys. Math. Soc. Japan 22, extra number (1940). 
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TaBLe III. The values a, 5, c. Each figure in this table corre- Taking into account the relation 
sponds to that of Table II in the same arrangement. The units 
used are also the same as in Table II. 


+J 
== =<—<——<—== === ————=— == == ~~ m= (1/3)(2I+DJ+0)/, (47) 
ies — 3.5827 —0.7353 +0.1952 myn—J 
Xmol 





b — 1.2685 — 1.4333 +-0.5086 
c — 1.26 —0.67 +-0.300 we get 
fen Semana Conl)—h, vm. 
a +2.773 — 0.0564 +0.0683 The final results thus obtained are shown in Table IV, 
{é 50900 — oor and indicate that our method is useful and gives good 
(a) x= 2.731—0.0294 sin*®-+0.0667 sin” (H:) results even in the rough approximation. It should be 
(o)a= 2.743—0.0372 sin*+-0.0672 sin” (D2) noted that we have been able to avoid the difficulty 
{2 —0.1677 in the perturbation treatment that the high-frequency 
i? ree terms become too large. Compared with the observed 
(Au,)e= —0.1728 (H,) values, the calculated values of xvr and Au, are large, 
(Aur)e= —0.1714M p/Ma= —0.0857 (D;) and the high-frequency term of H, is small. However, 
424.7689 41.780 the errors arose to the same extent in the calculation 
— 53.956 — 3.372 of the polarizability when only three terms were added 
ema Ha. pe. +1.750 (H,) to the unperturbed wave function. Therefore, we may 
(H,) p= (24.738+1. 715)M,/3 Me (D2) expect the situation to be improved by taking more 
terms. In our results, H, of Dz is smaller tuan H,/2 
of H». Experimentally the reverse is the case. This dis- 
ing the polarizability : we may express the R dependence agreement seems to come from the approximation in 
of any quantity as (45), which is not good for the first term of H,. 
To get more accurate results by our method, it is 
{(R) =a+b(R—R,)+c(R—R,)*, (45) necessary (i) to adopt the more accurate wave function 
: : P ‘ for Wo, (ii) to increase the number of the added func- 
and average it by using the eigenfunction of the Morse- tions, and (iii) to carry out the calculations for a larger 
potential. (See Table III.) ‘ number of different values of R. Considerable improve- 
The observed values are considered to be the averages ent, however, may be expected by increasing the 
of the above-obtained values over 9 for the rotational edited fenevionn 6 Gada tains 
states. As is well known, the rotational eigenfunctions It follows from (38), (39), (40), and (41) that 
can be expressed by spherical harmonics. It follows 


from the properties of the spherical harmonics that x= —-2¥ fai 
— (a*aoR®/8un) sin*O(u4e—uw), (49) 


Aur 


2J?+2J—1—2m/’ 
(cos’6)J.my= -—— 


(2J—1)(2J+3) ” a= (1/2)¥ afaPHiy™ | 
— (a?aoR?/4un) sin*?O(uv/R-—H,/2), (50) 





(sin?0)J my = ancinpatiabiiaambani 
(2J—1)(2J+3) do=h?/mé, a=e/hc, and py=eh/2Mc. (51) 


Tae IV. Results of the caleulntions 9 and comparison with | experiepent. 


He Ds 
Calculated Observed Calculated Observed Unit 








— 4.0689 —3.94, —3.99* — 4.0306 10~* erg G* mole 
2.756 2.763 10-6 
—0.1727 —0.11709+-0.00007> — 0.0857 —0.0594+-0.0030° eh/2Mc 


" 140 +0.64 
26.472 27.324, 26.74+-0.05 13.227 {1343 +£0.06! Gauss 
Xue 0.1507 {0. 0990+0.001» 0.1445 10~* erg G* mole™ 
(0.093 +0.007° 
t,—ty — 3.922 —3.66 +0.20> — 3,820 —5.1 +2.5¢ 10-*/mole 
-—39 +2.5° 











«J. H. Van Vieck, The Theory of Electric and Magnetic r+ egimamamed (Oxford University Press, Oxford, 1932), p. 279. 
bN. J. Harrick and N. F. Ramsey, Phys. Rev. 88, 228 (1951). 

en. Ramsey, Phys. Rev. 58, 226 (1940). 

d Kolsky, Rabi, and Ramsey, Phys. Rev. 57, 677 (1940). 

¢ Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 79, 883 (1950). 

{ Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 80, 483 (1950). 
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TasLe V. Comparison of our values xmo1 with those 
of other snvestignters. 





Semi 
Present empiri- 
Ramsey calculation cal 


3.24 
—0.50 


2.74 
0.05 


2.79 


Hylleraas- 
Skaviem 


3. 1648 
—0,5034 


2.6614 
0.2864 





Lamb’s formula 
First-order correction 


Sum 
Second-order correction 


Total 


3.24 

— 0,63 

2.61 

0.07 
(0.05*) 

2.68 


2.9478 G. 66) 








* The value obtained by the use of H, =26.74 gauss. 


On the other hand, Ramsey gives the formulas :* 


=xotxuF, 


X Ramsey 


ado 
xo= — eh, 
J 


a’ ayR?* By 
Xur= (:-), 
12 MN 


-) aaoR’* fun H, 


and 


1 
o Ramsey > fotao —— — sng 
Tai 6un 


(53) 


Putting sin@=4, Eq. (49) agrees with (52) and the 
first term of (50) corresponds to the Hylleraas-Skavlem 
expression [Eq. (17) of reference 3]: 


4a°a9(1, ‘Tal —_ RZ 41/21") w- (54) 

This, however, seems to be different from the corre- 
sponding term of (53). The explanation lies in Ramsey’s 
assumption that “the nuclei are at positions where the 
electric field is approximately zero.” Under this assump- 
tion we obtain (1/4R)=(Rzq:/2ra:*). The results of 
these calculations are shown in Table V. The difference 
between —0.63 (Ramsey) and —0.50 (Hylleraas- 
Skavlem) seems to be caused by Ramsey’s assumption, 
and we list in column 4 the most appropriate values for 
the semiempirical o value. The agreement with our 
values is quite excellent. 

As to HD, the calculations become somewhat com- 
plicated because of the lower symmetry of this mole- 
cule. We will therefore publish it in a separate paper. 

From the above calculation we see that if the Born- 
Oppenheimer (B-O) approximation holds, then y,=1 
and Au,=0; namely, electrons are completely separate 
from the nuclear system. This rather curious situation 
is most easily visualized if we consider the one-dimen- 
sional model. When a proton and an electron move in 
the x direction, then the correct wave function of the 

® * Ramsey’ s original form of this expression [Phys. Rev. 78, 
703 (1950), Eq. (24)] is as follows: 

o = (e/3 me*)(0| E41/r¢|0)— (c®aoa®/Opy)(2Zpn/a*?—p'H,/MJ). 
This is equivalent to Eq. (53) where some of the notation is altered 
for uniformity. The second and the third terms of Eq. (53) corre- 
spond to the second term of Ramsey’s expression. This recombina- 
tion is due to the different choice of gauge. 
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system may be described as 
exp{ik(mx+MX)/(m+M)}-x(x—X), 


where m,M, and x,X are the masses and coordinates of 
the electron and the proton, respectively. Then by the 
usual procedure we obtain the current due to both elec- 
tron and proton. 

On the other hand, if we use the B-O wave function 
instead of the correct one, namely 


exp{ikX}-x(x—X), 


we cannot obtain the electronic current moving with 
the proton. This consideration shows that the B-O 
approximation is not justified for the calculation of the 
electronic current moving within the nuclear framework. 

For the Hz molecule, however, the B-O approxima- 
tion is adequate, as we know from experiment that 
electrons are almost completely separate from the 
nuclear system. The correction for the B-O approxima- 
tion due to the incompleteness of the separability of 
variables introduces Ayu-., which is calculated by our 
formalism. We will consider the treatment of the other 
extreme case in a later paper. 

In conclusion, the authors wish to express their 
sincere thanks to Professor M. Kotani for his guidance 
and to the members of his laboratory for their aid. 
They are also much indebted to Professor G. Araki 
for his discussions, and to Professor N. F. Ramsey for 
his kind interest. They are grateful to Mr. T. Kawai, Mr. 
S. Kawasaki, and Mr. S. Kuroda for their assistance in 
carrying out the numerical work. Part of this work was 
made possible by research grants from the Educational 
Ministry. 


APPENDIX 


Differentiating Eq. (19) with respect to H and taking 
the limit of vanishing 7, u and m,, one obtains 


2; (Hi; (0) — Si;Eo) (da;/0H)o 


— (0E/0H)oE;Sia=0. (A-1) 
Multiplying by 2,a,° and using the relations 
Z(H; —S,;Eo)aP=0, 


245:ja°a/=1, 


(A-2) 


we get 
(0E/dH)»=0 
and therefore, 


2 (Hy —SijEo) (da;/H)o=0 
Comparing (A-3) with (A-2), one can see that 
(da;/0H)o= pa). 


(A-3) 


(A-4) 


Similarly, the derivatives of (19) with respect to u 
and my give 

(da; /Op)o= ga, (A-5) 
and 


(A-6) 


(da;/dm,z)o=ra;, 
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respectively. Thus we get: 
a;= a;'+ (da;/0H)H+ (da;/dp) ou 
+ (da;/Om,s)oms+ --- 
=a/(1+pH+qut+rm;+:--). 
The normalization condition (17) gives 
1=S= La/*a)|1+pH+qutrmy|*Sy+H(- ++) 
+Hp(--+)+umy(---)+-+°. 
From this we obtain 
O= (0S/dH)o=2al*a/Sii(p*+p) ; 


(A-7) 


(A-8) 


i.e., 


p*+p=0, 
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which shows that p is purely imaginary. Similarly ¢ 
and r are also shown to be purely imaginary. We can 
therefore write 


a;=a){1+i(aH+Butyms)+::-} 
=a) exp{i(aH-+fu+ym,)} 


+(second order terms). (A-9) 


This shows that, if we multiply the wave function by 
an appropriate phase factor, the a’s can be reduced to 
the form 


a;=af+ Ha; + Hya;” 


+Hmyaz+pmsaj+---. (A-10) 
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Electron-Electron and Positron-Electron Scattering Measurements 


ArTHuR AsHKIN,* LoRNE A. Pace,t anD W. M. Woopwarp 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 


(Received November 27, 1953) 


A counter experiment is described which measures the absolute differential electron-electron scattering 
cross section in the energy interval 0.6 to 1.2 Mev and the absolute differential positron-electron scattering 
cross section in the energy interval 0.6 to 1.0 Mev. The ratio of these cross sections is also measured with 
somewhat increased accuracy. The technique of measurement combines good resolution with large energy 
transfers between the particles to permit a sensitive test of the relativistic features of the Mgller and Bhabha 
formulas. The results verify the Mgller formula within the 7 percent experimental error. The Bhabha for- 
mula is verified within the 10 percent experimental error. The ratio of the M@gller to the Bhabha formula 


is verified within about 8 percent experimental error. 


INTRODUCTION 


HE purpose of this report is to collect and sum- 
marize the results obtained at this laboratory 
on electron-electron and positron-electron scattering 
experiments.' The object of these experiments was to 
check the Mgller and Bhabha formulas which are the 
predictions for e-e and p-e scattering, respectively, 
based on the Dirac theory. When these experiments 
were begun the only previous work in this field had 
been done with cloud chamber techniques.? Such 
experiments were not adequate to check properly 
either formula, since the relativistic features of the 
scattering begin to be appreciable only at large energy 
transfers between the incident and scattered particles, 
and these are rarely seen in the cloud chamber. 
Tt is customary to discuss scattering cross sections in 
terms of angular distribution, since this is usually the 


*Now at Bell Telephone Laboratories, Murray Hill, New 
ersey. 
’ ¢t Now at the University of Pittsburgh, Pittsburgh, Penn- 
sylvania. 

1 Lorne A. Page, Phys. Rev. 81, 1062 (1951); A. Ashkin and 
W. M. Woodward, Phys. Rev. 87, 236 (1952). 

2Ho Zah-Wei, Compt. rend. 226, 1083 (1948); Groetzinger, 
Leder, Ribe, and Berger, Phys. Rev. 79, 454 (1950); The most 
recent cloud chamber experiment reported is: G. R. Hoke, Phys. 
Rev. 87, 285 (1952). 


experimentally measured quantity. However, our 
apparatus measures directly the energy transferred in 
the collision and this is probably a more meaningful 
concept in this particular problem. In any event the 
conservation laws provide a ready means of going 
from one to the other. We prefer to talk about the 
fraction v of the incident kinetic energy transferred in 
the collision. 

The present experiments were designed to study the 
scattering at large energy transfers using a counter 
technique. A method has been devised which gives 
simultaneously a high resolution and good solid angle. 

Apparatus was first designed for e-e scattering work, 
and extensive measurements were made in the energy 
range 0.6—1.7 Mev with »=0.5. Due to the inability 
to distinguish incident from scattered particles in e-e 
scattering, the Mller formula is symmetrical about 
v=0.5, the largest distinguishable energy transfer. Thus 
v=0.5 represents the most favorable situation for 
checking the Mller formula. In the energy range 0.6 
—1.7 Mev the electrons are sufficiently relativistic to 
check the essential features of the Mller formula, 
which include, besides the Coulomb scattering, addi- 
tional contributions arising from spin interactions. 
Since the first reports of this work showing agreement 
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Fic. 1. Schematic view of the 270° scattering chamber used in 
electron-electron scattering measurements. 


with the Mller formula,' several other experimenters, 
using electron accelerators,*® have also found agreement 
at higher energies. 

Following the work on e-e scattering, a new apparatus 
was built to handle the problem of p-e scattering. 
The positron-electron scattering shows many of the 
features of e-e scattering. The cross section is essentially 
Rutherford for small v, with deviations expected at large 
v. The cross section, however, is no longer symmetrical 
about »=0.5, since we have distinguishable particles. 
Also, in addition to the spin interactions found in the 
Mgller formula, there exists the process called “virtual 
annihilation,” or “exchange interaction.” This is a 
contribution to the scattering cross section arising from 
the virtual annihilation and recreation of the positron 


*Scott, Hanson, and Lyman, Phys. Rev. 84, 638 (1951); 
Barber, Becker, and Chu, Phys. Rev. 89, 950 (1953). 
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and electron which go off in new directions. The net 
result is a scattering. 

Since the first reports of this work showing agreement 
with the Bhabha formula,' a counter experiment was 
reported by Howe and MacKenzie‘ measuring the 
ratio of positron-electron to electron-electron scattering, 
giving good agreement with theory at 1.3 Mev. 


APPARATUS 
Geometry 


Figure 1 gives a schematic view of the chamber used 
for the e-e scattering work. The chamber was evacuated 
to a mild vacuum and was surrounded by a solenoid 
and Helmholtz coils which provided a uniform magnetic 
field inside the tank. The top view shows the source 
placed at zero degrees. By a series of slits placed at 90° 
and 180°, an interval of momentum 12 percent wide 
was selected from the continuous 6 spectrum and 
brought to focus on the scattering foil F placed at 
270°. Shown is an e-e collision taking place between 
one of the incident electrons and an atomic electron 
of the foil. The scattered particles are shown leaving 
the foil at some angles. They are bent in the magnetic 
field and are detected as a coincidence by two appro- 
priately placed thin window Geiger counters A and B. 

Since the horizontal displacement of the trajectory 
of the particle is determined only by the component of 
momentum perpendicular to the scattering foil and 
this is uniquely related to its kinetic energy, a counter 
placed parallel to the magnetic field will be sensitive 
only to particles of a particular energy. As one varies 
@, the angle between the plane of collision and the 
vertical, the scattered particles travel’ along helical 
paths to different heights along counters A and B. 
Thus the fraction of all the scatterings observed with a 
particular v depends only on the length of counter used, 
and in principle can be made equal to unity with 
sufficiently long counters. 

If, for example, one wants to study the differential 
scattering cross section for v=0.4, one places counter A 
at a distance from F such that it detects only electrons 
of energy=0.47)- where 7)=kinetic energy of the 
incident electron. By conservation of energy the other 
electron must have energy 0.67»; therefore, B must be 
placed at a distance from F such that it detects only 
electrons of energy 0.67». Thus, for a fixed position of A 
there is a unique position for B, This property of the 
scattering we call the “coherence property.” One can 
check its validity by studying the coincidence rate as a 
function of the position of B, for example, keeping A 
fixed. One expects to find a maximum at the position of 
coherence with a fall off on either side, the shape of 
which depends upon the particular geometry used. A 
typical curve is shown in Fig. 2. 

Figure 3 gives a schematic view of the chamber used 
for the p-e scattering work. Here 180° rather than 270° 


‘H. A. Howe and K. R. MacKenzie, Phys. Rev. 90, 678 (1953). 
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focusing is used in order to permit more effective 
shielding of the gamma rays from the positron source.® 
Actually, the 270° geometry is better in one respect, 
namely that the 90° and 180° slits define the beam 
which then passes cleanly through the foil at the 270° 
window, thus reducing slit scattering in the neighbor- 
hood of the scattering foil and resulting in low singles 
rates and correspondingly low backgrounds. 

Another modification dictated by the need for 
adequate gamma-ray shielding was the so-called helical 
geometry. This refers to the fact that in the positron 
apparatus the source S is displaced downward from the 
horizontal plane containing the foil (see Fig. 3). In this 
situation the incident positron follows a helical path 
from the source to the foil, where it strikes with an 
upward component of momentum. As a result the 
collision products have an added upward component 
of motion which permits the shifting of the counters 
upward, thereby providing more room for shielding. 

A consequence of this helical geometry is that all 
scattered particles of a given energy are not brought to 
focus on a vertical line, but rather on a curve situated 
roughly symmetrically about a vertical line. This 
deviation from the simple straight line results in a 
smearing out of the energy resolution somewhat 
beyond what would be expected solely from the widths 
of the counters and source. 

The positron chamber can also be used to study e-e 
scattering by merely reversing the magnetic field and 
placing counter C2 on the other side of the foil. 


Counters 


The Geiger counters used in the 270° chamber were 
made of }-in. square tubing with 0.001-in. aluminum 
windows. The filling was 80 cm Hg of helium with 1 cm 
Hg of ethyl alcohol. The Geiger counters used in the 
180° chamber were made of 0.8-in. square tubing with 
windows prepared by evaporating aluminum on 
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Fic. 2. A typical coherence curve. 


5 The Co positron sources which were used for reasons of 
energy and lifetime have approximately three energetic gamma 
rays for each positron. The Sr®—Y™ electron source is free of 
gamma rays. 




















Fic. 3. Schematic view of the 180° scattering chamber used 
for both positron-electron and electron-electron scattering 
measurements, 


0.0005-in. Mylar.® The filling was 7.5 cm Hg of argon and 
1 cm Hg of ethyl alcohol. These counters, which had 
superior counting characteristics to the high-pressure 
ones, suffered from the disadvantage that they had 
to be filled each time after the chamber was evacuated. 


Scattering Foils 


With the 270° chamber two foils were used, 0.5 
mm/cm? of collodion and 4.5 mg/cm? of beryllium. 
With the 180° chamber Mylar foils* of thickness 0.9 
mg/cm? and 1.7 mg/cm? were used. 


Source Strengths 


The e-e scattering work using the 270° chamber was 
done with about 10 mc of Sr—Y™. The e-e scattering 
work using the 180° chamber was done with about 
2.5 mc of S®™—Y™. The p-e scattering work was done 
with about 1 mc of Co**,” 


EXPERIMENTAL PROCEDURE 


With the counters located for the desired energy 
sharing and the magnetic field set for the desired 
incident energy, one measures the coincidence rate and 


* Mylar is a plastic film supplied by the DuPont Company. 
It is a polymer containing hydrogen, carbon, and oxygen. 

7 We are indebted to Professor Martin Deutsch, Massachusetts 
Institute of Technology; Professor P. V. C. Hough, University of 
Michigan; and Professor A. J. Allen, University of Pittsburgh for 
kindly providing us with the cobalt sources used in this work 
We also would like to thank Professor Norman Bonner of Cornell 
University for assistance with the chemistry of the source prep- 
aration. 
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Fic. 4. Comparison with theory of the measured relative differ- 
ential electron-electron scattering cross section as a function of 
the fractional energy transfer » taken with the 270° apparatus. 


singles rates with the scattering foil in and out of the 
beam. The difference in coincidence rate, after making 
proper corrections for the dead time of the counters, is 
interpreted as being due either to e-e or p-e scattering. 
Source strengths were calibrated by placing a small 
hole at the position of the foil and counting the number 
of particles that pass cleanly through it with a Geiger 
counter placed some distance behind the hole. This 
measurement gives the source strength at one point on 
the foil. It is necessary to scan horizontally and ver- 
tically across the foil to determine the variation of the 
incident particle intensity with position on the foil. 

Knowing the composition and weight of the foil, the 
above data on coincidence rate and absolute source 
strength is sufficient to determine the absolute differen- 
tial cross section for e-e and p-e scattering. Actually, one 
must compute a geometrical factor before one can 
interpret the coincidence rate in terms of a cross section. 
This factor we call /, the efficiency against vertical loss. 
It is computed on the basis of the detailed orbits of the 
scattered particles from different parts of the scattering 
foil. This factor is a measure of the fraction of all the 
scatterings of a particular energy sharing which are 
detected by the counters. It differs from unity because 
of the restricted length of the counters.* As we saw 
before, this restricts the range of ¢’s which can be 
detected. This factor takes into account the variation 
in efficiency with which different parts of the foil are 
counted. It includes any variations in the number of 
particles incident at different points on the foil and the 
variation of the cross section with position on the 
foil. In the 180° apparatus it includes the smearing out 
of the energy resolution due to the helical geometry. 

The accuracy of the vertical loss factor was checked 
experimentally in several ways. 

In taking data at a particular energy sharing between 
the particles, for example (0.60—0.40), one can use 
two possible arrangements of counter positions. One 
can place the upper counter at a position where it 


® The counter lengths had to be restricted for various reasons, 
such as having to have both counters in the same position, shield- 
ing, and the size of the useful magnetic field. 
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detects particles of energy 0.47 and the lower at 0.67». 
Alternatively, one could place the upper at 0.6 and the 
lower at 0.4. Either way we should measure the same 
cross section. This implies that the ratio of the observed 
counting rates should be equal to the ratio of the 
computed /’s for the two situations. One finds 


counts/min (0.60—0.40) 
counts/min (0.40—0.60) 





= 1,550.09. 


The computed ratio of the /’s is 
f(0.60—0.40) 
f(0.40—0.60) 





C 05 mg/cm? collodion foil 
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Fic. 5. Comparison with theory of the measured absolute 
differential electron-electron scattering cross section at »=0.5 as 
a function of the kinetic energy of the incident electron taken with 
the 270° apparatus. 


Another check is to change the actual length of the 
upper counter in the situation (0.60—0.40). The ratio 
of the counting rates should again equal the ratio of the 
computed f’s for this situation. One finds 


counts/min (unblocked) 





= 2.16+0.14, 
counts/min (blocked) 


whereas 


f (unblocked) 
—————= 7.16 
f (blocked) 


A third check was to measure the e-e scattering 
absolutely with the 180° apparatus. This agreed well 
with that measured on the 270° apparatus although the 
f’s in the two geometries were entirely independent. 
This added check particularly gives us confidence in 
our understanding of the apparatus. 

Care was taken to avoid errors due to multiple 
scattering in the scattering foil. A rather sensitive 
indication of the presence of multiple scattering is the 
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broadening of the coherence curve beyond the computed 
width. Another check is to study the counting rate as a 
function of the thickness of the scattering foil wherever 
possible. 


RESULTS 


The Mller formula’ can be written in the following 
form: 


ad dv 
om (y,0)dv= 2xr,?- 
(y—1)? (y+1) 


srk? 
x[ #3 (—) (+s) 
Y 


¥ = Evotai/mc’, 
Ewta=me+7, x=[v(1—v)}° 


and »v is the fractional energy transfer. The Bhabha 


where 


ro=e?/mc’, 





M=Meoller Formula for v=.5 


9, 


Nie ate 


Taken with 1.7 mg/cm® 
mylar scattering foil 

oTaken with 9 mg/cm? 
mylar scattering foil. 


iL iL i iL iL. 


7 8 Ss Lo ul 12 
incident Electron Energy in Mev 











Fic. 6. Comparison with theory of the measured absolute 
differential electron-electron scattering cross section at »=0.5 as a 
function of the kinetic energy of the incident electron taken with 
the 180° apparatus. 


formula” can be written in the following form: 


dv f1f/ vy \? 12(y+1)*-1 
op(y,v)dv= 2nt—"{_(—) Se 
(ytiIlY\y-17 » y-1 


3(y+1)*+1 = 2y(y-1) y~1i\! 
4+] +#( vn ) | 
+1 


Gti! +4 


where fo, y, and v are the same as above. 
If one omits the contributions of the virtual annihila- 
tion terms, the Bhabha formula becomes 


dv 1 ¥ \? 1/7+1 1 
op—a(y,v)do= 2nre [-(=) --(—)+-| 
(ytiLe\y-17 v\y-17 2 


°C. Mgller, Ann, Physik 14, 531 (1932). 
” H. J. Bhabha, Proc. Roy. Soc. (London) A154 195 (1936). 
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Figure 4 shows the comparison with theory of the 
measured relative differential e-e cross section as a 
function of the fractional energy transfer v. These 
data were taken with the 270° apparatus for fixed 
incident electron energy of 1.76 Mev. They were 
normalized to v»=0.5. Similar agreement was found for 
1.15-Mev incident energy. 

Figure 5 shows the comparison with theory of the 
measured absolute differential e-e cross section at 
v=0.5 as a function of the kinetic energy of the incident 
electron taken with the 270° apparatus. Curve M is the 
Md@ller formula. Curve M—S, which is the Mller 
formula with the spin terms deleted, is drawn to 
indicate the magnitude of the spin terms. The preference 
of the data for the Moller formula is apparent. 

Figure 6 shows results similar to those of Fig. 5, 
only this time taken with the 180° apparatus. We notice 
that the two high-energy points taken with the 1.7- 
mg/cm? foil are in good agreement with theory. The 
0.82-Mev point with this foil thickness lies a little low, 
presumably because of multiple scattering, since a re- 
duction in the foil thickness to 0.9 mg/cm? improves the 
agreement with theory. The point at 0.61 Mev is low, 
presumably because of multiple scattering, even with 
the 0.9-mg/cm? foil. 

In Fig. 7 is displayed the measured energy depend- 
ence of the absolute positron-electron cross section for 
v=0.5 in units of 2x7? taken with the 180° apparatus. 
Curve B is the prediction of the Bhabha formula. Curve 
B—A< is the prediction of the Bhabha formula less the 
annihilation term referred to above. As in Fig. 6 for the 
absolute electron measurements, the agreement with 
theory is good at the higher energies, but the value at 
0.61 Mev is somewhat low, presumably because of mul- 
tiple scattering. There seems to be little doubt that the 
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Fic. 7. Comparison with theory of the measured energy depend- 
ence of the absolute differential positron-electron scattering cross 
section for »=0.5, taken with the 180° apparatus. 
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Fic. 8. The ratio of the differential electron-electron to positron- 
electron cross section, for v=0.5, taken with the 180° apparatus. 
This combines the results of Figs. 6 and 7. 


measurements fit the Bhabha curve much better than 
the B—A curve. 

In Fig. 8 we have plotted the ratio of the e—e to the 
p-e cross section as measured with the 180° apparatus. 
This combines the results of Figs. 6 and 7, The compari- 
son of the data with the ratio of the Mgller to Bhabha 
formulas and the M@ller to Bhabha less the annihilation 
term is also shown. The experimental points -are in 
quite good agreement with the M/B curve. Even the 
0.61-Mev point lies on the theoretical curve, which 
serves to substantiate the supposition that both 
absolute numbers for the cross section at this energy 
were low because of multiple scattering. 

Figure 9 shows the measured ratio of electron-electron 
to positron-electron cross section as a function of » for 
a fixed incident energy of 0.61 Mev. Curves M/B 
and M/B—A mean the same as before. The experi- 
mental evidence again favors M/B over M/B—A. 


ERRORS 


The errors indicated in the above figures are the 
standard statistical counting errors. These must be 
combined with other experimental errors to give an 
over-all error. For the absolute e-e cross section the 
total error is estimated to be +7 percent, while the 
relative error is about +5 percent. The absolute 
positron-electron cross section has a total error of about 
+10 percent with a relative error of about +7 percent. 


This latter statement is not true, of course, at the 
points where the positron counting errors approach 
+10 percent. 

The measurement of the ratio of the Mller to the 
Bhabha formula has an error of about +8 percent. 

The errors to be associated with the e-e and p-e cross 
sections as a function of v are the relative errors of +5 
percent and +7 percent, respectively, except at a few 
points where the statistics are a little worse. 


CONCLUSIONS 


The Mller formula is verified in the energy interval 
0.6 to 1.2 Mev to an accuracy of about 7 percent 
standard deviation. The existence of the spin terms is 


established. 
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_Fic. 9. Comparison with theory of the measured ratio of the 
differential electron-electron to positron-electron cross section as 
a function of » for an incident energy of 0.61 Mev. 


The Bhabha formula is verified in the energy interval 
0.6 to 1.0 Mev to an accuracy of about 10 percent 
standard deviation. The existence of the virtual 
annihilation term is established. 

The ratio of Mdgller to Bhabha formulas is verified 
to within about 8 percent experimental error. 
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Half-Lives of Pu?*® and Pu®**t 


G. W. Farwe t,* J. E. Roperts,f anp A. C. Want§ 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received December 22, 1953) 


The half-lives of Pu and Pu® have been determined by measuring the specific alpha activity and the 
Pu content of four plutonium samples which had received different amounts of neutron irradiation. With 
the assumption that Pu®* contributes 13 percent to the observed increase in alpha activity, the half-life of 
Pu™ is 6300+600 years. The haif-life of Pu is found to be 24 400+500 years. 


HE specific alpha activity and Pu™ content of 

four plutonium samples have been measured. 
All the plutonium samples were prepared from uranium 
which had been neutron-irradiated in a graphite 
lattice pile. The chemical procedure used to separate 
the plutonium from the uranium and fission products 
and to purify it is capable of removing all other elements 
from plutonium. 

The specific alpha activity of the plutonium was 
determined as follows: A solution of pure Pu was 
assayed for alpha activity by mounting small aliquots 
(~0.25 wg Pu) on glass microscope cover slips and 
counting in a “50 percent geometry” ionization chamber 
connected to a linear amplifier. The solution was 
assayed for Pu by at least one of the following methods: 
(1) weighing PuO, made by igniting an aliquot of the 
solution; (2) titrating Pu!!! to Pu!Y with ceric sulfate. 
The Pu!" was prepared by fuming an aliquot of the 
solution with H,SO, and reducing the Pu with zinc 
amalgam'; (3) weighing a piece of pure plutonium 
metal before dissolving it to make the solution. Samples 
A and B were assayed by method (1). Samples C and 
D were assayed by all three methods. The three methods 
of assay gave very satisfactory checks. 

The Pu content was determined by measuring 
the spontaneous fission rates of several ~0.5-mg 
samples of Pu, each mounted in an ionization chamber 
attached to a battery-operated linear amplifier. The 
Pu was mounted in a thin film on a platinum disk. 
The effective weight of Pu was determined by placing 


TaBLE I. Specific alpha activity of plutonium 
samples vs Pu content. 








Pu content 
(ug Pu™ per ug Pu) 


0.00063 +-0.00006 
0.0034 +0.0002 
0.0133 +0.0006 
0.0157 +0.0006 


Sample Specific alpha activity 
No. (counts/min per wg Pu) 


69 480+ 100 
69 960+ 100 
72 510+100 
72 930+ 100 





° 
A 
B 
Cc 
D 








t This paper is, with minor literary changes, a report dated 
October 11, 1945, of work done at the Los Alamos Scientific 
Laboratory of the University of California. It has recently been 
declassified. The work was performed under a contract for the 
Manhattan Engineer District. 

* University of Washington, Seattle, Washington. 

t University of California, Radiation Laboratory, Livermore, 

lifornia. 

§ Washington University, St. Louis, Missouri. 

1 We are indebted to Mr. Harold Boaz of group CM-9 for 
developing this method and performing the titration. 


the chamber containing the Pu in a known slow neutron 
flux and measuring the neutron-induced fission rate. 
From previous calibrations against the mass spectro- 
graph results the spontaneous fission rate was converted 
to weight of Pu. 

The data are given in Table I and plotted in Fig. 1. 

If all of the increase in the specific alpha activity is 
due to the presence of Pu™, then the alpha activity 
of 0.01 wg of Pu® is 


[71 650— (69 240) (0.99) ] counts/min 
= 3100 counts/min. 


Then if one assumes 51 percent geometry for the 50 
percent geometry chamber, the specific alpha activity 
of Pu™ is 6.08X10° dis/min per wg Pu™ and the 
half-life of Pu is 5500 years. 

However, according to Perlman and Seaborg,? 13 
percent of the increase in specific alpha activity is due 
to the presence of Pu™*. This correction increases the 
result for the half-life of Pu™ to 6300 years. The 
estimated probable error for the half-life of Pu™ is 
10 percent. 

From the intercept of the specific alpha activity 
curve the half-life of Pu can be calculated. Assuming 
51 percent geometry for the 50 percent geometry 
chamber, the specific alpha activity of Pu™ is 136 000 
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Fic. 1. Specific alpha activity of Pu”— Pu™ mixtures os 
mass ratio Pu/Pu for the mixtures. 


aT. Perlman and G. T. Seaborg, Los Alamos Report MUC-GTS- 
1872, July 28, 1945 (unpublished). 
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dis/min per ug of Pu™, and the half-life"of Pu is 
24400 years. The estimated probable error for the 
half-life of Pu is 2 percent, the uncertainty coming 
mainly from the uncertainty in the geometry. 
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Evidence for Si*?, a Long-Lived Beta Emitter*:{ 
ANTHONY TuRKEVICH, Institute for Nuclear Studies, University of Chicago, Chicago, Illinois, 
and Chemistry Division, Argonne National Laboratory, Lemont, Illinois 
AND 
Artuur SAMUELS, Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received August 24, 1953) 


Neutron-irradiated quartz has been found to contain 14.3-day P® more than two years after the end of 
irradiation. This is evidence for a long-lived Si* formed from stable Si® by the capture of tvo neutrons. The 
ratio of half-life of Si**, in years, to neutron capture cross section of Si*, in barns is 600. 


REVIOUS work'® has indicated that the unknown 
nuclide Si*® might be a long-lived beta emitter. 
This communication reports direct evidence (via isola- 
tion of its P® daughter) for such a long lived Si*. 
Quartz, that had been intensively irradiated with 
thermal neutrons at the Hanford pile and allowed to 
cool for more than two years,’ has been found to 
contain small amounts of 14.3-day P®. The radio- 
phosphorous was separated from approximately 100- 
gram samples of the quartz by volatilization of the 
silicon as Sif’, from sulfuric and hydrofluoric acids in 
the presence of phosphate carrier. It was then purified 
by ammonium phosphomolybdate and magnesium 
ammonium phosphate precipitations. Included also 
were CuS scavengings and decontamination from van- 
adium by reduction of added V* carrier prior to some 
of the phosphate precipitations. The identification of 
the separated radioactivity as P® was made from the 
decay and absorption characteristics of the radiations. 
Table I lists the results on the phosphorous activity 


Tas_e I, P® content of old neutron-irradiated quartz. 





Specific 
P® activity activity of 
observed the quartz 
(counts/min) (counts/min g) 


6.4 0.5 
69 0.5 
31.0 0.8 


Date of SiF« 
evaporation 


2/6/53 
3/2/53 
5/6/53 


Wt of quartz 
used (g) 


110 
120 
120 





Sample 
II 
Ill 
IV 


Weighted average 0.66 





* Since preparation of this manuscript, evidence for the produc- 
tion of Si® in the 340-Mev proton spallation of chlorine, has been 
presented by M. Lindner, Phys. 91, 642 (1953). 

t The portion of this research performed at the University of 
Chicago ~ been supported, in part, by a grant from the U. S. 
Atomic Energy Commission. 

t Present address: Anatomy Department, University of Colo- 
rado Medical School, Denver, Colorado. 

1M. Lindner, Phys. Rev. 89, 1150 (1953). 

2A. Turkevich and Althea Tompkins, Phys. Rev. 90, 247 
(1953). 

*We thank Dr. F. T. Hagemann of the Argonne National 
Laboratory for making this quartz available to us. 


isolated from three samples of the quartz. The SiF, 
evaporation took up to two weeks. The carrier was 
added in several portions during the evaporation. 
Column three of the table lists the midpoint of this 
evaporation period. Column four gives the observed 
initial counting rate of the purified phosphorous. The 
chemistry extended over a period of 10 to 26 days and 
the chemical yields were between 15 and 50 percent. 
Finally, the last column lists the P® activity of the 
original quartz calculated from the observed activity, 
the chemical yields, and the decay periods. As an 
additional check on radiochemical purity, the decay 
of the phosphorous sample IV was followed for 10 
days and then subjected to an additional cycle of radio- 
chemical purification. The result was no change (less 
than 5 percent) in specific activity and in the absorp- 
tion characteristics. 

Several samples of unirradiated quartz, treated 
cherhically in an identical manner, showed no P® 
activity. Our limit of detection was about one-fiftieth 
of that observed in the most active sample isolated 
from the irradiated quartz. 

Table I shows that there is P® activity associated 
with neutron-irradiated quartz long after that formed 
directly by pile radiations has died away. In addition 
this activity is essentially constant over a period 
of about three months. A reasonable interpretation is 
that a long-lived parent, Si*, has been formed from 
stable Si® by the capture of two neutrons. From the 
weighted average of the specific activities indicated 
in Table I (0.66), the detection efficiency of our end- 
window proportional counters for P® radiations (~45 
percent), the irradiation conditions (flux and time), 
the thermal neutron capture cross section of Si™® 
(0.2 barn) and the half-life of Si*' (156 min), we calcu- 
late the ratio of half-life of Si*, in years, to neutron 
capture cross section of Si*', in barns, to be 600. The 
thermal neutron absorption cross section of Si*® is 
not known. For a cross section of 0.1 barn, the half- 
life of Si*® is calculated to be 60 years. 
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A new radioactivity which we assign to the nucleus Ne'* has been investigated. The decay is by the 
emission of positrons with an upper limit of 3.20.2 Mev and a half-life of 1.6 seconds. The spectrum of 8 
rays was compared directly in a magnetic spectrograph with the known radiation of He*. The 8-ray energy 
and decay rate correspond to a log ft value of 2.9+-0.2, placing the activity in the superallowed class. 





INTRODUCTION 


TUDIES of the mirror nuclei and of the isobaric 

triads have contributed greatly to the under- 
standing of nuclear forces, and to the clarification of the 
theory of beta decay. Until the finding of Ne'*, which 
is described in this paper, only six sets of iscbaric triads 
were known. These are (Li— Be—B)®,! (Re—B—C)",? 
(B—C—N)®? (C—N—O)"? (F—Ne—Na)*,' and 
(Na—Mg—Al)™.* Be® is certainly proton unstable, 
and F'* has been shown to be proton unstable.' Both of 
these instabilities are predicted on the simple assump- 
tion of charge symmetry of nuclear forces plus the 
calculated Coulomb energy differences of the extreme 
members of the triads, plus the known masses of He‘ 
and N'*. According to the same considerations, Ne'* 
should be radioactive with a period of several seconds, 
and emit positrons with an upper limit of about 3.3 
Mev. 

Since one can presumably predict the properties of 
Ne'® with some confidence, it would appear at first 
sight that Ne'*® should be very easy to find in the 
laboratory. Actually, it has turned out to be very 
difficult to observe Ne'* in the omnipresent background 
of Ne” and N'*. These two activities are made whenever 
fluorine is bombarded with protons energetic enough 
to produce the reaction F"(p,2n)Ne'*. They both have 
very short periods, but unfortunately the period of 
Ne'® is shorter than that of either of the impurities, 
so there is no known way to separate the wanted 
activity from the unwanted. Several attempts were 
made to observe the growth of F'* from an unobservable 
Ne'®, mixed with Ne”. This is the method of the 
“rayless transition,” which was used by Rutherford 
in the early days of radioactivity. Liquid C,F, was 
bombarded with protons, and a stream of He gas 
carried Ne" through active charcoal at liquid-air 
temperature into a large glass bottle containing a 
thin-walled Geiger counter. Neon, helium, and hydrogen 
are the only gases that can pass through cold charcoal, 
and a pure 18.5-second period (Ne™) of high intensity 
was observed in the bottle. It was hoped that by 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1L. W. Alvarez, Phys. Rev. 80, 519 (1950). 

2 Sherr, Mueher, and White, Phys. Rev. 75, 282 (1949). 

*L. W. Alvarez, Phys. Rev. 75, 1815 (1949). 

4A. C. Birge, Phys. Rev. 85, 753 (1952). 


observing the activity of the F'* daughter as a function 
of the delay time in filling the bottle the lifetime of 
Ne'® could be measured. These experiments were 
unsuccessful. This proved to be due to a long “holdup” 
time associated with the passage of neon gas through 
the charcoal trap. Although the volume of the trap 
was quite small, delay times for Ne” as long as 49 
seconds were measured. Ne'* was finally found by the 
use of a beta-ray spectrograph. This was possible 
because its end point is slightly higher than that of 
Ne", and the positrons from the decay of N"* to the 
“pair state” in O'* contribute a very small background. 


EXPERIMENTAL TECHNIQUES 


After some preliminary experiments with a very 
crude beta-ray spectrograph, which had indicated the 
presence of a short-lived Ne'*, we were able to use a 
much finer instrument, through the courtesy of Dr. 
Roger Wallace. His 180° magnetic spectrograph is 
patterned after that of Lawson and Tyler® and uses 
two proportional counters in coincidence as the detect- 
ing device. With this instrument, it was possible to 
separate completely the radiations of the 18.5-second 
Ne" from those of the new shorter period, on the basis 
of beta-ray energy. 

The short-period activity was induced by proton 
bombardment of targets of teflon (CF2)n and a clear 
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Fic. 1. Schematic experimental setup. 


5 J. L. Lawson and A. W. Tyler, Rev. Sci. Instr. 11, 6 (1940). 


365 











de 





ee ee Oe ee ce ee ee Ml OR 


PS oe He 6 
5% ‘. @ Ne 6 4 
¢ o 
z ’ 
w 
4 
2 7 
s 4 
« 
5 . 
Lt . 


32 3.58 
i f 7 


‘ , ] 
ee A EEE 
30 35 40 








a ee ee eee 


BETA RAY ENERGY (MEV) 


Fic. 2. Kurie plots for He® and Ne". 


crystal of LiF. The target was bombarded by protons 
from the linear accelerator, and it was permanently 
fixed in the “source position” of the spectrograph 
(Fiz. 1). Intensity measurements of the positron 
spectrum were made while the beam was turned off, 
after short bombardments of the target. The beam 
was monitored by a novel scheme due to Dr. W. K. H. 
Panofsky. The Faraday cup, which caught the beam 
after it passed through the target, was connected to a 
parallel RC network with a time constant equal to the 
mean life of the radioactivity. A fast recording elec- 
trometer gave a record of the voltage across the RC 
circuit. The reading of the electrometer at the instant 
the beam is turned off is obviously proportional to the 
activity of the target. The advantage of this system is 
that variations of the beam intensity during the bom- 
bardment do not affect the proportionality of integrator 
reading and source activity. 

The beta spectrum could be investigated only above 
the end point of the strong Ne” activity of 2 Mev. 
The shape of the spectrum between 2 Mev and 3.3 Mev 
was not appreciably affected by the LiF target thickness 
of 1.5 mm. LiF was very convenient to use since it 
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Fic. 3. Decay curve for Ne'*. Half-life = 1.6 sec. 
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yields the well-known 0.85-second period of He®, by the 
Li’(~,2p)He® reaction. Its half-life and its upper limit 
of 3.55 Mev are very close to the corresponding proper- 
ties of Ne'*, so no absolute calibration of the spectro- 
graph was necessary. To observe He*, one had merely 
to reverse the magnet current and change the time 
constant of the integrator circuit. 

The output pulses of the spectrometer counters were 
fed to pulse shapers and to a conventional coincidence 
circuit. The coincident pulses were fed to a scaler 
with adjustable scaling factor, and the scaled output 
pulses were recorded on a Brush tape recorder. In order 
to prevent variations in the time after bombardment 
at which counting began, the pulses to the Brush tape 
recorder passed through a relay. The relay closed when 
the flip gates which served to interrupt the beam were 
in place. This arrangement gave a highly reproducible 
counting cycle. 

The procedure for taking the data was to set the 
spectrometer magnet current to a desired value, open 
the flip gate for the desired length of bombardment, 
close the gate, and allow the decay to be recorded for 
long enough to establish a good background value. 
Enough runs were made in this manner at each value 
of the magnet current to give adequate statistical 
accuracy. The reading of the recording electrometer 
at the end of the bombardment was associated with 
each tape record of a decay. 

The data were analyzed by adding all the runs at a 
given magnet current and plotting the resultant data 
as a function of time. The background was subtracted 
to get the net counts of the desired activity in the first 
second after bombardment. This number was divided 
by the total of the individual electrometer readings to 
give a normalized “count in first second’’ for each 
value of magnet current. 

The data so obtained for He® were arranged in*the 
form of a Fermi plot against an energy scale calculated 
from the magnet current and adjusted to give the 
tabulated end point of 3.55 Mev. The data for the 
1.6-sec positron activity were plotted on the same scale 
(Fig. 2). The best fit by eye for these data yields an 
end point of 3.2 Mev. 

A decay curve taken at the magnet current that gave 
the best ratio of 1.6-sec activity to background is shown 
in Fig. 3. From this we assign a value of the half-life 
of 1.6+0.2 sec. 


NUCLEAR ASSIGNMENTS 


The activity was shown to be characteristic of fluorine 
by its appearance in proton-bombarded targets of LiF 
and CFs., and its absence in targets of CH». Ne™, 
which is the compound nucleus formed in the reaction 
F¥%+-p, cannot decay by nucleon emission to any 
nucleus having either N or Z higher than 10. Since the 
resultant nucleus which we have investigated is 
positron-active, it lies on the neutron-deficient side of 
the stability line. The only presently unknown nuclear 





























































































species which could be produced by 30-Mev protons 
on fluorine are Ne’, Ne’’, and F'*. Since F'* is known 
to be unstable,’ the activity must be either Ne'* or 
Ne". If one assumes the activity to be Ne!’, the beta- 
ray energy, coupled with the known mass of F"’, gives 
a minimum possible mass for Ne'’. From this value, 
and the known masses of the other particles involved, 
one can calculate the threshold energy for the reaction 
F(p,3n)Ne'’. The threshold would be 25.8 Mev. 
Although the backgrounds and low counting rates 
prevented the establishment, with high precision, of 
the threshold for producing the Ne'* activity, the 
activity was solidly in evidence when the incident 
proton energy was reduced to 24 Mev. Since this energy 
is below the minimum possible energetic threshold for 
producing N"’, we can eliminate that possibility. Even 
in the absence of this convincing evidence, one could 
feel sure that Ne" would have much more energetic 
positrons (its triad counterpart is N"’), and would 
assign the new activity to Ne'® on the grounds that it 
behaves just as the theory would predict that it should. 
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Photon Splitting in a Nuclear Electrostatic Field* 





CONCLUSION 


Our value of 3.2 Mev for the upper limit of the beta- 
ray spectrum, coupled with the lifetime of 1.6 sec, 
gives a log ft value for the decay of Ne" of 2.9+0.2. 
This value clearly places the decay character in the 
same class as the other known A=4n+2 nuclei. The 
only other known nucleus with such a highly allowed 
beta decay is He®, which has a log ft value of 2.95. 
The close agreement between the calculated mass of 
Ne'® and the observed upper limit of the positrons 
indicates strongly that the transition goes to the ground 
state of F'*, 
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The cross section for the splitting of a photon into two photons in a nuclear electrostatic field has been 


calculated from the vacuum polarization Hamiltonian of Euler and others to first order in e*/hc for low-energy 
incident photons (p<mc). For a favorable experimental case, photons of energy 840 kev incident on lead 
with antiparallel product photons each emitted at 90° relative to the incident photon, the cross section is 


2.3X10-* cm?/sterad?. 


HE nonlinear terms in the Maxwell equations 

arising from the polarization of the vacuum! result 
in several interesting effects : coherent photon scattering 
by a nuclear electrostatic field,? scattering of photons by 
photons,’ and photon splitting into two product photons 
in a nuclear electrostatic field, the last briefly discussed 
by Williams.‘ The cross sections for the first two 


* Assisted by the joint program of the U. S. Office of Naval 
Research and U. S. Atomic Energy Commission. 

t Holder of Shell Fellowship 1952-1954. 

1H. Euler and B. Kockel, Naturwiss. 23, 346 (1935); W. Heisen- 
berg and H. Euler, Z. Physik 98, 714 (1936); H. Euler, Ann. 
Physik. 26, 398 (1936); V. Weisskopf, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 14, No. 6 (1936). 

2M. Delbriick, Z. Physik 84, 144 (1933); A. Achieser and I. 
Pomerantschuk, Physik. Z. Sowjetunion 11, 478 (1937); N. 
Kemmer, Helv. Phys. Acta 10, 112 (1937); N. Kemmer and G. 
Ludwig, Helv. Phys. Acta 10, 182 (1937); F. Rohrlich and R. 
Gluckstern, Phys. Rev. 86, 1 (1952); H. A. Bethe and F. Rohrlich, 
Phys. Rev. 86, 10 (1952). 

30. Halpern, Phys. Rev. 44, 855 (1933); H. Euler and B. 
Kockel, ve cal 1; H. Euler, reference 1; R. Karplus and M. 
Neuman, Phys. Rev. 80, 380 (1950) and 83, 776 (1951). 

4E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 13, No. 4 (1935). 











processes are quite small and hard to verify experi- 
mentally, the first because of the difficulty in separating 
out the coherent scattering by the nuclear electrostatic 
field from other coherent nuclear and atomic-electron 
photon scatterings (however, see Wilson’), the second 
because of the lack of gamma-ray sources capable of 
furnishing enough photons. The cross section for the 
third process is no less small, but strong gamma-ray 
sources are available, high-Z nuclei furnish relatively 
large electrostatic fields, and energy discrimination can 
be made to eliminate unwanted inelastic scatterings 
which act as a background for the splitting process. 

As calculated in the following, the cross section for 
the production of two photons oppositely directed and 
perpendicular to an original photon of energy 1.65 
(in units of mc*—0.84-Mev y of Mn) incident on a 
nucleus of charge Z= 82 is 2.3 10-" cm*/sterad*. (We 
use energy units of mc* throughout.) Of the product 
photons, nearly all have energy between 0.4 and 1.3 





5 R. R. Wilson, Phys. Rev. 90, 720 (1953). 
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due to a factor k,*k,’ (a continuous range of energies for 
each of the two scattered photons is allowed by the con- 
servation flaws: k=k,+k2+K and k=kit+k,+K?/2M 
= k,+k,). In the case of double Compton scattering 
from electrons’ (a competing process with a cross 
section per atom very roughly (22*)~'a(e*/mc*)*Z = 2.4 
X 10-*’ cm*/sterad’), for the same configuration, the 
conservation equations for the energies of the two 
product photons have the form k=K, k,=k,, and 
k+ |= ki+ kot (K?+ 1)}. For k= 1.65, these give ki tks 
=().72. The energy of a single-Compton scattered 
photon under these circumstances is 0.62 (random coin- 
cidences might compete here because of the relatively 
huge cross section). The cross section for double Comp- 
ton scattering from nuclei is relatively negligible 
(approximately (2)~'Z*a{ (Ze)*/AMce PL kme?/AMc } 
« 10~*’ cm?/sterad’). Thus, by biasing counters to ac- 
cept only photons in coincidence with each photon en- 
ergy lying between 0.7 and 1.65—0.7=0.95 and requir- 
ing that the two energies add to 1.65, most of the 
background scattering should be eliminated ; moreover, 
if photons are accepted only in this energy range, the 
cross section is still about 7 10~- cm?/sterad?. 

This cross section for the splitting of a photon into 
two photons has been calculated (in lowest order in a) 
for small incident momenta (k<1) from the equivalent 
vacuum polarization Hamiltonian of Euler and others :? 


H,= — (a2/360r*)[ (h/mce)*/me*]( (D?— B*)?+-7(D-B)?] 
of which the contributing terms are (nuclear electro- 
static field D,, photon field D,, B,; D=D,+D,, 
B=B,): 
— (a*/180n*)[ (h/mc)*/me* 
<([2D,*D,:-D,—2B,°D,-D,+7D,-B,D,,-B, ]. 
By using a shielded potential for the nucleus, 
D,, = —Ze grad{[exp(—r/a) ]/r}, 
the differential cross section for splitting of the incident 
photon of momentum k into two photons of momenta 
(ki,ki+dk,) in dQ;, ky in dQ, is obtained (wave- 
numbers in units of mc/h, a in units of h/mc): 
a®(h/mc)?Z*k® 
odxdQ,dQ, = —— : 
32-81-25-m4 
a*(1—x)*(Ax*?+ Bx+C) 


— — dxdQ\dQ, cm’, 
[K?/2k*+-1/2a*k? F 
1 
f odx = Qk*Z* cm?*/sterad?, 
0 


age Mandt and T. Skyrme, Proc. Roy. Soc. (London) 215, 497 
1952). 

7H. Euler, reference 1; V. Weisskopf, reference 1; J. Schwinger, 
Phys. Rev. 82, 664 (1951). 


where K=k—k,—k, kg=k—ky, += k,/k, and A, B, c 
are functions of the angles involved, say, cos(k,k;) 
= co0s0,= 4; cos(k,k,)=cos6.=1; cos(ki,k:) = cos#;2= w. 
Then in terms of u, », and /=1—w, 


K?/2k?= t22+-x(v—u—1)+1—2, 
and 


A= 1578+ (— 193+ 1570+157u 
— 1390? — 1394?+-157uv)+-1(278— 2780 
— 278u+ 1570?+ 157u?—36ur), 


B= — 1576+? (193 —2780—36u+-2780?— 157uv) 
+1(—278+-3630+-193u—2780*— 3617 
+ 36u0+ 157uv?— 157u?v) + (v—u) (278 
— 2780— 278u+ 1570*+- 157u?— 36ur), 


C= (1—){A(18+- 139) +4(85—1219— 121% 
+ 157uv)+ 139— 1390+ 1572" 
+ 18u?—314u0+ 139u?r}. 


For the particular case 0;= 2/2, 0.=2/2, 0:2=2, Q is 
found to be 1.68 10-** cm*/sterad?. The variation of 
Qk*Z? with, for example, deviations of 0,2 from for 
fixed 6,=2/2, 0.=72/2, is relatively slow. 

If k>10-*, A, B, and C are very small in the region 
where the term 1/a*k? becomes significant (i.e., as 
K?/2k?-0). Then a rough estimate of the total cross 
section a (k) is (42)? times the differential cross section for 
the configuration above, and works out to be about 
0.7 10-%a5 (h/mc)*Z*k® cm?. 

For high-energy incident photons (k>>1), a simple 
calculation by the Weizsiicker-Williams method,® using 
the cross section for high-energy scattering of photons 
by photons derived by Achieser,’ shows that 


a(k) = ba’ (h/mc)*Z? log (nk) cm?, 


where 7 is of the order of 1; a similar result using a 
cruder estimate of the cross section for high-energy 
photon-photon scattering [~a‘(h/mc)* instead of 
~at(h/mc)*(1/kiks) | has been given by Williams.‘ If 
the expressions for small & and for large k are equated 
near k= 2, then b~1/2. 

The author wishes to thank Dr. H. Primakoff for sug- 
gesting this problem and for many helpful discussions. 


8C. V. Weizsiicker, Z. Physik 88, 612 (1934); E. J. Williams, 


reference 4. 
% A. Achieser, Physik Z. Sowjetunion 11, 263 (1937). 
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Radioactive phosphorus has been obtained by an n, p reaction on sulfur which had been electromagnet- 
ically enriched in S*. The beta spectrum of this phosphorus showed an increase in the low energy beta 


group approximately proportional to the isotopic enrichment. This confirms the previous identification 
of this activity with P*®. The maximum beta energy was determined from several Kurie plots and found to 
be 0.249+0.002 Mev. The half-life was found to be 24.4+0.2 days. The spectrum appears to have an 
allowed shape as is expected from theoretical considerations. 


I. INTRODUCTION 


LOW-ENERGY beta group has been reported in 

P® samples! and identified with P®. For a further 
study of this activity, radioactive phosphorus was 
obtained from a neutron irradiation of sulfur which 
had been electromagnetically enriched in S*. An 
increase in yield of the low-energy activity approx- 
imately proportional to the enrichment of S*® was 
interpreted as confirmation of the isotopic assignment. 
The increased amount of P* also served to facilitate 
more accurate measurement of half-life and energy 
characteristics. 


II. EXPERIMENTAL RESULTS 


A half gram of sodium sulfate which had been 
enriched in S* by a mass separation was obtained from 
Oak Ridge. This sample, along with a control sample 
of ordinary sodium sulfate, was irradiated in the Chalk 
River pile for 128 hours. Carrier-free phosphorus sources 
were prepared from these samples by use of an exchange 
column.” 

The initial spectra from these sources were obtained 
with a thin-lens spectrometer’ which had been modified 
to incorporate ring focusing.‘ Figure 1 shows a‘compari- 
son of the beta spectra of the control and the enriched 
phosphorus about 34 weeks after removal from the 
pile. The spectra have been normalized at the peak 
region of the P® spectra. The ordinate values are for 
the spectrum of the enriched phosphorus. The increased 
yield of the low-energy beta group supports the previous 
conclusion’ that it is the activity of P®*. 

Additional spectra were obtained periodically of the 
P*-enriched phosphorus source for half-life and end- 
point energy determinations of P®. When the source 
had become too weak for the thin-lens spectrometer, 
an intermediate image spectrometer® was used to extend 

¢ Contribution No. 303 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 


Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 
1 Sheline, Holtzman, and Fan, Phys. Rev. 83, 919 (1951). 
( Sa Nichols, Clement, and Pohm, Phys. Rev. 85, 112 
1952). 
3 Jensen, Laslett, and Pratt, Phys. Rev. 75, 458 (1949). 
‘Pratt, Boley, and Nichols, Rev. Sci. Instr. 22, 92 (1951); 
Keller, Koenigsberg, and Paskin, Rev. Sci. Instr. 21, 713 (1950). 
5 Nichols, Pohm, Talboy, and Jensen (to be published). 
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the investigation. This increased the counting rate 
approximately 150 times due to a fiftyfold increase 
in transmission and an increase in half-width of about 
three. 

Kurie plots of the P® component obtained from 
earlier samples? did not appear to be linear, but low 
statistics and thick source effects precluded any definite 
conclusions about the experimental spectral shape. 
The first Kurie plot from the P*-enriched source is 
shown in Fig. 2 as it appeared 68 days after irradiation. 
A least squares calculation of the Kurie line yielded a 
value of 0.248 Mev for the maximum beta energy. 
The straight line indicates an allowed spectral shape. 
However, the Kurie plots from later spectra were 
increasingly nonlinear with the line convex toward the 
energy axis, as shown by the crosses in Fig. 3. This 
changing shape suggested the presence of another 
longer-lived activity of slightly lower energy, perhaps 
the activity previously reported? in half-life data from 
an old phosphorus source. This activity had a half-life 
of about 90 days. 

A spectrum was taken 279 days after the neutron 
irradiation. At this time the P® activity was negligible 
in the energy range of P®. The spectrum was definitely 
distorted in such a’way as to indicate the presence of 
another beta group of slightly lower energy than that 
of P*, This may be seen in the total spectrum of Fig. 4. 
In this case the Kurie plot appeared linear above 175 
kev. A least squares line through these points gave a 
maximum energy value of 0.250 Mev. An S® Kurie 
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Fic, 2. Kurie plot of P® 68 days after irradiation. 


plot of the remainder of the spectrum gave an end-point 
energy of 0.170 Mev which agrees reasonably well with 
previous values® for S**. These two Kurie plots are 
shown in Fig. 5. The half-life of the activity remaining 
in the sample 416 days after removal from the pile was 
found to be about 85 days. It is estimated that the 
activity due to P® was less than three percent of the 
total activity. The components of the total beta 
spectrum are indicated in Fig. 4. 

Earlier spectra from the P®-enriched source were 
corrected for S* activity by calculating the relative 
change of these components and normalizing the 
calculated S* activity by matching the P® components 
in the region above the maximum energy of S*, A value 
of 24.4 days was used for the half-life of P* and a value 
of 87.5 days was used for the half-life of S**, After the 
calculated S* activity was subtracted, the Kurie plots 
were linear as shown by the circles in Fig. 3. 

The relative growth of P® to P® over a period of 191 
days was determined from five spectra. The area of the 
P* and P® spectrum components was compared in each 
spectrum using only the region above 120 kev to insure 
no change in transmission efficiency due to window 
absorption in the Geiger counters or pulse discrimina- 
tion in the scintillation counter. A logarithmic plot of 
the relative activities gave an excellent straight line 
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Fic, 3, Kurie plot of P® 211 days after irradiation. 


6 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). 
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and yielded a half-life value of 24.3 days for P® using a 
value of 14.3 days for the half-life of P®. 

By extension of the Kurie plots of P® and P*, the 
total ratio of the activities was found for one spectrum 
and calculated back to the time of removal of the 
sample from the pile. The relative cross section for the 
n, p reaction on S* compared to that of S®* for the 
neutron distribution in the Chalk River pile was found 
to be about 2.6. This increase may be expected since the 
S*(n,p)P™ reaction is endoergic, requiring neutron 
energies of about 1 Mev, while the S*(,p)P® reaction 
is exoergic and may be induced by slower neutrons. 


Ill. SUMMARY 


The results of this investigation confirm the previous 
conclusion that the low energy beta group in P® samples 
formed by an n, p reaction on sulfur is due to P*. 
With revaluation of previous half-life data in light of 
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Fic. 4, Beta spectrum of phosphorus from S*-enriched 
sulfur 279 days after irradiation. 


the observed S* in the phosphorus samples, the mean 
value of the half-life of P* is now found to be 24.4+0.2 
days. The maximum beta energy, taken from four 
linear Kurie plots and both spectrometers, is calculated 
to be 0.249+0.002 Mev. 

Using these values, an f value of 0.055 is obtained 
from the graphs of Feenberg and Trigg’ and a log ft 
value of 5.1 is found for P*. According to Nordheim® 
this is a normal allowed transition. The spin of S® is 
known to be $.° The magnetic moment of S* indicates 
a d, state.” According to the nuclear shell model," 
a regular filling of the levels would give a dy state to the 
P*® nucleus. The decay of P® would then be a normal 
allowed transition in which the orbital momentum and 
spin are unchanged. For such a transition the values of 


7E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 

8 L. W. Nordheim, Phys. Rev. 78, 294 (1950). 

°C. H. Townes and S. Geschwind, Phys. Rev. 74, 626 (1948). 

© Eshbach, Hillger, and Jen, Phys. Rev. 80, 1106 (1950). 

1'M. G. Mayer, Phys. Rev. 78, 16 (1950). 
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log ft range mostly from 4.8 to 5.5.8 The experimental 
value of 5.1 thus agrees well with these values and the 
experimental spectral shape is consistent with these 
considerations. However, P* is known to have a spin of 
4 and an s; state. On the basis of the nuclear shell 
model one would expect P® to have an s; state also. 
The decay of P® would then involve an orbital momen- 
tum change of two and a spin change of one. This 
type of transition has log ft values mostly in the range of 
6.5 to 7.5,8 but with some stragglers. The experimental 
value of 5.1 for log ft is not in agreement with these 
values. These considerations add confirmation to the 
d, state for P®. 

The authors wish to express their appreciation to 
Dr. A. F. Voigt and Mr. L. MclIsaac for chemical 
separation of the phosphorus from irradiated sulfur 
and for preparation of the spectrometer source. Thanks 
are also due Mr. W. E. Lewis, Mr. J. T. Jones, Jr., 
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Fic. 5. Kurie plots of P® and S* 279 days after irradiation. 


and Mr. E. W. McMurry for assistance in obtaining the 
data. 
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A New Isotope of Palladium, 1.5-Minute Pd"™*} 


Harry G. Hicks anp RIcHArD S. GILBERT 
California Research and Development Company, Livermore, California 
(Received October 9, 1953) 


A new isotope, 1.5-minute Pd", has been isolated from the fission products of natural uranium bom- 
barded with 190-Mev deuterons. The mass assignment and half-life were determined by successive milkings 


of the 5.3-hour Ag" daughter. 


XAMINATION of the neutron excess isotopes of 

palladium led the authors to speculate that Pd" 

may have a half-life which could be determined by 
milking the well-known 5.3-hour Ag" daughter. 

A strip of uranium foil was bombarded with 190-Mev 
deuterons for two minutes in the circulating beam of the 
Berkeley 184-in. cyclotron using a “rabbit-type”’ target. 
After bombardment the target was transported in a 
pneumatic tube to the chemistry laboratory and dis- 
solved in aqua regia with palladium holdback agent 
added. Two silver chloride scavenges were performed, 
the second scavenge was complete 4.5 minutes after the 
beam was turned off. The supernatant liquid from the 
second scavenge was decanted into a centrifuge cone 
containing a measured amount of silver nitrate solution. 
The mixture was maintained at about 90°C and stirred 
vigorously. The precipitate was centrifuged so that the 
time of separation of the precipitate from the solution 
was, as nearly as possible, one minute after the separa- 
tion of the silver chloride scavenge. Twelve milkings 


t This work was done under the auspices of the U. S. Atomic 
Energy Commission. 


were made at one minute intervals. The silver chloride 
precipitate was washed as soon as possible after decan- 
tation. Less than two percent of the supernatant liquid 
remained with the decanted precipitate. 

After all the milkings and washings were complete, 
silver was purified radiochemically to remove radio- 
nuclides that had adsorbed on the silver chloride. The 
purified samples were counted with a standard chlorine- 
quenched Geiger tube. The 7.5-day Ag" activity 
milked from the 22-minute Pd" was resolved from the 
decay of the silver samples and used to determine the 
efficiency of each milking. The 3.2-hour Ag'” and 5.3- 
hour Ag" activities were resolved analytically’ after 
subtraction of the 7.5-day Ag" activity. The resultant 
half-life of the Pd"* parent was 1.5 minutes. 

The authors wish to thank Mr. J. T. Vale and the 
crew of the 184-in. cyclotron for their cooperation in 
performing these bombardments, Dr. M. Lindner for 
his interest and advice, and Dr. W. H. McVey, Mrs. M. 
Nervik, and Miss M. F. Gallagher for assistance in 
performing the experiments. 


!W. F. Biller (private communication). 
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The Radiations of Lanthanum-140 


C. L. Peacock, J. F. Quinn, aAnp A. W. Oser, Jr. 
Tulane University, New Orleans, Louisiana 


(Received December 7, 1953) 


The radiations of La have been studied with a magnetic spectrometer of radius 20 cm. The beta spectrum 
is complex consisting of five groups whose maximum energies are: 0.83 Mev, 1.10 Mev, 1.34 Mev, 1.67 Mev, 
and 2.15 Mev. Gamma rays with energies of 0.110 Mev, 0.130 Mev, 0.240 Mev, 0.270 Mev, 0.328 Mev, 
0.485 Mev, 0.815 Mev, and 1.60 Mev, respectively, were found. The 1.60-Mev gamma is very intense. A 


tentative decay scheme is proposed. 





I, INTRODUCTION 


HE radiation spectra of La™ have been shown 
by previous studies to be quite complex.' The 
results of these studies were summarized in various 
proposed decay schemes. A later report? on the gamma 
radiations of Ce following the beta transitions of 
La™ noted the presence of fifteen gamma-ray energies 
with varying intensities. A decay scheme which differed 
from all previous ones was proposed on the basis of the 
energies of these gamma radiations. 

The present work was undertaken as a further study 
of this isotope in an attempt to formulate its decay 
scheme. Although particular attention was directed 
toward the beta-ray energies, the gamma rays were 
also studied. 











Fic. 1. The photoelectron spectrum of the gamma 
rays of La’ from a lead radiator. 


1A summary of references to studies made before 1949 can be 
found in the article by Beach, Peacock, and Wilkinson, Phys. Rev. 
76, 1624 (1949). 

* J. M. Cork ef al., Phys. Rev. 83, 856 (1951). 


APPARATUS AND METHODS 


This study was carried out with a 180-degree type 
of magnetic spectrometer of radius 20 cm. The magnet 
was of the ring-shaped type. It was used to give a 
homogeneous field inside the vacuum chamber. Both 
conventional mica window and very thin Zapon film 
window G-M tubes were used as detectors. The 
resolution of the instrument was set at about 2 percent. 

Sources were prepared from lanthanum which had 
been chemically separated from an equilibrium mixture 
of barium™ and lanthanum™. The source material 
was obtained from the Oak Ridge National Laboratory. 
The lanthanum was precipitated as La(OH); by the 
addition of NH,OH to the equilibrium mixture. It 
was then converted to the chloride by the addition 
of HCl. Repeated precipitations assured a barium free 
sample. The beta sources, which were evaporated on 
very thin films of LC 600, had a thickness of less than 
0.1 mg/cm. 


TABLE I. Gamma radiations of La™. 








0.328 Mev 
0.485 Mev 
0.815 Mev 
1.60 Mev 








III. RESULTS 


Figure 1 shows the spectrum of photoelectrons 
ejected from a lead radiator as detected by a mica 
window counter. The photoelectron peaks observed 
in this distribution can be interpreted to correspond to 
gamma rays of the following energies: 0.328 Mev, 
0.485 Mev, 0.815 Mev, and 1.60 Mev. (The numbering 
system in the figure corresponds to the designations in 
Table I.) 

Figure 2 shows a fitted composite of several studies 
made on the electron spectrum. Various portions of the 
curve were given particularly careful study at different 
times with the aim of locating the lines due to the 
internally converted gamma rays already reported* as 
well as searching for others. These portions were then 
corrected for decay and fitted together. The lines 
observed in this curve may be attributed to gamma rays 
whose energies are as follows: 0.110 Mev, 0.130 Mev, 
0.240 Mev, 0.270 Mev, 0.328 Mev, 0.485 Mev, 0.815 
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Fic. 2. An electron spectrum of La™. 


Mev, and 1.60 Mev. It is to be noted that those peaks 
found in the photoelectron spectrum are also contained 
in this latter group. A summary of the results of the 
gamma-ray studies is presented in Table I. The in- 
tensities of the first four gamma rays could not be 
determined from this work due to the small magnitude 
and the complicated decay scheme. The ratin of the 
intensities of the last four gamma rays as determined 


as 








Fic. 3. A Fermi analysis of the beta rays of La™. 


from the photoelectric conversion is 0.328:0.485:0.815: 
1.60 as 1:1:1:10. However, the 0.328-Mev and 0.485- 
Mev gamma rays show a greater internal conversion 
than do the others. It is noted that these energies 
compare favorably with reported values. Some of the 
reported lines, however, were not found in this study. 

The distribution of beta rays was analyzed by the 
Fermi plot method with the aid of tables prepared at 


























Fic. 4. Suggested disintegration scheme of La’. 


the Bureau of Standards.’ Those points corresponding 
to electron lines due to converted gamma rays have 
been omitted from the analysis. Figure 3 shows a 
typical plot of a representative beta-ray distribution. 
It is noted that this plot indicates complexity. In fact, 
the plot seems to have definite curvature in the region 
below 1.34 Mev. This could denote forbiddenness of 
the 1.34-Mev group of beta rays. If, however, the groups 
are assumed to have straight line plots, the distribution 
plot can be analyzed into groups whose maximum 
energies are: 2.15 Mev, 1.67 Mev, 1.34 Mev, 1.10 Mev, 
and 0.83 Mev. It is felt that the deviation below 0.4 
Mev is due mainly to source thickness. 

From the values of the gamma- and beta-ray energies 
obtained in this study, a disintegration scheme can be 
formulated. This scheme is shown in Fig. 4. The 1.60- 
Mev gamma ray has been found to be in coincidence 
with the highest energy beta-ray group, as well as with 
the 0.815-Mev gamma ray.‘® Other gamma-ray 
energies fit remarkably well between the energy levels 
suggested by the beta-ray analysis. These are denoted 
in the decay scheme by the solid lines. Two of the 
gamma energies reported by Cork ef a/., but not found 
in this study, can also be fitted into the scheme, as 
well as the 2.53 Mev gamma-ray energy reported by 
Wattenberg® and the 2.92 Mev one reported by Bishop 
et al.” These are denoted by the dotted lines in Fig. 4. 


*L. F. Curtiss and I. Feister, Tables for the Analysis of Beta 
Spectra, National Bureau of Standards, Applied Mathematics 


Series No. 13 (U. S. Government Printing Office, Washington, 
D. C., 1951). 

*B. L. Robinson and L. Madansky (to be published). 

5 R. G. Wilkinson (private asitaieiiont 

*A. Wattenberg, ee Rev. 71, 497 (1947). 

’ Bishop, Wilson, and Halban, Phys. Rev. 77, 416 (1950). 
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Neutron Polarization* 


C. P. Stanrorp, T, E. Stepuenson, L. W. Cocuran,t anv S. BERNSTEIN 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received November 9, 1953) 


The neutron polarization cross section of iron has been measured as a function of energy from 0.7 to 3.3A 
by two methods: using the single transmission effect in a block of polycrystalline iron at energies selected 
by a quartz crystal monochromator; and using a single crystal of magnetized magnetite to analyze the 
beam emerging from the iron polarizer, the magnetite crystal itself serving as monochromator. The measured 
values are compared with those of other observers and the theoretically expected values. These are found 
to agree fairly well within the limits of accuracy of the measurements and existing knowledge of the wave 
function of the iron 3d shell, The two techniques were used also to determine the average polarization 
(32 percent) as seen by a 1/ detector in a beam of reactor neutrons emerging from a 4-cm thick polarizing 
block of iron. Problems and techniques associated with the measurement of the average polarization of a 
continuous spectrum are discussed. A simplified experimental treatment of the problem of beam “hardening” 
is described, A description is given of the use of the magnetic resonance method in conjunction with a single- 
crystal magnetite analyzer for the measurement of neutron polarization. 





A. INTRODUCTION 


ANY experimental studies'~” of the polarization 

of slow neutrons have been made for the purpose 
of verifying the theory"*' of scattering, polarization, 
and depolarization of neutrons passing through crys- 
talline magnetic materials. Some of the experiments 
measure the energy dependence of the change in the 
total cross section upon magnetization of a polycrys- 
talline sample of iron. The rotating shutter® and the 
pulsed cyclotron’ time of flight methods have been 
used for the velocity selection. We have used the 
higher resolution of the single-crystal spectrometer to 
measure the polarization cross section as a function of 
energy from about 0.7 to 3.3A, by two methods: using 
the single transmission effect in a block of polycrystalline 
iron at energies selected by a quartz crystal mono- 
chromator; and using a single crystal of magnetized 
magnetite to analyze the beam emerging from the iron 


* Based, in part, on a dissertation being submitted by C. P. 
Stanford in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy at the University of Tennessee. 

t Oak Ridge National Laboratory, Research Participant, De- 
partment of Physics, University of Kentucky, Louisville, Ken- 
tucky. 

t Hoffman, Livingston, and Bethe, Phys. Rev. 51, 214 (1937). 

* Frisch, Halban, and Koch, Phys. Rev. 53, 719 (1938). 

* Powers, Carroll, and Dunning, Phys. Rev, 51, 1112 (1937). 

‘Dunning, Powers, and Beyer, Phys. Rev. 51, 51 (1937). 

5 Bloch, Hamermesh, and Staub, Phys. Rev. 64, 47 (1943). 

*E, M. Fryer, Phys. Rev. 70, 235 (1946). 

7 Bloch, Condit, and Staub, Phys. Rev. 70, 972 (1946). 

® Hughes, Wallace, and Holtzman, Phys. Rev. 73, 1277 (1948). 

® Fleeman, Nicodemus, and Staub, Phys. Rev. 76, 1774 (1949). 

” Burgy, Hughes, Wallace, Heller, and Woolf, Phys. Rev. 80, 
953 (1950). 

"—D. J. Hughes and M. Burgy, Phys. Rev. 81, 498 (1951). 

#2 Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 

8 F, Bloch, Phys. Rev. 50, 259 (1936); 51, 994 (1937). 

4 J, Schwinger, Phys. Rev. 51, 544 (1937). 

%*Q, Halpern and M,. H. Johnson, Phys. Rev. 55, 898 (1939). 

1°Q, Halpern and T. Holstein, Phys. Rev. 59, 960 (1941). 

17 Halpern, Hamermesh, and Johnson, Phys. Rev. 59, 981 
(1941). 

18M. Hamermesh, Phys. Rev. 61, 17 (1942). 

Q, Halpern, Phys. Rev. 76, 1130 (1949). 

re Steinberger and G. C. Wick, Phys. Rev. 76, 994 (1949). 

1H, Ekstein, Phys. Rev. 76, 1328 (1949). 


polarizer, the magnetite crystal itself serving as 
monochromator. In the first of these methods the 
polarization cross section is deduced from the change in 
the intensity of the beam transmitted by the polarizer 
on magnetization. We have developed the application 
of the second method, in which the polarization cross 
section is deduced from the value of the polarization 
of the beam emerging from the polarizer, as determined 
from the known analyzing properties of the magnetite 
crystal. This method is simpler since the problem of lack 
of complete magnetic saturation is much less severe. 
Our results exhibit the discontinuities in the polarization 
cross section due to crystal structure in greater detail 
than previous work of other observers. The results are 
found to agree with the theoretically expected values” 
within the limits of accuracy of the measurements and 
existing knowledge of the boundary conditions at the 
atomic radius of the wave function of the 3d shell of 
iron in the solid state. This type of experiment can 
definitely choose between alternate proposed boundary 
conditions, but our measurements are not considered 
adequate for this purpose, since the Bragg reflected 
beam contained considerable higher-order contamina- 
tion which required appreciable correction to the 
measurements, and the distribution of crystallite orien- 
tations in the sample could not be considered sufficiently 
close to the completely random distribution required 
by the theory. 

The polarization of a continuous neutron spectrum 
is difficult to measure with accuracy by use of the single 
transmission effect because the polarizing block alters 
the spectrum of the neutron beam. Also, the variation 
of detector sensitivity with energy may complicate the 
interpretation of the intensity changes. The two 
methods described above were used to determine the 
average polarization (32 percent) seen by a 1/» detector 
in a beam of reactor neutrons emerging from a 4-cm 
thick polarizing block of iron. This information is per- 
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NEUTRON POLARIZATION 


tinent to an associated project* on the interaction of 
polarized neutrons with polarized Mn nuclei. The 
problems and techniques associated with the measure- 
ment of such an average polarization are discussed 
below. A simplified experimental treatment of the 
problem of beam “hardening” is described. A descrip- 
tion is also given of the use of the magnetic resonance 
method in conjunction with a single-crystal magnetite 
analyzer for the measurement of neutron polarization. 


B. SINGLE TRANSMISSION EFFECT VS ENERGY 


The relationships describing the passage of neutrons 
through polycrystalline magnetized iron'® for the case 
in which the incident beam is unpolarized are given by 


j= joe~**“[cosh (d/A)+49A sinh(d/A) ], (1) 
S= joe*#4wA sinh(d/A), (2) 


where j is the intensity of neutrons emerging from the 
magnetized iron block and jo is the intensity emerging 
from the iron block when it is unmagnetized. jo is equal 
to the intensity incident upon the block times the 
factor e~%*'4, in which N is the number of scatterers 
per unit volume in the iron, d is the thickness of the 
iron, and a; is the total cross section for unmagnetized 
iron. The quantity q is called the depolarization coef- 
ficient. It takes account of relevant metallurgical 
properties of the polycrystalline sample and the degree 
of magnetic saturation. When the iron is completely 
saturated, g=0. The parameter A=(w*+}¢*)-4, in 
which w= N9, is the polarization cross section per unit 
volume of iron. The scattering cross section per atom 
of magnetized iron is given by o=ao+ . The term ao 
is the scattering cross section for unmagnetized iron. 
It includes the scattering due to nuclear interaction 
alone and magnetic interaction alone. The quantity p 
is called the polarization cross section. It arises because 
of interference between nuclear and magnetic scat- 
tering. The scattering due to interference may increase 
or decrease the cross section depending upon whether 
the neutron spin is parallel or antiparallel to the atomic 
spins of the iron. The quantity 


(j/jo)-1=E, (3) 


is called the single transmission effect. 
S is the net spin flux density of the neutron beam 
emerging from the magnetized iron. If 7; and jz are 


TaBLe I. Single transmission effect E, for 0.0372 ev. 








BE, corrected 


0.020 
0.074 
0.157 
0.274 


Ei, measured 


0.0202-0.001 
0.071+0.001 
0.147+0.003 
0.25340.003 


Thickness of block, cm 











® Bernstein, Roberts, Stanford, Dabbs, and Stephenson, Phys. 
Rev. (to be published). 
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Fic. 1. Polarization vs single transmission effect for 
complete saturation. 


the intensities of the neutrons with the two possible 
orientations of the spins with respect to the magnetic 
field applied to the iron, then the polarization P is 
given by 

P=S/j= (jir j2)/ Girt jr). (4) 


In the case of complete saturation the relation between 
the polarization and the intensities can be expressed by 


P=[1—(jo/j)*]}. (5) 


This relationship is plotted in Fig. 1. 

For a single neutron energy, in the absence of com- 
plete7saturation, measurements of E, for two different 
thicknesses of iron in the same state of magnetization 
will, in principle, determine the values of g and A. 
From A, the value of p, the polarization cross section 
can be derived. Using these values of g and A in (1), 
(2), and (4), the polarization can be determined. The 
quantity w, and therefore A also, depend upon energy. 
We have used the method just outlined to determine 
q and A for neutrons of a single energy. The grain size 
of the iron samples and the neutron spectrum were such 
that qg was taken to be independent of energy. The 
measured value of A was used to fix the scale on the 
known shape of the curve of polarization cross section 
vs energy. The polarization as a function of energy was 
then calculated from (1), (2), and (4). The polarization 
averaged over the spectrum was calculated by weight- 
ing the polarization for a given energy in proportion to 
the abundance of neutrons of that energy in the beam 
emerging from the polarizing block of iron. 

The neutron energy 0.0372 ev was selected by Bragg 
reflection from a single crystal of quartz following the 
polarizing block of iron. The single transmission effect 
was measured for 1, 2, 3, and 4 cm of iron. Care was 
taken to demagnetize the iron thoroughly before the 
field-off count. The arrangement was such that small 
angle scattering effects* were not likely to influence the 
results. The state of magnetization of the blocks was 
taken to be the same when the magnetic field at the 


* Hughes, Burgy, Heller, and Wallace, Phys. Rev. 75, 565 
(1949). 
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surface of each of the blocks was measured to be the 
same with a small flat flip coil which could be placed 
up against the surface of the block. The field at the 
surface of each block was 11 000 oersteds. The results 
of these measurements are given in Table I. 

The ‘direct measurements must be corrected for the 
presence of neutrons of energy 40.0372 ev due to the 
second-order Bragg reflection from the quartz crystal. 
Orders of reflection higher than the second present in 
the reflected beam were estimated to have negligible 
effect upon the measurements because the intensity of 
neutrons incident upon the crystal is much less for 
third order, and also because of the decreased reflec- 
tivity of the crystal for the higher energy. Corrections 
for the second order were made by measuring the 
transmission of a calibrated boron absorber in the beam 
emerging from each of the blocks. The absorber was 
calibrated by measuring its transmission at several 
energies with a mechanical velocity selector. These 
values were checked by measuring the transmission, 
also, with a crystal spectrometer arrangement using a 
single energy so chosen that the second order could be 
eliminated by means of an appropriate neutron reso- 
nance filter. The transmission of the absorber could then 
be calculated at any energy from the known 1/0 vari- 
ation of the boron cross section. The single transmission 
effect corrected to include first-order neutrons only is 
given in Table I. The corrected data were fitted using 
Eqs. (1) and (3) for assumed values of g and w. The 
values g= 0.204, w= 0.204 were found to fit the obser- 
vations best. 

Values of p were measured by the single transmission 
effect method for several other energies also. In addi- 
tion, values of p for several energies were derived by a 
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Fic. 2. Polarization cross 
section vs energy. The 
points give the measured 
values of this report and 
those of other observers. 
j The curves are calculated 
| from (7) using ¢eoh for 

iron = 11.4 barns. 





method described below in which the polarization of a 
single energy in the beam emerging from the iron was 
measured using a single crystal of magnetite as analyzer. 
Our measured values of p are shown along with those 
of other observers in Fig. 2. The polarization cross 
section is given by the expression” 


P= (Goon/4)*(E2/me*) tnte(A/2a)? S N(D/I 


1<2a/d 
X (14+P/4a*)F()), (6) 


in which o,,., is the coherent nuclear scattering cross 
section of iron, e, m, and c have their usual meanings, 
Hn is the magnetic moment of the neutron in nuclear 
Bohr magnetons, u, is the magnetic moment per iron 
atom in atomic Bohr magnetons, A is the neutron wave- 
length, and a is the dimension of the body-centered- 
cubic iron unit cell. The quantity P=n+n,’+n;’, 
where , m2, and m; are the Miller indices of a set of 
planes. NV (/) is twice the value of the usual multiplicity 
of the set of planes identified by /. F (J) is the magnetic 
form factor of the iron for the set of planes /. The value 
of F depends upon the 3d electron wave functions of the 
iron. Values of p have been calculated™ as a function 
of energy using the value 10.0 barns for the coherent 
scattering cross section of iron, on the basis of two 
assumptions: (1) the wave function ¢ of the 3d shell 
is zero at the atomic radius; and (2) the derivative of 
the wave function is zero at the atomic radius. We have 
recalculated p vs energy using the more recent value™ 
of 11.4 barns for the coherent scattering cross section 
of iron. The curves are shown in Fig. 2 for comparison 
with the measured values. 


*C. G. Shull and E. O. Wollan, Phys. Rev. 81. 527 (1951). 
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The measured values fall fairly close to the calcu- 
lated curve. The accuracy of the measurements is, 
however, not sufficient to choose between the two 
assumptions for the magnetic form factor. Equation 
(6) is based upon the assumption of a random distribu- 
tion of the orientation of the many small crystallites in 
the “powder”’ sample. In the case of our measurements, 
we used as polarizer, a block of cold-rolled steel, with 
the magnetic field applied in the direction of rolling. 
Such an arrangement was chosen because the preferred 
orientation of the crystallites gives an enhanced effect 
for a given strength of applied field.* It is remarkable 
that in spite of the known departure of our sample from 
random orientation, the measured values fall as close 
as they do to the theoretical curve. 


C, TEMPERATURE OF THE INCIDENT NEUTRON BEAM 


The assumption was made that the spectrum of 
neutrons emerging from the reactor from energy zero 
up to the energy of the Cd cutoff could be represented 
to a degree of accuracy sufficient for our purposes by 
a Maxwell distribution. This assumption is known to 
be only approximately true since the actual spectrum 
of neutrons emerging from the reactor has fewer 
neutrons at the very low energies and more neutrons 
in the 0.5-ev region than does a Maxwell distribution. 

We studied the “hardening”’ of the neutron beam on 
passage through 1, 2, 3, 4, and 7 cm of iron by measuring 
the transmission of the calibrated boron absorber in 
the beam emerging from the iron using a 1/v detector. 
The values of the measured transmissions are given in 
Table II. The transmission of the absorber rises at 
first as the thickness of iron is increased, but then falls 
as thickness is further increased. The measured values 
were compared to those calculated for the emerging 
beam, whose spectrum was taken to be the incident 
Maxwell distribution times the factor e~***4. All inte- 
grations were done numerically. The calculated trans- 
missions corresponding to a temperature of 495°K, 
which were found to come acceptably close to the 
measured values, are shown in Table II. 

The total cross section of iron has not been measured 
in any great detail for low velocities. In the calculations 
we have used the curve given by the U. S. Atomic 
Energy Commission Neutron Cross Section Group*® 


TABLE II. Transmission of boron absorber. 








Calculated 


Thickness of iron 
cm transmission 


Measured 
transmission 


POLARIZATION 





0.370 
0.374 
0.3745 
0.373 
0.300 


0.370+-0.0004 
0.377+0.0003 
0.372-0.0006 
0.365+0.0009 
0.328+0.004 








*8 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Service, U. S. Department 
of Commerce, 1952). 
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as a basis for capture, isotope-disorder, spin-dependent, 
and inelastic scattering contributions and superimposed 
upon it the fluctuations due to coherent nuclear and 
magnetic scattering, calculated from values of the 
magnetic and coherent nuclear scattering amplitudes 
furnished by neutron diffraction measurements." The 
effect of temperature upon the heights of the discon- 
tinuities in the coherent scattering was also taken into 
account. 

For an incident Maxwell distribution of 495°K, 
the spectrum corresponding to filtration through 4 cm 
of iron is shown in Fig. 3. The average energy of 
those neutrons of wavelength less than 4.04A, the 
coherent-scattering cutoff, is increased by passage 
through the iron, causing a “hardening” of the beam. 
The filtering action of the iron has the effect also of 
increasing the relative importance of those neutrons 
of wavelength greater than 4.04A. For 4 cm of iron, 
they constitute 8 percent of the neutrons in the emerg- 
ing beam. The variation in relative importance of these 
two groups of neutrons as a functioa of thickness ex- 
plains the presence of the maximum in the boron 
absorber transmission data. 


D. SINGLE TRANSMISSION EFFECT FOR THE 
CONTINUOUS SPECTRUM 


In order to determine the average polarization seen 
by a 1/» detector in a beam of reactor neutrons emerging 
from 4 cm of polarizing iron, the single transmission 
effect for all energies less than the Cd cutoff was 
measured, using a thin BF; proportional counter 
detector with 1, 2, 3, 4 cm of iron between the poles of 
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Fic. 3. — transmission effect vs velocity for 4-cm block using 
measured value of the depolarization coefficient and Eq. (1). The 
neutron density n emerging from 4 cm of iron is shown by the 
dashed curve. 
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Fic, 4. Polarization vs velocity for 1, 2, 3, and 4 cm of iron. 


the magnet. In order to keep the spectrum incident 
upon the detector always the same, a total of 4 cm of 
iron was always kept in the path of the beam. The single 
transmission effect is the ratio of the counting rate with 
d cm of magnetized iron, and (4d) cm of unmagnetized 
iron in the beam, to that with 4 cm of unmagnetized 
iron in the beam. [The magnetic field at the surface of 
the magnetized iron was always kept at the value used 
in the nuclear polarization experiment” (11 000 oer- 
steds). | 

The measured values of the single transmission effect 
for the entire spectrum as a function of block thickness 
were compared to calculated values. The calculated 
average single transmission effect was obtained by 
weighting the value for a single energy by the density 
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Fic. 5. Cumulative plots of neutron density, neutron density X £), 
and neutron density X polarization for 4 cm of Fe. 
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of neutrons in the beam emerging from 4 cm of iron. 
The integrations were performed numerically. The 
value for the depolarization coefficient determined 
previously was used. It so happened that a good fit to 
the data was obtained using the boundary condition 
that the slope of the 3d wave function is zero at the 
atomic radius with the value 12.3 barns for the coherent 
scattering cross section of iron. This choice is obviously 
not unique. The value 10.0 barns and the alternate 
boundary condition would do as well. For wavelengths 
greater than about 1.5A the values of the form factor 
given in reference 20 were used. Reference 20 gives no 
values of F(/) for ?>14, which are needed in addition 
to those for ?<14 in calculating the polarization cross 
section for wavelengths less than 1.5A. These were 
estimated from a brief approximate analytical expres- 
sion” giving F for a free iron atom. The error involved 
in using these rough values of F for ?>14 is small, 
since a large fraction of the polarization cross section 
at the short wavelengths is contributed by planes for 
which P< 14. ‘ 

Those neutrons of wavelength greater than A= 2d110 
or 4.04A are not scattered coherently from iron. Those 
neutrons of this energy region which are scattered 
inelastically from magnetized iron may be polarized.” 
We have used measured values of the single transmis- 
sion effect in this region** to calculate the contribution 
to the polarization of these low-energy neutrons. For 
4 cm of iron, 8 percent of the neutrons emerging are 
below 4.04A. These neutrons have a polarization of 
about 16 percent. 

The single transmission effect for 4 cm of iron is 
shown as a function of velocity in Fig. 3. These values 
were calculated using (1). The large values of the single 
transmission effect at velocities slightly greater than 
that of the coherent scattering cutoff of iron emphasize 
the possible importance of these neutrons in a weighted 
average. 

The polarization as a function of velocity calculated 
from (1), (2), and (4) is shown in Fig. 4 for 1-, 2-, 3-, 
and 4-cm thicknesses of iron. The polarization vs velocity 
for 4 cm with complete saturation is shown for com- 
parison. Cumulative plots against velocity of neu- 
tron densityXsingle transmission effect and neutron 
density X polarization for 4 cm are shown in Fig. 5 
along with the cumulative neutrun density as a function 
of velocity. From these plots the relative contributions 
of selected portions of the spectrum can be taken. The 
curve }>(mX£,) rises more quickly than the curve 
> (XP), because to a first approximation, the single 
transmission effect is proportional to p*, while the 
polarization is proportional to p. 

The curves described above were used in calculating 
the single transmission effect for a 1/v detector weighted 
over the emerging spectrum through 1, 2, 3, and 4 cm 


- Hoffman, Livingston, and Bethe, Phys. Rev. 55, 924 (1939). 
#70. Halpern, Phys. Rev. 72, 261 (1947). 
** Hughes, Burgy, and Woolf, Phys. Rev. 80, 481 (1950). 
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of iron for all velocities from zero up to the Cd cutoff. 
The calculated values are compared with the measured 
values of Table III. The measured and calculated 
values agree to about 0.5 percent. 

The measured values of single transmission effect 
having been acceptably accounted for, the curves were 
then used to calculate a polarization weighted with 
neutron density over the spectrum. The average 
polarization for energies greater than the iron cutoff 
and less than the Cd cutoff (0.5 ev) was 37 percent. 
The average polarization from zero energy up to the 
Cd cutoff is 35 percent. 

The epi-cadmium neutrons are polarized only to a 
small degree. Their effect upon the average polarization 
is small because only about 10 percent of the activity 
of the sample used in the nuclear polarization experi- 
ment was due to epi-cadmium neutrons. We estimate 
that the 35 percent average polarization of all those 
neutrons below 0.5 ev becomes 32 percent when the 
averaging is done over the entire spectr.m. 

The polarization cross section corresponding to the 
average single transmission effect 0.221 for all energies 
less than 0.5 ev for the magnetic state of saturation of 


TABLE III. Single transmission of continuous spectrum 
with 1/v detector. 








(3/}o), 
calculated 


1.016 
1.059 
1.130 
1.231 


Thickness (3/i0), 
cm measured 


1.022+0.001 
1.063+0.001 
1.136+0.001 
1.221+0.001 











our experiment in which g=0.2, is 2.2 barns. This value 
of p corresponds to a polarization of 45 percent under 
the same conditions of magnetization. The average 
polarization for all neutrons in this energy range is 
actually 35 percent. These numbers illustrate the degree 
of accuracy to be expected in deducing the average 
polarization from the average single transmission effect 
without taking into account the details of the spectrum. 


E. MEASUREMENT OF POLARIZATION USING 
MAGNETITE 


The polarization of a beam of neutrons of a single 
energy produced by a given polarizer can easily be 
measured if the polarization produced by a second 
polarizer from the same incident unpolarized beam is 
known. A schematic arrangement of the apparatus is 
shown in Fig. 6. The incident beam of unpolarized 
neutrons is passed through the polarizer A and analyzer 
B. The counting rate C is measured with A and B 
in parallel so that they both discriminate against 
neutrons of the same orientation. The counting rate 
C; obtained when the polarization of the beam between 
A and B is brought to zero by passing it through a shim 
of iron placed in zero field, is also measured. It can be 
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Fic. 6. Schematic arrangement for measuring polarization. A and 
B are polarizing regions. The shim reduces the polarization to zero. 


shown that 
G=C,/C;= 1+ P,P, (7) 


where P; is the polarization produced by polarizer i 
alone from the incident unpolarized beam of neutrons. 
We call G the “shim effect.”” This method has the ad- 
vantage that (G—1) is linear with the unknown 
polarization. It is equally sensitive for small and large 
polarizations. Measurements of smal! values of the 
polarization by the single transmission method are very 
difficult to make with accuracy as can be seen from 
Fig. 1. A polarization of 10 percent gives a single 
transmission effect of only 0.005. 

We have attempted to measure unknown polariza- 
tions by using the polarization properties of the (220) 
reflection from a single crystal of magnetite. The 
polarization produced by a given set of planes of Miller 
indices (hkl), can be calculated” from the known 
chemical and magnetic structure of magnetite, the 
known values of the relevant nuclear and magnetic 
scattering amplitudes, and the direction of the applied 
magnetic field with respect to the scattering vector. 
For the applied field perpendicular to the scattering 
plane, the polarization of the (220) reflection is calcu- 
lated to be close to 100 percent. The polarization of the 
second order (440) is calculated to be about minus 10 
percent, the negative sign denoting polarization in the 
direction opposite to that of the first order (220). For 
the (220) reflection of the 56 atoms per unit cell, only 
the eight Fe+*++ ions in”the tetrahedral positions con- 
tribute to the coherent’ scattering. All 56 atoms con- 
tribute to the (440) reflection. Consequently, a crystal 
set to reflect a 100 percent polarized beam in the first 
order from the (220) planes, will reflect also in the same 
direction an appreciable intensity of second-order 
neutrons polarized slightly in the opposite direction. 


TABLE IV. Shim effect for magnetite crystals. 








Shim 


Crystal in 
effect 


Crystal in t 
position B 


position A 
Ill I 1.430 
Ill II 1.437 

I II 1,547 

I Ill 1.385 

I IV 1.353 
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TABLE V. Shim effect vs energy. 








Energy in ev 
0.0372 
0.0600 
0.0858 
0.149 


(Geta ~1) (Goorr ~1) 


0.369 
0.277 
0.215 
0.132 


0.138 
0.192 
0.177 
0.103 











Our first problem was to measure the polarization 
produced by the (220) reflection from a magnetite 
crystal. We procured several large natural crystals, and 
cut out several slabs } in. thick and of area about 2 
square in. in the (220) plane. The polarizations pro- 
duced by the slabs were compared by measuring the 
shim effect with one of the slabs in position A, and with 
each of the other slabs in turn in position B. The results 
as shown in Table IV. 

As can be seen from the data, the polarizations pro- 
duced by the crystals were in general not the same. 
Crystal slabs I and II which were cut from the same 
crystal gave closely the same shim effect. If P= P2, 
then G—1= P*, The measured shim effect of 1.55 using 
crystals I and II together was corrected for higher- 
order content to give a value for first order only of 
1.81. The polarization produced by each of these 
crystals alone is, therefore, about 90 percent. The 
polarization produced by crystal slabs III or IV alone 
would have been less than 90 percent, as indicated by 
their lower values for the shim effect using I in position 
A. Ordered impurities in the spinel structure of our 
large crystals are perhaps responsible for the values of 
the polarization being less than that expected on the 
basis of measured scattering amplitudes and the crystal 
structure. 

We have used the value of 90 percent for the polariza- 
tion produced by crystal I alone, to measure the values 
for the polarization in the beam coming through 4 cm 
of magnetized iron as a function of energy using ex- 
pression (7). The shim effect was measured and cor- 
rected for the presence of second order by use of the 
boron transmission measurements. Values for the 
polarization cross section p were then derived for 
these energies from the polarization of the beam from 
the iron, using the previously measured depolarization 
coefficient in expressions (1), (2), and (4). These values 
of p are shown in Fig. 2. 

The great disadvantage of the use of magnetite as 
analyzer is the large second-order correction required 


TABLE VI. Polarization vs energy. 
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Fic. 7. Arrangement for measuring polarization using two mag- 
netite crystals and magnetic resonance method. 
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in the measured value of (G—1). The observed and 
corrected values for the quantity (G—1) are given in 
Table V. 

Values of the polarization at four energies deduced 
from the single transmission and magnetite methods are 
compared in Table VI. The agreement is quite good 
for all but the lowest energy 0.0372 ev, where the cor- 
rection for higher order in the magnetite method is 
unacceptably large. For this energy, we take the trans- 
mission method to give more reliable results. The 
method described for measuring unknown polarization 
using a magnetic crystal of known properties as analyzer 
would be more practical if a crystal giving small higher- 
order content along with high neutron polarization were 
available. 

It was pointed out above that the shim effect 
G=1+ P,P; is a more sensitive measure of polarization 
than the single transmission effect. An even more 
sensitive measure is the double transmission effect," .'® 
the ratio of the intensity with polarizer and analyzer 
aiding to that with polarizer and analyzer opposing, 
which is given by 


K=(1+P,P2)/(1—PiP2). (8) 


We have used the arrangement of Fig. 7 to obtain values 
of K. The reversal of P; was achieved in the region 
between crystals I and II by the magnetic resonance 
method,” in which the steady field Ho was perpen- 
dicular to the direction of the beam, and an oscillating 
field H,.. was along the beam direction. Polarizer, I, 
and analyzer, II, are again our magnetized magnetite 
crystals, in which P;= P,=0.9. Intensity measurements 
were taken under the four sets of conditions listed in 
Table VII. The shim referred to in Table VII is a 
depolarizing sheet of iron in zero field. Turning the 
oscillator on, changes the intensity from 100 to 30.2. 
BF; absorption measurements indicate that a large 


TABLE VII. Intensity measurements using oscillator. 





Polarization as 
measured with 
magnetite, 
percent 


Polarization as 
measured by 
transmission, 

Energy in ev percent 
0.0372 49 
0.0600 35 
0.0858 26 


13 














Conditions Relative intensity 


1. Oscillator off 
2. Oscillator on 
3. Oscillator on, with shim 
4. Oscillator off, with shim 

















®L. W. Alvarez and F. Bloch, Phys. Rev. 57, 111 (1939). 
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fraction of the residual 30.2 is due to the presence of 
second-order neutrons. The oscillating field affects the 
second-order neutrons very little for two reasons: K 
will be close to one because their polarization is low 
(—10 percent); when the strength of the oscillating 
field is such that the probability of flipping first-order 
neutrons is a maximum, the probability of flipping 
second-order neutrons is considerably less than maxi- 
mum. The symmetry of the intensities in cases (3) and 
(1) with respect to (2) indicates strongly that all first- 


PHYSICAL REVIEW 


VOLUME 94, 


381 


order neutrons are being flipped. The fact that the 
intensities in cases (3) and (4) are equal indicates that 
the depolarizing shim is removing completely the 
polarization of the beam passing through it. This 
method could be used, also, if I and II were trans- 
mitting blocks of iron. The use of magnetite crystals is 
advantageous because the high polarization of the first 
order of reflection from the (220) planes gives large 
intensity changes, and the polarization is independent 


of energy. 
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The Alpha- and Gamma-Ray Spectra of Pu***} 
FRANK ASARO AND I. PERLMAN 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received January 12, 1954) 


The alpha and gamma spectra of Pu** have been studied with an alpha-particle spectrograph and gamma- 
ray scintillation and proportional counters. Alpha groups of 5.495 (72 percent), 5.452 (28 percent), and 
5.352 Mev (0.09 percent) and electromagnetic radiations of 17 (13 percent), 43.820.5 (0.038 percent), 
99+2 (0.008 percent), and 150+2 kev (0.001 percent) were observed. Spins and parities are assigned to 
the energy levels, and the results are evaluated with respect to the developing theory and systematics of 
complex alpha spectra and excited states of even-even nuclei. 


I. INTRODUCTION 


ARKED regularities have been observed in the 
alpha spectra of different even-even nuclei indi- 
cating strongly that corresponding spectroscopic states 
are involved in the decay processes. Among the heaviest 
nuclei the low-lying excited states are spaced in such a 
fashion as to suggest that they constitute a rotational 
band! interpreted according to the Bohr and Mottelson? 
theory which unifies independent particle and collec- 
tive aspects of nuclear states. 

In another publication’ the details of the alpha 
spectrum and gamma spectrum of Cm” were reported 
and discussed in terms of the excited states of Pu™*. 
The present communication deals with Pu™* and the 
energy levels of U™. The close similarity between Cm™ 
and Pu™* spectra can be seen from the decay schemes 
shown in Fig. 1, and it will be seen that the gamma-ray 
conversion coefficient data also show that comparable 
spectroscopic states are involved. 


Il. METHODS 


The samples of Pu™* used in the present measure- 
ments* were made by the prolonged neutron irradiation 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1F. Asaro and I. Perlman, Phys. Rev. 91, 763 (1953). 

2A. Bohr and B. R. Mottelson, Phys. Rev. 89, 316 (1953); 90, 
717 (1953); Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
27, No. 16 (1953). 

8 Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953). 

4We are indebted to Dr. S. G. Thompson of this laboratory 
and to the personnel of the Atomic Energy of Canada, Ltd., 
Chalk River, Ontario, Canada, for making some of these prep 
arations available to us. 


of Am™! through the following series of reactions: 


B 
Am*! (4,7) Am?" ——_——» Cm”, 
16 hr 


a 
Cm** ——_—_—» Py™*, 


162 day 


The primary objective of the irradiations was to make 
Pu* through the electron capture branching of 16-hour 
Am*’™ so sizable amounts of this isotope were present. 
Also in a long irradiation the Pu™* captures neutrons 
to give successively Pu, Pu, and Pu", all of which 
were also present in small quantities. Mass spectro- 
metric analyses’ were made on two of the preparations 


19) 


Fic. 1. Comparison of alpha spectra of Cm™ and Pu™*. 
5The analyses were made by Mr. F. L. 
laboratory. 


Reynolds of this 
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TABLE I, Mass composition of plutonium preparations. 








238 239 240 241 242 


“11.7% 16% 007% 24% 
80.0% 42% 05% 13.7% 





Prep.I 62.9% 
Prep. II 1.5% 








and the results are shown in Table I. The large amount 
of Pu” in Preparation II was the result of Pu present 
in the Am™ before irradiation. Since Pu™* has a half- 
life which is short relative to the alpha-decay half-lives 
of the other isotopes, the alpha activity in both prepara- 
tions was predominantly that of Pu™*, In Preparation I 
the Pu™* comprised 99.9 percent of the alpha activity 
and in Preparation II it was 81 percent. However, the 
differences in composition were used to assign the rarer 
alpha groups. 

A third sample (Preparation III) of Pu™* was not 
mass analyzed but should have been free of other 
plutonium isotopes since it came from some previously 
purified curium (Cm) which had decayed through 
approximately one half-life. 

All samples were mounted by vacuum sublimation of 
plutonium chloride onto a platinum plate which was 
masked to present a band 1 in.X} in. This technique as 
well as the spectrograph description and operation have 
appeared in other reports.®* As before, the alpha 
particles were caught on a photographic plate and the 
track count plotted according to position on the plate 
in order to reproduce the spectrum. The record of alpha- 
particle spectrograph exposures is given in Table II. 

Gamma-ray spectra were measured for the most part 
with a sodium iodide scintillation counter coupled with 
either a single channel or multichannel pulse-height 
analyzer. In some experiments a xenon-filled propor- 
tional counter was used to produce the pulse for the 
analyzer. 

Ill. RESULTS 


A. Principal Alpha Groups of Pu*** 


A sample of Cm* which had decayed six months was 
run on the spectrometer (Prep. III, Exp. 73) and 
showed two new alpha groups at about the energy 
previously reported for Pu** from range measure- 
ments.’’* The intensity of the alpha groups relative to 


TABLE IT. Record of alpha-particle spectrograph exposures. 








Exposure 
duration 


Prep. IIT 40 hr 
Prep. I 114 hr 
Prep. I 75 min 
Prep. IT 37 hr 
Prep. I 54 min 


Plutonium 
preparation 


Exposure 
number 


Exp. 73 
Exp. 204 
Exp. 205 
Exp. 243 
Exp. 283 


Defining slit 


1 in. X0.12 in. 
1 in. X0.12 in. 
1 in. 0.12 in. 
1 in. 0.12 in. 
0.75 in. X0.018 in. 














6 Asaro, Reynolds, and Perlman, Phys. Rev. 87, 277 (1952). 

™W. Thiel and A. H. Jaffey, reported in Argonne National 
Laboratory Report ANL-4370, November, 1949 (unpublished). 

8 —— Gofman, Segré, and Wahl, Phys. Rev. 71, 529 
(1947). 
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Cm”? groups was 0.6 percent in agreement with ex- 
pectations for the particular growth and decay period. 
The main alpha group of Cm was used as an energy 
standard (6.110 Mev),* and the value for the main 
group of Pu** was found to be 5.492 Mev. The second 
group was of 42 kev lower energy and therefore 5.450 
Mev. 

The curium of Prep. III could have contained Am™! 
which has a prominent alpha group at 5.476 Mev which 
could distort the energy determination of the Pu™* 
groups. However, it was found that the sample con- 
tained less than 2 percent by weight of Am™", and its 
alpha group would therefore be at least 300-fold less 
intense than the Pu™* group. 

The particle energy of Pu** was also measured in 
Exp. 243, Prep. II, using the 5.150-Mev group® of Pu 
as a standard. This gave 5.497 Mev for the main group 
of Pu** and a 42.5-kev separation for the second group. 
In xp. 283 the separation between the groups was 
again 42.5 kev. We shall take as the best value for the 
main group 5.495 Mev and 5.453 Mev for the second 
group. 

These groups presumably lead, respectively, to the 
ground state and first-excited state of U%*. Applying 
the recoil correction to the energy spearation we find 
that the first-excited state of U™ is 43 kev above the 
ground state. If we use the terminology described in 
previous publications the alpha group populating the 
ground state will be designated a» and that populating 
the 43-kev state ay;. The intensity of a43 relative to 
total Pu™* alpha particles was found to be 24 percent 
in Exp. 73 and 28 percent in Exp. 283. 


B. Low-Intensity Alpha Groups of Pu*** 


In Exp. 243 (Prep. II) and Exp. 204 (Prep. I) a third 
group of Pu™* was observed. The separation in particle 
energy between this group and a4; of Pu™* was found 
to be 101.5 kev in Exp. 243 and 98.6 kev in Exp. 204. 
The average value of 100 kev is accepted which means 
that the energy level of U™ is 102 kev above the 43-kev 
level and 145 kev above the ground state. 

Although ays is in very low intensity (0.1 percent 
of total Pu™*), it was proved to belong to Pu™* because 
of its constant relationship with the Pu** alpha particles 
in the two preparations which differed widely in isotopic 
composition. This information is shown in Table III. 

The exact correspondence of energy levels and alpha 
transitions to these levels between different even-even 
nuclei in this region is worthy of note. As shown in 
Fig. 1, the alpha spectra of Cm™ and Pu™* point to 
energy levels of the product nuclei spaced almost 
identically. Each has a transition to the ground state 
and to the first-excited state whose intensities can be 
shown to be in substantial agreement with alpha-decay 
theory, and each has a transition to the second-excited 


* F. Asaro and I. Perlman, Phys. Rev. 88, 828 (1952). 
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state which is highly hindered (low intensity far beyond 
expectations according to the energy difference). 


C. Gamma Rays of Pu*** 


The results to be presented include the energies and 
intensities of the photons accompanying the alpha 
decay of Pu**. The best picture which can be con- 
structed from these data is that all of the transitions are 
of the E2 type and that they cascade as indicated in 
Fig. 1. It will be noted that the gamma ray of 150 kev 
is shown to come from a level which is not populated 
by an observable alpha group. A similar assignment 
was made for Cm? and the reasons will be presented 
below. 

A typical gamma-ray spectrum taken with a sodium 
iodide crystal spectrometer is shown in Fig. 2. The 
relative intensities of the photons are not directly 
discernible because absorbers were used to minimize the 
intense L x-rays (18 kev) which would otherwise obscure 
the 42-kev peak. 
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Fic. 2. Pu¥* gamma spectrum. 


In all, ten measurements of the gamma-ray spectrum 
were made; nine of these were done on Prep. I and for 
the other a different sample of Pu™* was used. The ex- 
periments aimed at energy determination are sum- 
marized in Table IV. The intensities will be discussed 
presently. 

In experiments 1, 2, and 3 the voltage on the photo- 
multiplier tube was not stable and a single channel 
analyzer was employed. These energy values are not 
considered as reliable as the others. Experiments 4, 5, 
and 6 were run with multichannel analyzers and under 
more stable conditions. 


D. The 43.8-kev Gamma Ray 


A xenon-filled proportional counter was used in 
experiments 7 and 8 and should give the most reliable 
values for the ~40-kev gamma ray. For these measure- 
ments the counter was standardized with the 44.3-kev 
gamma ray’ of Cm™, This value (44.3 kev) obtained 
from the energy difference of alpha groups is in good 
agreement with the energy obtained by measuring the 


TABLE III. Ratios of intensities of Pu™ ass 
and other alpha groups. 








Intensity 


relative to: Exp. 204 


0.09% 
265% 





Pu™* alpha activity 
Pu*® alpha activity 
Pu alpha activity 
Pu™! beta activity 

Pu alpha activity 








photon in a proportional counter (44.6 kev)," from the 
conversion electron spectrum (44.1 kev)," and from the 
conversion electron spectrum in the decay of Np™* 
(44.1 kev). The gamma-ray energy for Pu™* so ob- 
tained was 43.8+0.5 kev. 

The intensity of this gamma ray relative to total 
alpha particles of Pu®* was determined by Reed” using 
a xenon-filled Geiger tube and absorbers. He found the 
intensity to be 4.2 10-. In the present study (experi- 
ment 2) the intensity was measured with the scintilla- 
tion spectrometer using the 60-kev gamma ray of Am™! 
as a standard. The intensity of the Am™' gamma ray is 
(0.40 per disintegration as measured by Beling, Newton, 
and Rose." The intensity of the gamma ray so obtained 
was 3.8X10~ which is considerably lower than Reed’s 
measurement and should be more accurate because of 
the inherent better precision in the method used. 

There can be no question that this gamma ray results 
from the de-excitation of the state reached by Pu™* a4; 
(see Fig. 1.) Since a4; populates this state to the extent 
of 28 percent, the low photon intensity would imply 
a large conversion coefficient. O’Kelley'® has observed 
in good intensity a series of conversion lines attributable 
to a transition of ~45 kev and Dunlavey and Seaborg"* 
found by the photographic plate technique that 23 
percent of Pu™* alpha particles are in coincidence with 
electrons corresponding to an ~40-kev gamma ray. 
Within experimental uncertainties this number (23 
percent) is the same as the intensity of a4; (28 percent) 


TABLE IV. Energies of Pu™ electromagnetic radiations. 








Experiment No. 
1 2 3 4 5 6 7 10 
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* Energies in kev. 


” B. Rose and J. O. Newton, reported at Birmingham Con- 
ference on Nuclear Physics, July, 1953 (unpublished). 

1 T. O. Passell (unpublished). 

2H. Slitis and J. O. Rasmussen, Jr. (to be published). 

3G. W. Reed, Jr., U. S. Atomic Energy Commission Declassi- 
fied Report AECD-3185, January, 1951 (unpublished). 

“4 Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952); 
erratum: Phys. Rev. 87, 1144 (1952). 

4G. D. O’Kelley, Ph.D. thesis, University of California 
Radiation Laboratory Report UCRL-1243, March 15, 1951 
(unpublished). 

1° D. C. Dunlavey and G. T. Seaborg, Phys. Rev. 87, 165 (1952). 
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indicating a large conversion coefficient. With 28 per- 
cent as the population of the 44-kev state and 0.038 
percent for the photon intensity, the total conversion 
coefficient is 740. In order to determine the L-conversion 
coefficient one must know the relative amounts of con- 
version in the L and higher-order shells. For a similar 
transition in the decay of Cm it was found that 80 
percent of the conversion electrons were from the L 
shell and 20 percent from M and higher shells. Applying 
these values to the Pu™® case, the /-shell conversion 
coefficient becomes 600. This can be compared with 
theoretical calculations of Gellman, Griffith, and 
Stanley"’ from which one would expect values of 1, 60, 
and 700 for £1, M1, and £2 transitions, respectively. 
The transition is obviously of £2 type on this basis and 
this is added evidence that the first-excited state of an 
even-even nucleus has spin 2 and even parity. 


E. L X-Rays 


Photons of 17-18 kev were the most prominent elec- 
tromagnetic radiation in the decay of Pu™*. The best 
energy value was 17+0.5 kev determined in experiment 
9 (Table IV) with the scintillation spectrometer and 
a motor-driven single channel analyzer. These are un- 
doubtedly uranium L x-rays which arise almost entirely 
from the internal conversion of the 43.8-kev gamma ray. 

The intensity of this L x-ray complex was obtained by 
comparison with the LZ x-rays of Am™! decay, the in- 
tensity of which was determined by Beling, Newton, 
and Rose. The value so obtained was 13 percent 
(Table V) and this may be compared with the expecta- 
tions from the internal conversion of the 43.8-kev 
gamma ray. 

Since the 43.8-kev gamma ray is about 80 percent 
converted in the L shell (see previous discussion) there 
should be 0.22 ZL vacancies per alpha disintegration. The 
calculations of Gellman, Griffith, and Stanley’ show 
that an £2 transition such as this is converted almost 
entirely in the 2x and Ly shells and Kinsey'* has 
estimated that the fluorescent yield for these Z vacancies 


TABLE V. Intensities of Pu™* electromagnetic radiations. 








Best value 
for absolute 
Experi- intensity 
ment per alpha 
number disintegration 


13% 


0.038% 
0.0080% 


Intensity 
relative 
to 99-keyv 
radiation 


Intensity 
intensity relative to 
per alpha 43.8-kev 

disintegration radiation 


17 13% 9 
43.8 0.038% 2 
99 22% 2 


Absolute 


Energy 
(kev 








11.8% 
12.8% 

0.0010% 
126%  § 
13% 10 








17 Gellman, Griffith and Stanley, Phys. Rev. 85, 944 (1952). 
8B. B. Kinsey, Can. J. Research. A26, 404 (1948). 
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is ~0.5. The expected number of L x-rays is then 11 
percent (0.522) which is in satisfactory agreement 
with the observed intensity, 13 percent. 


F. The 99-kev Gamma Ray 


As indicated in Fig. 1, this gamma ray has been placed 
between the states populated by ays and ag. It will be 
noted that a gamma ray of 150 kev was also observed 
and it might be assumed that this is the crossover 
transition from the state reached by aj4s to the ground 
state and that the 99-kev photon is the K x-ray resulting 
from internal conversion of the 150-kev gamma ray. 
From the relative intensities of the 99-kev and 150-kev 
photons the K-conversion coefficient would have to be 
8. Furthermore, a!! transitions to the ground state of 
an even-even nucleus from levels populated by alpha 
decay must be electric. From the data on K-shell con- 
version coefficients by Roze and co-workers and by 
Spinrad and Keller,” an electric transition of 150 kev 
with conversion coefficient 8 would have to have a 
multipolarity of at least 5 and would therefore have 
an extremely long lifetime. It may be concluded there- 
fore that all or nearly all of the 99-kev photons are 
gamma rays and the transition is placed best between 
the levels reached by ay4s and ag. 

The total conversion coefficient of the 99-kev transi- 
tion can be calculated from the measured intensity of 
the gamma ray and the population of the 145-kev 
state. With 0.09, percent as the population of the 145- 
kev state and 8X 10~* percent (Table V) as the gamma- 
ray intensity, the conversion coefficient is 11. The 
amount of internal conversion other than in the Z shell 
is probably small so that this figure may be taken as 
approximately the L-conversion coefficient. From the 
tables of Gellman, Griffith, and Stanley'’ the theoretical 
values for £1, E2, and M1 transitions are respectively 
0.1, 8, and 4. The £1 transition is ruled out, and, al- 
though £2 gives a better fit than M1, a choice probably 
should not be made on this ground alone. Since the 44- 
kev state has even parity (2+-), the 145-kev state must 
therefore also have even parity. Only even spin numbers 
are allowed since the level is reached by alpha decay of 
an even-even nucleus. The possible states are therefore 
0+, 2+, and 4+, and of these the selection of 4+ is 
favored for reasons to be given below. 


G. The 150-kev Gamma Ray 


The low intensity photon of 150 kev (see Fig. 1 and 
Tables IV and V) has already been mentioned in the 
preceding section where it was shown that it cannot 
account for much of the de-excitation of the 145- 
kev state. Gamma-gamma coincidence measurements 
showed this gamma ray to be in coincidence with the 


® Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951); Rose, Goertzel, and Perry, Oak Ridge National Labora- 
tory Report ORNL-1023, June, 1951 (unpublished). 

*” B. I. Spinrad and L. B. Keller, Phys. Rev. 84, 1056 (1951). 








99-kev photon. Furthermore, the coincidence rate was 
in agreement with the assignment of the 99-kev photon 
to a gamma ray with conversion coefficient ~10. 

As will be borne out in the discussion, it is reasonable 
to assign the 150-kev transition to another of the series 
of cascading £2 transitions (see Fig. 1). On this basis, 
its conversion coefficient would be 2 and the population 
of the 295-kev level would be 3X10~* percent. This 
intensity was below the limits of our detection of an 
alpha group which for this case was ~10™ percent, so 
the failure to observe the corresponding alpha group is 
not inconsistent with the decay scheme. 


IV. DISCUSSION 


The energy levels of U™ observed from the alpha 
decay of Pu** conform in remarkable fashion with the 
picture for even-even nuclei well removed from a closed 
shell developed by Bohr and Mottelson.* In this model 
collective aspects of nuclear structure and individual 
particle aspects are coupled and in a region well removed 
from a closed shell there should be a series of energy 
levels corresponding to a rotational band in which only 
even spin states (0+, 2+, 4+, ---) appear. On this 
basis electric quadrupole transitions should predomi- 
nate. It was seen that the 44-kev transition definitely 
falls into this category and the 99-kev transition 
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probably does so. A unique assignment could not be 
made for the 150-kev gamma ray because the conversion 
coefficient could not be measured, but the failure to 
observe an alpha particle leading to the 295-kev state 
means that the conversion coefficient is not an order of 
magnitude greater than unity and is therefore in the 
proper range for an £2 transition. 

Another aspect of the Bohr and Mottelson model 
concerns the energy level spacings of the states 0, 2, 
4, ---. The spectrum is that of a rigid rotator although 
it should be pointed out that in the treatment the 
moment of inertia is not that of a rigid body but is an 
effective moment associated with the angular mo- 
mentum of the surface waves. The rotational energy 
levels go as /(/+1), where J is the spin number so the 
energy levels go as 1, 3.3, 7.0 for the first three excited 
states of spin 2, 4, 6. In this case, the ratio between the 
second- and first-excited states (145/44) is 3.3 and 
between the third and first (295/44) is 6.7. This striking 
agreement with the theory is the principal reason for 
assigning the second- and third-excited states 4+ and 
6+, respectively, in the absence of independent means 
of making assignments. 

We wish to acknowledge the assistance of Mrs. J. A. 
Simmons in counting the alpha tracks. 
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Measurement of the Tritium Concentration in Natural Waters 
by a Diffusion Cloud Chamber* 


E. L. Freeman AND D. SCHWARZER 
Brookhaven National Laboratory, Upton, New York 
(Received January 8, 1954) 


The radioactivity of tritium is easily recognized and visually counted in a hydrogen-filled diffusion 
chamber. A 6-in. diameter diffusion chamber, filled with 100 psi of hydrogen obtained by completely con- 
verting 14 cc of water in a Mg furnace, is used to measure the tritium concentration in surface water of the 
Long Island Sound, in New Jersey well water, and in a number of rain and atmospheric moisture samples. 
These samples had tritium concentration (T/H ratios) that ranged from 10™ to 3X10~. Some samples 
were measured directly, others required some electrolysis to give measurable tritium concentrations. No 


tritium could be detected in glacial water. 


INTRODUCTION 


HE existence of natural tritium in Norwegian lake 
water has been demonstrated.' This was accom- 
plished by enriching the natural tritium content by 
electrolysis between 1 and 10 million fold. A series of 
measurements on natural tritium in rain and ground 
water is being carried out at the University of Chicago” 
with a low-level Geiger counter and an electrolytic 


* Research performed under the auspices of the U. S. Atomic 


Energy Commission. oy 
1 Grosse, Johnston, Wolfgang, and Libby, Science 113, 1 (1951). 
2W. F. Libby, Phys. Rev. 93, 1337 (1954); Proc. Natl. Acad. 


Sci. 39, 245 (1953). 


plant. We have applied a diffusion chamber technique 
to the same problem. This technique is more sensitive 
than a low-level Geiger counter’ that we have been 
using here. Therefore, considerably less enrichment is 
required to measure the tritium in natural waters. 
In fact, in two rain samples and one atmospheric 
moisture sample the tritium could be measured directly 
without any enrichment. 


DESCRIPTION OF APPARATUS 


Figure 1 is a schematic diagram of the diffusion 
chamber and its associated hydrogen-converting ap- 


+E. L. Fireman, Phys. Rev. 91, 922 (1953). 
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Fic. 1. Schematic block diagram. 


paratus. This equipment takes up little space, is easy 
to build, requires no shielding, requires no electronic 
equipment and less than 20 amperes from a 110-volt 
wall plug. 

The chamber is filled by putting the water sample 
into a 20-cc medical syringe, labeled A in Fig. 1. 
Pressure from a standard Hy, tank forces the water 
into Mg furnace, B, which had previously been evacu- 
ated and heated to 650°C. The hydrogen evolved passes 
through a glass wool filter into the diffusion chamber. 
A cold trap originally in the line was removed as un- 


necessary because no water was trapped. Stoichoimetry 
gives a good check on the completeness of the con- 
version. The complete conversion of 14 cc of water fills 
the unit to 100-psi pressure. The Mg turnings in the 
furnace are replaced after four chamber fillings. Figure 
2 is a drawing of the Mg furnace. 


After a measurement that shows little tritium 
activity the furnace and cloud chamber are merely 
evacuated before the next filling. However, if more 
than 10 tritium counts/minute appear in the chamber 
it is necessary to convert 5 cc of nonactive water in the 
furnace and flush the chamber with tank Hg in order 
to eliminate traces of tritium. 

The conversion of 14 cc of water requires about 15 
minutes time. Visual counting can be started 30 
minutes later when the chamber reaches temperature 
equilibrium. 

Figure 3 is a cross section of the diffusion chamber. 
It consists of a 6-in. diameter Pyrex cylinder, 3 in. 
high and } in. thick, between a stainless-steel 
chamber bottom and steel ring acting as a central 
temperature control. A 1-in. Bakelite ring insulates 
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Fic. 2. Magnesium furnace. 
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the alcohol tray from the central ring. Above this 
combination of cylinder and rings is the viewing window 
consisting of a 4-in. sheet of Allite and a 1-in. sheet of 
Lucite. The whole thing is clamped together by twelve 
}-in. diameter stainless steel studs. 

The chamber bottom is cooled to — 65°C by circulat- 
ing triclorethylene at dry ice temperature through 
copper tubing that is soldered to the chamber bottom. 
Black dye in alcohol on the chamber floor serves as an 
excellent viewing background. The height of the sensi- 
tive layer is almost the same as that of the Pyrex 
cylinder. The central temperature ring is cooled to 
— 25°C by connecting it to the bottom with 24 copper 
rods of ;*%s-in. diameter. A Lucite cylinder surrounds 
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Fic. 3. Diffusion chamber. 


the copper rods and Pyrex cylinder and insulates them 
from the outside. A heater wire about the alcohol 
tray heats it to +10°C. The above temperatures are 
not very critical; a few degrees variation does not 
affect the chamber operation. 


ELECTROLYSIS 


The tritium in some water samples is concentrated by 
electrolysis. The procedure described by Urey‘ is 
followed. Two nickel cells are being used. One con- 
centrates 250 cc of water with 5 g of NaOH to 20 cc. 
The other concentrates 1500 cc with 30 g of NaOH to 
200 cc. A conventional 75-ampere battery charger 
supplies sufficient current and voltage. The cells are 
cooled to about 55°F with tap water; no provision 
is made to catch escaping water vapor. The calibration 
of the tritium enrichment is done with calibrated 
tritiated water and with rain whose tritium concentra- 
tion can be measured directly. The fractionation factor 


*H. C. Urey and G. K. Teal, Revs. Modern Phys. 7, 34 (1935). 
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under these, conditions is (6.9+1.0), so that the elec- 
trolysis of 1500 cc of water to 20 cc increases the 
tritium concentration by a factor of 40. In the measure- 
ments carried out so far, no sample was enriched by 
more than a factor of 40. 


VISUAL COUNTING METHOD 


The tritium tracks are short electron tracks with 
ranges of } in. or less in the chamber; many appear as a 
sharp dot. This type of track is readily distinguished 
from the extraneous background. Figure 4 is a strip 
of motion picture film taken of a diffusion chamber with 
the tritium concentration (T/H ratio) of (1.4 10"). 
The arrows point to the tritium tracks. The appearance 
of the tritium tracks was ascertained by passing some 
tank deuterium through a Pd thimble and injecting it 
into the chamber. 

Although tritium can be recorded and counted by 
flash pictures or by movies, the simplest and most 
sensitive method is simply to visually observe the 
tracks as they appear. Different observers without 
previous training agreed in their counting as well as the 
statistical error permitted. With a little practice 
observers can count the tritium tracks occurring 
within a 6-in. circle. This fact determined the size of 
the diffusion chamber. 

A large part of the data was taken by two independent 
observers, each without knowledge of the origin of the 
sample or of the others results. 


RESULTS 


Table I presents the data. Each measurement is the 
result of 10 to 20 minutes of separate visual counting 
by two independent observers. The tritium-like tracks 
are counted both through an eyepiece limiting the view 
to a 24-in. circle and with unlimited view of the whole 
chamber. The background through the eyepiece is 
0.70+0.06 track/min; in the whole chamber it is 
3.26+0.14 tracks/min. 

The diffusion chamber is calibrated both with 
tritiated hydrogen gas and with tritiated water. The 
tritiated hydrogen gas is tank deuterium (T/H=3.6 
X10~") diluted with tank hydrogen to the concentra- 
tion, (T/H=3.6X10~"*). This filling gives 2.50+0.20 
counts/min through the eyepiece, and 11.2+0.5 
counts/min in the whole chamber. Tritiated water 
assayed to have a tritium concentration of 9.0 10-" 
is diluted with New Jersey well water in the ratios of 1 
part per 10 000; 1 part per 50 000; 1 part per 250 000, 
and 1 part per 1.5X 10° parts of New Jersey well water. 
Since the New Jersey well water itself was measured to 
have natural tritium concentration of 3X10~, its 
natural tritium raises the most dilute calibration 
sample from 6X 10~'* to 9X 10~"*. The results obtained 
with these calibrated waters are given in Table I. 

The results that have been obtained with various 
natural waters are also given in Table I. One of the 


Fic. 4. Strip of 16-mm motion picture film of 
chamber. (Arrows point to tritium tracks.) 


interesting features of the results is the variation of 
the tritium concentration between different samples, 
even between different rains there are great differences. 
The May 26th rain over Long Island had a T/H ratio of 
800 10-*, while the August 17th rain over Long 
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View through eyepiece 


Sample Tracks/min Tracks-background /min 


Enrich- 
ment 
factor T/H X10 


Whole chamber view 


Tracks/min Tracks-background/min T/H X10 





~ 2.4540.30 1.75-+0.30 
2.08+0.23 1.38+0.29 
20.5+1.0 19.841.1 


2.85+0.36 


8/2/53 Rain 
8/2/53 Rain 
8/2/53 Rain 
(electrolyzed) 
8/2/53 Rain 
(electrolyzed) 


Long Island Sound H,O0 
Long Island Sound H,O 
(electrolyzed) 


5/26/53 Rain 
7/30/53 Rain 


Glacial H,O 

Glacial H,O 
(electrolyzed) 

Glacial H,O 


New Jersey Well H,O 

New Jersey Well H,O 

New Jersey Well H,O 
(electrolyzed) 

New Jersey Well H,O 

New Jersey Well H,O 
(electrolyzed) 


11/27/53 Moisture 
11/24/53 Moisture 


10/12/53 Rain 
8/17/53 Rain 


3.55+0.30 


0.3540.29 
0.28+0.21 


1,05+0.23 
0.98+0.16 


3.50.3 
1,980.40 


0.08+0.20 
0.012:0.19 


—0.07 0.19 


0.05+0.20 
—0,1540.18 
0.10+0.20 


0.08+0.20 
0.28+0.21 


4.240.3 
3.68+0.30 


0.78+0.14 
0.71+0.13 


0,6320.13 


0.75+0.14 
0.5520.12 
0.80+0,14 


0.78+0.14 
0.98+0.15 


0.3540.22 
—0.0520.19 


0.5320.24 
1.054-0.26 


0.904-0.26 
4.7520.44 
1.5820.30 


1.7040.31 


1,05+0.16 
0.65+0.13 


1,230.18 
1,850.20 


1,60+0.20 
5.45+0.38 
2.28+0.24 


H? Calibration 
H? Calibration 
H? Calibration 
(electrolyzed) 
H?® Calibration 
(electrolyzed ) 


2.40+0.25 


225245 
288445 
311419 


8.2+0.8 5.0+1.0 
9.6+0.8 6.4+1.0 
100+6 9746 


1 350460 
1 276258 
14 282416 


2 285436 310418 


16.90+0.65 13.74+0.8 


15+45 
9.842.3 


0.34+1.0 
2.17+0.50 


3.6+0.8 
5.43+0.38 


1 70460 
10 5.6+4.0 


800+ 50 
49+10 


<20 
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0.99+0.47 
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4.82+0.59 
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4.25+0.33 
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8.08+0.45 


180 7.3640.43 
900 20.1+0.7 
9 10.78+0.53 


70445 
<40 


40+ 20 
1645 


39 9.4+0.5 








Island had a T/H ratio of 16 10~'*. Some particular 
rains may be affected by bomb blasts; however, the 
majority of rains and the world reservoir of natural 
tritium will not be affected by such small-scale events. 
The variation of tritium in most rains is dependent on 
the origin and recent history of the rain water. Rain 
consisting of water evaporated from the continents, or 
water that has spent much time at a high altitude 
should have appreciably more tritium than rains 
composed of recently evaporated ocean water. A 
discussion of the tritium production in the atmosphere 


and its relation to the world reservoir and distribution 
of natural tritium has been given by one of the authors.* 

Water from the Mendenhall giacier' was the only 
water in which the tritium could not be detected with a 
factor of 40 electrolytic enrichment, indicating a 
tritium concentration of less than 5X 10~™. 

The authors would like to thank Dr. Ralph Shutt for 
several helpful discussions on diffusion cloud chambers. 


5 The authors wish to thank Dr. Baden of the Snow, Ice, and 
Permafrost Research Establishment for this sample. 
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Measurement of the Neutron-Proton Cross Section at 1.0 and 2.5 Mev* 
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University of Wisconsin, Madison, Wisconsin 
(Received January 6, 1954) 


The total cross section of hydrogen for 1.0- and 2.5-Mev neutrons has been determined by measuring 
the neutron transmission of samples of 2-2-4 trimethylpentane and graphite. Electrostatically analyzed 
protons from an electrostatic generator were used to bombard thin targets of tritium absorbed in zirconium 
to produce 2.5-Mev neutrons, and thin targets of LixO to produce 1.0-Mev neutrons. A gas-filled recoil 
counter served as neutron detector. For both cross-section determinations the geometry of the measurement 
was such that neutrons scattered from the samples at angles greater than 4.2° in the laboratory system were 
not detected. A pulse-height discriminator, biased to reject pulses from low-energy neutrons, reduced the 
background from room-scattered neutrons to less than one percent and eliminated effects of low-energy 
neutron groups from the Li’(p,") reaction and the O'*(p,") reaction. Neutron energy spreads, primarily 
caused by the finite target thicknesses, were determined by measuring the widths of narrow neutron-scatter- 
ing resonances in sulfur and carbon. The results of the cross-section measurements are: = 2.525+-0.009 
X10-* cm? at a neutron energy of 2.540 Mev, and o=4,228+0.018X10™ cm? at a neutron energy of 
1.005 Mev. These values, together with the values of a;, a,, and p: given by Burgy, Ringo, and Hughes yield 
values of the singlet effective range in the shape independent approximation of 2.48+0.20X10~" cm from 
the 2.5-Mev measurement, and 2.56+0.25 X 10" cm from the 1.0-Mev observations. These effective ranges 
are consistent with the proton-proton scattering data and the hypothesis of the charge independence of 


nuclear forces. 


I, INTRODUCTION 


HERE is limited evidence establishing the charge 

independence of nuclear forces. While the 
similarity of energy levels of mirror nuclei! strongly 
suggests the equivalence of neutron-neutron and 
proton-proton forces, there is not yet as much infor- 
mation on the equality of neutron-proton forces and 
the forces between like nucleons. Recent experiments 
by Bockelman et al.? have served to determine the 
states of isotopic spin one in N™“ and in B” which 
corresponds to the isotopic spin-one ground states 
of O“ and C™, and to Be” and C™, respectively. If 
nuclear forces are charge independent these states will 
form charge triplets, split in energy only by Coulomb 
forces. Since the energy splitting of these states can 
apparently be accounted for by Coulomb forces, it 
seems improbable that nuclear forces are strongly 
charge dependent. An analysis of the effect of charge 
independence of nuclear forces on the electromagnetic 
transitions in light nuclei indicates also that charge- 
dependent forces are not important.’ While the high- 
energy n-p and p-p scattering suggests a charge- 
dependent interaction,’ the cross sections are not in 


* Work supported by the U. S. Atomic Energy Commission and 
the Wisconsin Alumni Research Foundation. 
ft Now at Consolidated Vultee Aircraft Corporation, Fort 
Worth, Texas. 
National Science Foundation Predoctoral Fellow. 
Now at Brookhaven National Laboratory, Upton, Long 
Island, New York. 
( 1 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
1952). 
? Bockelman, Browne, Buechner, and Sperduto, Phys. Rev. 92, 
665 (1953). 
3D. H. Wilkinson, Nature 172, 576 (1953). 
‘L. A. Radicati, Phys. Rev. 87, 521 (1952). 
5 R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 


contradiction with any rules based solely on charge 
independence.*® 

Information derived from high-energy scattering 
and from states of light nuclei concern the nucleon- 
nucleon interaction in states of various relative angular 
momenta. While this is advantageous inasmuch as 
velocity-dependent forces are effective only in states 
of angular momentum greater than zero, the com- 
plexity of the interaction makes a detailed analysis of 
the data difficult. At low energies the nucleon-nucleon 
interaction takes place almost entirely in the S state. 
Recent theoretical investigations using the effective 
range theory of Schwinger’* have emphasized the 
usefulness of low-energy measurements on the n-p and 
p-p system in the determination of the possible charge 
dependence of the nucleon-nucleon potential. The 
effective-range theory shows that, up to energies of a 
few Mev, the nucleon-nucleon interaction for each spin 
state can be expressed in terms of two parameters, the 
scattering length a, and the effective range p. Charge 
independence then implies that the singlet n-p scattering 
length and effective range, a, and p,, should be equal 
to the p-p scattering length and effective range. 
Schwinger” has shown that the difference observed 
between the n-p scattering length and the p-p scattering 
length is to be expected because of the different mag- 
netic moments of the neutron and proton. Since the 
singlet state of the nucleon-nucleon system is almost 
at resonance near zero energy, the scattering length is 
very sensitive to variations of the potential and the 
approximate equality of the scattering lengths suggests 


*D. Feldman, Phys. Rev. 89, 1159 (1953). 

7H. A. Bethe, Phys. Rev. 76, 38 (1949). 

* J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
* E. E. Salpeter, Phys. Rev. 82, 60 (1951). 

” J. Schwinger, Phys. Rev. 78, 135 (1950). 
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Fic. 1. Schematic diagram of experimental arrangement. 


strongly that the m-n and p-p forces are similar. It is, 
however, possible for two significantly different po- 
tentials to give the same scattering length and it is 
desirable to investigate whether the p-p and n-p 
effective ranges are the same. 

The neutron-proton scattering cross section at low 
energies is made up of the sum of the triplet and 
singlet cross sections. The triplet contribution" can 
be calculated from accurately known values of a, and 
ps and subtracted from the measured total cross 
section to determine the singlet scattering which, at low 
energies, is a function of a, and p, only. Since a, is 
known, p, can then be determined. Salpeter has shown 
that previous low-energy measurements by Lampi ef a/.” 
indicate a singlet effective range of 2.6+0.5X10-" cm 
in the shape-independent approximation. 

PSRecent accurate m-p cross-section measurements 
have been made at 5 Mev," at 14 Mev,"'® and at 20 
Mev."* At these energies the cross section depends 
sensibly on the shape of the potential, therefore the 
singlet range depends upon the assumptions made 
concerning the singlet and the triplet well shapes. 
Conversely, these experiments might be expected to 
provide information on the shape of the well if the 


4 Burgy, Ringo, and Hughes, Phys. Rev. 84, 1160 ay 


# Lampi, Freier, and Williams, Phys. Rev. 80, 853 (1950). 
% Hafner, Hornyak, Falk, Snow, and Coor, Phys. Rev. 89, 204 
1953). 
( 4 Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 11 (1952). 
16 Coon, Bondelid, and Phillips, quoted by Coon, Graves, and 
Barschall, Phys. Rev. 88, 562 (1952). 
16 R, B. Day and R. L. Henkel, Phys. Rev. 92, 358 (1953). 


effective range is determined from experiments at 
lower energies. However, since (v/c)* is of the order of 
3 or 4 percent at neutron energies of 15 or 20 Mev 
the uncertainties involved in the use of classical 
dynamics in the interpretation of these measurements 
may invalidate any very detailed conclusions. 

The present experiments were performed to determine 
the shape-independent n-p effective range in an attempt 
to obtain further information on the charge dependence 
of nuclear forces. It was decided to perform cross- 
section measurements at 1.0 and 2.5 Mev. The differ- 
ence in energy is sufficiently great that somewhat 
different techniques of measurement are necessary 
and the range derived from each measurement will be 
to some extent independent. This allows a check on 
the general reliability of the range determination. The 
effect of shape factors on the cross section at 1.0 Mev 
should be small, and at 2.5 Mev the shape correction 
will still be less than the experimental uncertainties. 


Il. APPARATUS 


The measurement of the hydrogen cross section was 
made, in the case of both the 1.0-Mev and the 2.5-Mev 
measurements, by determining the relative neutron 
transmission of a hydrocarbon and of graphite. Figure 
1 shows schematically the experimental arrangement. 
1.0-Mev neutrons were produced by bombarding Li,O 
targets of about 10-kev stopping power with electro- 
statically analyzed protons accelerated by an electro- 
static generator. A target of tritium absorbed in a 
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30-kev thick layer of zirconium was used to produce 
2.5-Mev neutrons. 

An important consideration in the design of the 
neutron source was to reduce to a minimum the number 
of low-energy neutrons produced by scattering in the 
source assembly. Most of these neutrons are produced 
by the primary Li(p,m) or T(p,m) reaction at angles 
other than 0° with respect to the incident proton beam, 
and are then scattered elastically in the forward 
direction by material in the immediate neighborhood 
of the source. Such neutrons are not counted as back- 
ground because they are scattered from material near 
the primary source and cannot be distinguished from 
the primary beam. Since these scattered neutrons are 
produced initially at an angle with the proton beam, 
they have a lower energy than those emitted in the 
forward direction and therefore add a low energy 
component to the beam. In order to minimize the 
material near the source the targets were hacked by a 
wolfram disk 0.002 in. thick. The disk was held in a 
vacuum housing of 0.005-in. aluminum. 

The proton beam passed through two 2.4-mm 
collimation holes, spaced 15 cm apart, before striking 
the target. The target and vacuum housing, which are 
insulated from the collimation system by a length of 
Lucite, form a Faraday cage. The charge incident on 
the target was measured by a current integrator. 
Currents of about one microampere were used through- 
out both measurements. Since the energy developed 
in the targets could be dissipated only by radiation, 
the targets attained temperatures estimated to be 
about 400°C. It was, therefore, not possible to use 
lithium, which melts at about 184°C, as a target 
material. Targets of Li,O prepared by allowing evapo- 
rated lithium to oxidize, proved stable under bombard- 
ment. The tritium-zirconium target, used for the 2.5- 
Mev determination, lost about 20 percent of its tritium 
in the 200 hours during which it was subjected to 
bombardment. 

A high-pressure gas recoil counter was chosen as a 
detector, because it had been found in previous work 
that counters of this type have a high neutron sensi- 
tivity, and discriminate effectively against gamma rays. 
The counter consisted of a stainless-steel outer cylinder, 
one in. in diameter and 0.030 in. thick, with a 0.040-in. 
end cap. A 0.005-in. Kovar wire, entering the counter 
through a Kovar seal, was held at a positive potential. 
For the detection of 2.5-Mev neutrons, the counter was 
filled with 35 atmos of tank hydrogen, purified by 
passing it over palladized asbestos, through a liquid air 
trap, and over hot magnesium chips. The counter was 
operated as a pulse ionization chamber with the counter 
wire held at about 3500 volts. Pulses from the neutron 
recoils seemed to be somewhat reduced in size com- 
pared to those measured at lower gas pressures, possibly 
because of recombination. 

The efficiency of the recoil counter as a function of 
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energy was measured by comparing the counting rates 
of the recoil counter with those of a long counter. The 
absolute sensitivity of the long counter was measured 
by determining the counting rate produced by neutrons 
from a calibrated radium-beryllium source. Since the 
electric field in the recoil counter varies considerably 
from the center wire to the counter wall, it seemed 
probable that recoils occurring in low field regions near 
the wall would be affected to a greater extent by 
recombination and produce a smaller voltage pulse 
than recoils occurring in high field regions near the wire. 
If such an effect is important, the efficiency of the 
counter will be smaller than the efficiency calculated 
from the known n-p cross section. The circles in Fig. 2 
show the measured counter efficiency with the dis- 
criminator bias adjusted to the level used in the 2.5-Mev 
transmission measurements. The solid line represents 
the calculated efficiency neglecting end effects and the 
scattering of neutrons inty and out of the active 
volume of the chamber by the end cap and counter 
walls. In view of the uncertainty of such effects the 
agreement of the measured and calculated values is 
satisfactory, indicating that there is no appreciable 
effect from recombination. 

For the 1.0-Mev experiment it appeared desirable 
to use some gas multiplication to improve the signal-to- 
noise ratio. Satisfactory operation was obtained by 
filling the counter with 25 atmos of helium and 0.2 
atmos of CO:. A gas multiplication of about 5 was 
produced by operating at a voltage of about 3000. 
The efficiency of the counter is higher than that of a 
counter filled to the same pressure of hydrogen because 
of the large back-scattering cross section of helium for 
1.0-Mev neutrons. The solid circles in Fig. 2 show the 
counter efficiency as a function of energy with the same 
discriminator bias as was used in the 1.0-Mev trans- 
mission measurements. 
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Fic. 2. Counter efficiencies. The solid points show the measured 
efficiency of the counter as used at 2.5 Mev and the solid curve is 
the theoretical efficiency. The efficiency of the counter as used at 
1.0 Mev is shown by the circles. The three arrows A, B, and C 
refer to the measurements at 1.0 Mev. Arrows A and B represent 
the two groups of neutrons at 0° in the laboratory system from 
the O'*(p,n)F" reaction, while arrow C represents the neutrons 
from the reaction Li’(p,n)Be”. 
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If the ionization produced in the counter sets up 
sufficient space charge to affect the gas multiplication, 
the counter efficiency might be expected to vary with 
counting rate. In an effort to determine whether such 
an effect was important, the neutron counting rate was 
measured when a 2-mg radium source was placed 10 cm 
from the counter. Through the radium rays produced 
a very high ionization density in the counter, the 
neutron counting rate was not affected. 

During the 2.5-Mev measurement the neutron flux 
was monitored by a set of ten BF; proportional 
counters set in a block of paraffin. This monitor was 
placed 65 cm from the neutron source at an angle of 
120° with the proton beam. It was observed in the 
course of the experiment that the monitor counting 
rate was accurately proportional to the proton current 
on the target. This showed that the effects of beam and 
target nonuniformity were very small, so that for the 
1.0-Mev cross-section measurement the flux was 
monitored by measuring the charge incident on the 
target by means of a current integrator. Small fluctua- 
tions in the proportionality of neutron flux to incident 
proton current would be randomly distributed among 
carbon and hydrocarbon transmission measurements. 
Therefore, the only effect of such fluctuations on the 
data would be a greater dispersion of the cross-section 
values measured in individual runs than that indicated 
by statistical considerations. 


Ill, ENERGY MEASUREMENT 


Since the n-p cross section varies approximately as 
the square root of the neutron energy at the energies 
at which the cross-section measurements were made, it 
was necessary to determine the effective neutron energy 
accurately. For a uniform target the effective neutron 
energy and the spread in neutron energy can be calcu- 
lated from the energy distribution of the incident 
protons, since the reaction energy is known. The 
effective neutron energy distribution will depend upon 
the characteristics of the electrostatic analyzer through 
which the protons pass, on the thickness of the target, 
and, for the higher-energy measurement, on the dis- 
tribution of the tritium in the zirconium. 

It had previously been noted at this laboratory" 
that in some tritium-zirconium targets the tritium was 
not distributed uniformly through the zirconium. In 
particular, there was sometimes little tritium in the top 
of the zirconium layer. To avoid errors which might 
arise from an incomplete knowledge of the target 
thickness and uniformity, it appeared desirable to 
make a more direct measurement of the effective 
neutron energy and the neutron-energy distribution. 
It is possible to determine the shape of the neutron- 
energy distribution by measuring the yield from a 
neutron-induced reaction at a very narrow resonance as 
a function of the incident-proton energy. By increasing 

’ Williamson, Browne, Craig, and Donahue, Phys. Rev. 84, 
731 (1951). 
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the proton energy in small steps, AZ,, the neutron- 
energy spectrum can be moved past the resonance in 
small steps, AE,, where AE, ~ AE, if E, is far enough 
above threshold. The resonance, if it is narrow compared 
to the width of the neutron-energy distribution, may 
be regarded as a detector which picks out of the spec- 
trum neutrons with a particular energy. Therefore a 
measurement of the yield as a function of EZ, enables 
one to determine the neutron spectrum. 

Bockelman ef al.'* have found a resonance, about 8 
kev wide, for the scattering of 2.08-Mev neutrons by 
carbon which could be used to determine the mean 
energy and the energy spread of the neutrons from the 
tritium target. An accurate measurement was made of 
this resonance energy so the resonance could be used as 
a neutron-energy standard. A thin lithium target was 
evaporated in place and used to measure the trans- 
mission of carbon at this resonance. Resolution slits 
on the electrostatic analyzer were adjusted so that the 
proton energy half-width was about 2 kev. 

Values of the transmissicn are shown by solid circles 
in Fig. 5. The abscissas of the figure represent po- 
tentiometer readings which are proportional to the 
voltage across the analyzer plates and hence to the 
proton energy. Crosses on Fig. 3 represent the counting 
rate as a function of proton energy at the Li(p,m) 
threshold using the H,*+ beam from the generator. 
This threshold measurement establishes the absolute 


energy scale for the 2.5-Mev measurement. Excepting 
small corrections for relativistic effects and the mass 
of the electron in the H;* ion, the energy scale repre- 
sented by the abscissa of Fig. 3 for the threshold 
measurement is just one-half of that for the trans- 
mission measurement. A nonlinearity of the analyzer 
would not affect the energy measurement as the 
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Fic. 3. Energy of carbon resonance. The broken line (crosses) 
represents the threshold rise curve of neutron counting rate, 
obtained by bombarding a thin lithium target with molecular 
hydrogen ions. The solid line (solid circles) shows the transmission 
of a carbon sample measured with neutrons obtained by bombard- 
ing the lithium target with protons. The abscissa represents a 
potentiometer reading which is proportional to the voltage across 
the plates of the electrostatic analyzer. 

8 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 
69 (1951). 
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Fic. 4. Carbon resonance observed with the tritium target. The 
experimental points represent the transmission of a carbon 
sample measured with neutrons obtained by bombarding the 
tritium target with protons. The solid curve shows the trans- 
mission calculated if the target were uniform and 31 kev thick, 
while the dotted curve shows the transmission shape expected if 
the resonance were very narrow, and hence is a measure of the 
neutron-energy spectrum. 


analyzer voltage is almost exactly the same for the 
transmission measurement and for the threshold 
determination. However, a measurement of the Li(p,») 
threshold using the proton beam was in agreement with 
previous measurements establishing the linearity of the 
analyzer system. Taking the Li(p,m) threshold as 
1.8815+0.001 Mev,” the carbon-scattering resonance 
occurs at a neutron energy of 2.087+-0.0035 Mev. The 
stated error arises from an uncertainty of 2 kev for the 
value of the center of the resonance, of 2 kev in the 
energy scale, and about one kev for the half-thickness 
of the lithium target. The target thickness was estimated 
as 5 kev for 2-Mev protons from the measured rise of 
counting rate at threshold. 

Results of a transmission measurement at the same 
resonance using the tritium target are shown in Fig. 4. 
The solid circles represent the measurements. If the 
width of the resonance were negligible, the deviation 
of the points from the constant background would be 
nearly proportional to the actual neutron-energy 
distribution. Tritium evenly distributed in a zirconium 
layer 31 kev thick for protons of this energy would 
produce a transmission curve shown by the solid line. 
This curve, which includes the effects of the finite 
widti. of the resonance level, appears to be in fair 
agreement with the experimental points. The dashed 
curve shows the neutron-energy distribution from such 

tritium target. 

From the kinematics of the T(p,m) reaction™ it is 
possible to calculate the proton energy required to 
produce 2.087-Mev neutrons. This will be the energy 
of protons at the half-thickness of the zirconium- 


1 Jones, McEllistrem, Douglas, and Richards, Phys. Rev. 91, 
482 (1953). 

” Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 
325 (1949). 
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tritium target. Comparison of this value with the 
incident proton energy determined from the voltage on 
the plates of the electrostatic analyzer indicated that 
there was no appreciable layer of either carbon or 
nontritiated zirconium at the surface of the target. 

The neutron-proton cross section was measured at a 
neutron energy about 450 kev higher than the carbon- 
scattering resonance. From the T(p,) kinematics the 
increase in proton energy required to reach this neutron 
energy was calculated. As the increase in proton energy 
was not large, the change in stopping power of the 
zirconium was small and the neutron-energy spectrum 
should be similar to the spectrum determined at 2.08 
Mev shown by the dashed line in Fig. 4. Assignment 
of the effective neutron energy was made from the 
measured neutron energy at the carbon resonance and 
the knowledge of the increase in proton energy. 

It was concluded that the mean energy of the neutrons 
used in the cross-section measurement was 2.540-+0,006 
Mev and the shape of the distribution was essentially 
that shown by the dashed line in Fig. 4 with a full width 
of about 30 kev. The error is primarily the result of 
uncertainties in determination of the center of the 
distribution, and the error assigned to the energy of 
the carbon resonance. Table I shows an estimate of all 
uncertainties affecting the assignment of the error in 
the energy determination. 

At 1.0 Mev the Li(p,m) reaction appeared to be 
more suitable as a neutron source than the T(p,m) 
reaction as it was possible to prepare lithium targets 
which gave a greater neutron yield per kev stopping 
power, and the low-energy group of neutrons from this 
reaction could be effectively biased out. It is probable 
that in the preparation of the Li,O targets which were 
used in these experiments some Li,CO; and LiOH 
were formed. Originally the targets were light gray in 
color, but they turned white after a brief bombardment 
by the proton beam. It is believed that most of the 
water and carbon dioxide was driven off by the heat 
produced by the beam. The thickness of the Li,O 
targets was measured by determining the rise of the 
yield at threshold and, more reliably, by measuring 
the experimental width of the 1.5-kev wide neutron- 


Taste I. Uncertainty in energy measurement (in kev). 





2.1-Mev 1.3-Mev 
carbon n-p n-p oxygen 
resonance measurement measurement resonance 





1-Mev 2.5-Mev 





Energy of Li(p,n) 
threshold 

Energy of 2.1-Mev 
carbon resonance 

Target thickness 

Setting for Li(p,n) 
threshold 

Setting for 2.1-Mev 
carbon resonance 


Total (rms) 











FIELDS, 





Fic. 5. Lithium oxide 
target thickness. The curve 
represents the variation of 
the transmission of sulfur 
expected from a target 8 
kev thick, the points repre- 
sent the measured trans- 
missions. 











scattering resonance in sulfur at 587 kev.”' The circles 
in Fig. 5 show the measured transmission at this 
resonance with one of the two targets used in the 1.0- 
Mev cross-section measurement, and the dashed curve 
Shows the transmission expected from a target 8 kev 
thick with allowance for the spread in energy of the 
proton beam and the width of the resonance. The 
measured transmission appears to show an asymmetry 
indicating a possible nonuniformity of the target 
thickness. An examination of the Li,O surface under a 
microscope supports the view that the surface is 
sufficiently roughened by the formation of crystalline 
grains to produce such an effect. This asymmetry is not 
sufficiently large to affect the measurement adversely. 

The n-p cross-section measurement was made at 
1.0054-0.003 Mev. This energy was calculated from 
the kinematics of the Li(p,m) reaction and the measured 
proton energy. Most of the error assigned to the energy 
is due to the uncertainties in the target thickness and 
in the stability of the voltage supply of the electrostatic 
analyzer. Estimates of the contributions of these errors 
are made in Table I. Electrostatic analyzer dynamics 
and reaction kinematics were calculated relativistically 
throughout. Storrs and Frisch*® have measured the 
n-p cross section at a neutron energy of about 1.31 
Mev. They used a scattering resonance in oxygen at 
this energy as a reference point and determined its 
energy to be 1.314 Mev. It appeared desirable to make 
an independent measurement of this energy to relate 
more clearly the present measurements to those of 
Storrs and Frisch, and to establish another point for 
comparison of neutron-energy measurements. The circles 
in Fig. 6 are the results of measurements of the trans- 
mission of a BeO sample at this resonance using as a 
neutron source the same Li,O target that was used for 
most of the 1-Mev n-p cross-section experiment. The 


*1 Peterson, Barschall, and Bockelman, Phys. Rev. 79, 593 
(1950); Kiehn, Goodman, and Hansen, Phys. Rev. 91, 66 (1953). 
The results of Peterson ef al. made at this laboratory, give a 
resonance energy of 587 kev, recalculated using relativistic 
dynamics. Kiehn ef al. quote a value of 588 kev. 

“CC. L. Storrs and D. H. Frisch, Phys. Rev. 90, 339 (1953) 
and private communication. 
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location of the same resonance was also determined 
by use of a fresh 3-kev metallic lithium target. The two 
measurements, which differed by less than a kilovolt, 
yielded the value 1.315+0.003 Mev for the position 
of the oxygen resonance. Table I shows an estimate of 
the uncertainties which make up the assigned error. 

In considering the effective energy of the sources 
used in this experiment it is necessary to include the 
presence of low energy neutrons which originate very 
near the source. There will be two sources of such 
neutrons. They may be produced in the primary 
reaction at an angle with the incident proton beam 
and subsequently scattered in the forward direction into 
the detector, or in reactions other than the primary 
reaction. 

Two groups of low-energy neutrons produced by 
extraneous reactions result from the bombardment of 
Li,O by protons. Arrows on Fig. 2 show the energy of 
neutrons produced by the Li’(~,m)Be™* reaction and 
the O'*(p,n)F'® reaction. Pulses from neutrons of both 
these reactions will be rejected by the pulse-height 
discriminator. Thoygh no (p,m) reaction of a stable 
nucleus can produce neutrons of appreciably higher 
energy than the T(p,:2) reaction, it appears possible 
that low-energy neutrons might be produced in small 
numbers by the bombardment of zirconium or wolfram 
by protons. A measurement of the intensity of such 
neutrons was made by bombarding a target of zirconium 
of about 100-kev stopping power evaporated onto a 
wolfram backing with 3.5-Mev protons and observing 
the neutron flux with the recoil counter under conditions 
similar to those used to detect the T(p,m) neutrons. 
The counting rate produced in this way was less than 
0.1 percent of that caused by the T(,m) neutrons 
used in the cross-section measurement. 

Neutrons produced by the T(p,m) reaction at angles 
greater than about 70° with respect to the proton beam, 
or by the Li(p,”) reaction at angles greater than about 
80°, have too small an energy to be registered by the 
counter. However, those emitted at smaller angles 
but with energies large enough to be counted, can be 
scattered into the forward direction by the wolfram 
target backing and by the aluminum vacuum housing. 


Gabe Gate Bee 
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Fic. 6. Energy measure- 
ment of 1.31-Mev oxygen 
resonance. The circles show 
the transmission of a BeO 
sample measured with an 
8-kev Li,O target. 
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An estimate of the fraction of the measured flux 
resulting from this effect was made assuming that the 
differential cross sections for scattering by wolfram and 
by aluminum are equal to the total cross sections 
divided by 4m and that the neutrons are emitted 
isotropically by the source. The scattered flux was 
integrated over the portions of the target backing and 
aluminum vacuum housing from which neutrons could 
be scattered into the detector with sufficient energy to 
be recorded. This calculation indicated a contribution 
of about 0.2 percent of lower energy neutrons for the 
measurement at 1.0 Mev and considerably less for the 
measurement at 2.5 Mev. When the counter sensitivity 
and the small variation of the hydrogen cross section 
are taken into account, it appears that the effect of 
these neutrons on the measured cross section can be 
safely neglected. 


IV. CROSS-SECTION MEASUREMENT 


The cross section was measured by determining the 
ratio of the transmission of a thin-walled cylindrical 
aluminum container filled with 2-2-4 trimethylpentane, 
(CH;)s;CCH2CH(CHs;)2, to the transmission of a 
similar container holding a graphite cylinder which 
had the same number of carbon nuclei per square cm 
as the hydrocarbon samples. Under conditions of good 
geometry the n-p cross section for monoenergetic 
neutrons is then equal to —(1/N)In7, where N is the 
number of hydrogen atoms per cm? in the hydrocarbon 
scatterer and 7 represents the ratio of the transmission 
of the hydrocarbon scatterer to that of the carbon 
scatterer. It is unnecessary to measure separately either 
the carbon cross section or the attenuation of the beam 
by the containers. 

The trimethylpentane was obtained from Eastman 
Kodak ; the “spectro” grade, which was used, is stated 
by the supplier to contain less than 0.1 percent im- 
purities. Using a specific gravity bottle, the density of 
the liquid as a function of temperature was found to be 
0.6921[1+0.0013(20°— 2) ]+0.0003 g/ml, in agree- 
ment with the handbook value. Since the most prob- 
able impurities are hydrocarbons with carbon-hydrogen 
ratios similar to trimethylpentane, the impurities will 
probably introduce a negligible error. For similar 
reasons the presence of dissolved water cannot affect 
the validity of the measurement. It was, however, 
necessary to monitor the temperature of the liquid 
carefully because of the large thermal expansion 
coefficient. The temperature of a brass block on which 
the sample rested during measurements on the carbon 
sample and of the background was measured to within 
0.2°. 

The aluminum containers were cylinders of 0.75-in. 
inside diameter with walls 0.005 in. thick. For the 
2.5-Mev measurement the scatterer was about 4.4 cm 
long and had end caps of aluminum 0.005 in. thick 
which were waxed into place. The scatterer used for 
the 1.0-Mev measurement was about 3 cm long and 


AT 1.0 AND 2.5 MEV 395 
had end caps of 0.005-in. tantalum. The length of the 
scatterers was measured with a caliper the opening of 
which was determined using a traveling microscope. 
The engine screw of the microscope had been calibrated 
with standard meter bar BS No. 210. Individual 
determinations of the length of the scatterer were 
reproducible to within 0.0003 cm. Since the end caps 
were not perfectly flat or parallel, measurements were 
made at many points on the end surfaces. The mean 
deviation of the thickness along the axis was about 
0.0020 cm. An average length was computed from 
these measurements. When the transmission measure- 
ments at 2.5 Mev were in progress it was noted that 
the cylinder dimensions were not completely stable 
under the necessary handling involved in changing 
samples. The average length of the sample varied by 
as much as one part in a thousand from day to day, 
though the mean deviation was about one-half of this. 
The greater strength of the tantalum end caps used on 
the scatterer for the 1.0-Mev measurement resulted 
in much greater dimensional stability of that sample. 
Carbon scatterers were machined from spectroscopically 
pure graphite rods obtaixed from the National Carbon 
Company. Density of the graphite was measured to be 
1.48 g/cm* for several samples, indicating no appreciable 
variation in density through the cylinders. Since the 
scatterers did not change weight appreciably when 
heated, it was concluded that large amounts of ab- 
sorbed gases were not present. 

The scatterers rested in position on a light wire 
cradle mounted on a thin vertical rod supported by a 
base on the floor. Alignment was checked periodically 
by placing on the cradle a Lucite tube, of the same 
outside diameter as the scatterers and a length equal 
to the distance from the source to the face of the 
counter. Deviations of the centers of the source, 
sample, and counter, of 1 mm from a straight line were 
easily detected and corrected. Since the number of 
atoms per cm? in the scatterer varies inversely as the 
cosine of the angle between the axis of the scatterer 
and the beam direction, it is necessary to align the 
scatterer accurately. With the aid of the Lucite tube 
deviations of one degree could be observed. Alignment 
checks were made continually throughout the 
measurements. 

Background counts, resulting mainly from room- 
scattered neutrons, were determined by measuring the 
counting rates with the primary beam of neutrons 
blocked out by scatterers of paraffin or Lucite. A Lucite 
cylinder, 35 cm long, having a calculated transmission 
of 0.001 was used to shield the direct beam to determine 
the background for the 2.5-Mev measurement. The 
magnitude of this background was about 0.6 percent 
of the counting rate from the unshielded direct beam. 
A paraffin cone 30 cm long with a negligible calculated 
transmission was used in the same way to show that 
the background at 1.0 Mev was about 0.8 percent. 

Cross sections calculated on the assumption that 
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attenuation by the scatterer is an exponential function 
of the length of the scatterer are subject to errors 
caused by the hardening effect and by neutrons scat- 
tered into the detector by the sample. The hardening 
effect is the result of variation of the cross section over 
the finite neutron-energy spread. Neutrons on the low- 
energy side of the spectrum are scattered with slightly 
higher probability than those on the high side. There- 
fore the mean energy increases as the beam passes 
through the scattering sample. The result is a rate of 
decrease of intensity slightly less rapid than exponential. 

Calculation of the cross section from a measured 
average transmission for finite neutron-energy spread, 
assuming exponential attenuation, therefore, yields a 
value less than or equal to the true cross section 
averaged over the energy spread. The equality holds 
in the limit of vanishing attenuation or if the cross 
section is independent of energy. In the present experi- 
ments the hydrogen cross section changes about 4 
percent over the energy spectrum. The resulting error 
is only about 0.02 percent. 

The error caused by neutrons scattered into the 
detector by single collisions in the sample is given by 


(1) 


bo g ane 
em e 


DD: 


where r is the radius of the scatterer, 7 is its trans- 
mission, D, is the distance from the source to the 
scatterer, and D, is the distance from the scatterer 


to the detector. 
da oO; 
r-( ) /- ’ 
dw 0° dar 


i.e., g is the differential cross section at 0° divided by 
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Fic. 7. Histogram of 224 transmission measurements at 2.5 
Mev. The frequency is plotted against the transmission. The cross- 
hatched area represents the “probable” histogram calculated 
from the number of counts recorded. 


BECKER, AND ADAIR 





AN 
o 





OF MEASUREMENTS 


nm 
2) 


NUMBER 


S 


a 
4% 
oe a 
jj VT, 
4 42 43 44 45 46 47 
TRANSMISSION IN PER CENT 


Fic. 8. Histogram of 200 transmission measurements at 1.0 
Mev. The frequency is plotted against the transmission. The 
cross-hatched area represents the “probable” histogram calculated 
from the number of counts recorded. 











the average differential cross section averaged over all 
directions; it is equal to 4 for hydrogen. Values of g 
for carbon are somewhat uncertain. At 2.5 Mev, g=4 
was selected on the basis of published measurements 
of the angular distribution of neutrons scattered from 
carbon,” while at 1.0 Mev, g= 2.5 was used. In-scattering 
effects from carbon cancel out to some extent so that 
the uncertainty in angular distribution has only a 
small effect on the in-scattering correction applied to 
the relative transmission. 

The calculated value of 5a/c¢ is 0.008 for the 2.5-Mev 
measurement and 0.007 for the 1.0-Mev measurement. 

Neutrons reaching the detector after more than one 
collision in the scatterer constitute a fraction less than 
(1—7'—T nT) gdw of the direct beam, where dw is given 
by 3[r(D,+Dz2)/D,D.}*. In the present experiments 
this amounts to about two-thirds of the fraction singly 
in-scattered. However, if the effect of energy degrada- 
tion on the detection efficiency for the multiply in- 
scattered neutrons is taken into account it appears that 


% Baldinger, Huber, Ricamo, and Zunti, Helv. Phys. Acta 23, 
503 (1950). 
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the net correction for multiple in-scattering is not more 
than one-tenth of the correction for single in-scattering. 

Transmissions were determined at each energy by 
making over 200 individual measurements, each of 
which determined the cross section with a statistical 
standard error of 2.7 percent. Figures 7 and 8 show 
the distribution of these measured transmissions, 
together with normal distributions calculated from the 
number of counts recorded in each measurement. The 
standard errors in the averages of the experimental 
measurements are 0.14 percent at 2.5 Mev and 0.17 
percent at 1.0 Mev. The standard errors predicted 
from the number of counts were in each case almost 
exactly the same. This good agreement between the 
errors calculated from the individual measurements 
and from the number of counts indicates that any 
random variation of experimental conditions, such as 
fluctuations in the electronic circuits, does not seriously 
affect the accuracy of the measurements. 

Counting rates were less than 30 counts per second 
for the 2.5-Mev experiment and 20 counts per second 
at 1.0-Mev. The amplifier had a rise time of 0.5 usec, 
and clipping times of 2 wsec and 4 wsec were used in 
the 2.5- and 1.0 Mev experiments, respectively. 


Measurements with a double pulse generator gave a 
resolution of 5 usec for the discriminator. The portion 
of time during which the counter system is dead will 
be equal to 2N/, where N is the number of counts/second 


and ¢ is the recovery time of the system. The time / 
will be about equal to the time a pulse stays above the 
discriminator level plus the recovery time of the 
discriminator. This recovery time will depend upon the 
height and shape of the pulse. For the conditions of 
this experiment the average value of ¢ will be a little 
less than the sum of the discriminator time constants 
and the amplifier clipping time constant. Pulses smaller 
than the setting of the discriminator will be occasionally 
superposed and register as a count. The fraction of 
pulses produced by this “pile up” will be equal to 
2N’t’, where the average value of ¢’ depends on the 
shape of the pulses and upon the pulse spectrum, and 
N’ represents the number of pulses per second which 
are too small to trigger the discriminator. N’ is not 
greatly different from N and the effective value of / 
is estimated to be about 2 usec. The two corrections, 
for dead time and for pile up, are in opposite directions 


TABLE II. Sources of error in cross-section 
measurement (in parts per thousand). 
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Fic. 9. Singlet effective range vs energy. The points at 1.0 
and 2.5 Mev represent effective ranges calculated from the present 
measurements. The 1.3-Mev and 5-Mev points show ranges 
calculated from the work of the MIT group and the Brookhaven 
group, respectively. The errors shown reflect only the uncertain- 
ties in the m-p cross-section measurements. The dashed line 
shows the proton-proton effective range. 


and have an effect of only about 0.03 percent on the 
cross section. 


V. RESULTS AND DISCUSSION 


Evaluation of the two cross-section measurements 
results in a neutron-proton total cross section of 
z.525+0.009 barns at a neutron energy of 2.540 Mev, 
and a value of 4.228+0.018 barns at 1.005 Mev, where 
the quoted errors represent standard deviations. Table 
II lists the important sources of error and estimates of 
their magnitudes in terms of parts per thousand of the 
cross section. The uncertainty in neutron energy is 
treated as an uncertainty in cross section at an exact 
neutron energy. The resultant total error was taken 
as the root mean square of the individual errors. 

From these values of the cross sections a value of the 
neutron-proton singlet effective range can be derived 
and compared with values calculated from neutron- 
proton cross sections obtained by other workers, and 
with the proton-proton effective range. Singlet effective 
ranges were calculated in the shape-independent 
approximation using the relationship 


3m T 


on + esis 
B+ (1/a,—4p.k)? B+ (1/a,—4p,k°)? 


where & is the neutron wave number, a, and a, are the 
triplet and singlet scattering lengths, and p; and p, are 
the corresponding effective ranges. Values of a,, a, 
and p, were taken from the paper of Burgy ef al." At 
the energies used in this experiment the relativistic 
corrections to k are small. k? was, therefore, calculated 
from k?=2uE/h*? where E represents the energy of the 
system in center-of-mass coordinates and yu the reduced 
mass. The singlet effective range calculated from the 
2.5-Mev cross-section measurements is 2.48+0.20 
<10-" cm; while the 1.0-Mev measurement leads to a 
value of 2.56+0.2510-" cm. The errors assigned to 
the two determinations include uncertainties in the 
parameters 4,, a:, and p; as well as the measured cross 
sections and are, therefore, not independent. Assuming 
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the validity of the shape-independent approximation 
the close agreement of the two effective range values is 
evidence for the reliability of the cross-section 
measurements. 

Figure 9 shows the values of singlet effective ranges, 
calculated on the shape-independent approximation 
from recent cross-section measurements, plotted as a 
function of the neutron energy at which the measure- 
ments were made. The errors shown represent only the 
independent errors in the cross section measurements 
and do not include the uncertainties in the parameters 
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4,, %, and g;. Figure 9 shows excellent agreement be- 
tween the various measurements. 

The dashed line in Fig. 9 represents the value of 
the proton-proton effective range™* which is taken as 
2.65+0.07-10-" cm. Though the calculated neutron- 
proton singlet effective ranges appear to be a little 
smaller than the proton-proton ranges, the agreement 
is within the errors of the experiments and constitutes 
evidence for the charge independence of nuclear forces. 


“J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 


(1950). 
2H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 


NUMBER 2 APRIL 15, 1954 


Atomic Masses in the Intermediate Region* 
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The double-focusing mass spectrometer previously described has been used to measure 28 atomic masses 
in the region between gallium and niobium. The new information combined with previous determinations 
permits one to draw a rather complete packing fraction curve for the region from sulfur through xenon. 
Analysis shows that masses for stable and unstable isotopes of an element can be fitted by parabolas, one 
for odd A and one for even A, The two parabolas have the same shape (except just above a proton shell) 
but are displaced in A as well as mass. The displacements are such that, for an isobar, the minimum mass 
does not occur at the same Z for the four nuclear families (even even, etc.), in contradiction to usual assump- 


tions. 


HIS paper presents the results of a portion of an 

extensive program of mass measurement under- 
taken with the double-focusing mass spectrometer’ 
developed at the University of Minnesota. Previous 
communications have covered the regions sulfur to 
zinc?* and palladium to xenon,‘ as well as detailed 
studies of the triple isobars at mass 40 and 50.5: We 
now report 28 mass doublets covering isotopes from 
gallium, Z=31, to niobium (columbium), Z=41. The 
combined data is now sufficient to reveal patterns and 
shell effects which are discussed under the heading of 
Mass Systematics. 


DOUBLET MEASUREMENTS 


The method of measurement has not been changed. 
We measure the atomic mass difference of two ions of 
the same mass number (a mass doublet). One ion has 
a known mass—it is usually a hydrocarbon fragment. 


* Preliminary Report made at Washington meeting of the 
ine Physical Society, April, 1953 [Phys. Rev. 91, 482 

1953) ]. 
‘ Research supported by the joint program of the U. S. Office 
of Naval Research and the U. S. Atomic Energy Commission. 

1 EF, G. Johnson and A. O. Nier, Phys, Rev. 91, 10 (1953). 

* Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 

3 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

‘R. E. Halsted, Phys. Rev. 88, 666 (1952). 

* W. H. Johnson, Phys. Rev. 87, 166 (1952). 

*W. H. Johnson, Phys. Rev. 88, 1213 (1952). 


The ion current is detected electronically, and because 
of the nature of the feedback arrangement of the 
control circuits, the measurement of the mass difference 
reduces to a measurement of a resistance ratio.?7 A 
“run” consists of at least 10 consecutive tracings of the 
mass spectrum with alternate forward and backward 
sweep. Runs were taken on different days over a period 
of months. During these measurements, the width at 
half height of a mass ‘“‘peak”’ corresponded to 1/10 000 
of the ion mass. At these masses this resolution is 
insufficient to separate the C™ satellite (one less 
hydrogen) from the hydrocarbon peak. A correction is 
possible by measuring the relative intensity of the 
hydrocarbon ion at the next lower mass number, and 
where necessary this correction has been applied. 

Table I lists the results of the doublet measurements. 
The errors are probable errors, and are purely sta- 
tistical. The day-to-day variation usually exceeds that 
expected from the statistics within the runs. In this 
case a simple average is computed ; otherwise a weighted 
average is used. 

Several stable isotopes are missing. Selenium ions 
were reliably obtained only from H,Se gas with the 
result that Se”’ and Se’® were accompanied by incom- 
pletely resolved selenides of other isotopes. Krypton 


7A. O. Nier and T. R. Roberts, Phys. Rev. 81, 507 (1951). 
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masses have been reported elsewhere;* the present 
results include those measurements and supersede 
them. Kr® has been omitted. The hydrocarbon frag- 
ment contained a large C™ satellite, for which it is 
difficult to correct, and the doublet value is probably 
in error. Finally, zirconium masses are far from com- 
plete. 


ATOMIC MASSES 


Table II presents the new atomic masses. Consistent 
with our previous tables, masses are computed using 
H'= 1.008146+3, C"=12.003842+4 from our own 


TABLE I. Mass doublets. 








Doublet 4M (10-4 amu) No. of runs Source of ions 





metal 


Ga® 
—Ga™ 


CsHio— Ge” 
CsHi,— Ge” 
C.5H—Ge™ 
CeéH2.— Ge™ 
C.s5H,— Ge 


CyH; pam As’ 


C.H2—Se™ 
CoHi—Se? 
C.H»— HSe* 

C.Hu— H.Se® 


Ceo6H;— Br® 
CeHy— Br®™ 


C,;H;— Kr"8/2 
C;H;— Kr®/2 
C.Hi— Kr® 

C3;He— Kr*/2 
C;H;— Kr**/2 


CoH; ag Rb* 
CsHi,O— Rb* 


C.eHiu— Sr* 
Ce6His— Sr 
C;H,,O—Sr** 
C,HsO2— Sr 
CsH»— Y*O 
C;Hs—Zr™ 


C;H»— Nb* 


1447.5 +0.4 
1613.0 +0.8 


1543.0 +0.6 
1723.5 +0.5 
845.1 +0.3 
946.8 +0.6 
1100.5 +0.4 


1017.9 +04 


931.4 +0.7 
1120.6 +0.4 
1461.7 +0.4 
1616.6 +0.4 


1364.2 +0.5 
1540.5 +0.5 


634.0 +0.4 
824.19+0.28 
1720.7 +0.5 
912.20+0.26 
994.07 +0.32 


1897.5 +0.6 
1717.3 +1.7 


1807.0 +1.5 
2002.5 +1.0 
1720.5 +0.6 
1464.6 +1.1 
1698.4 +1.1 
1426.6 +2.5 


1648.1 +0.8 


CsH»— 
C,H 7.“ 


metal 


C.HsBr 


5 
5 
6 
5 
5 
7 
6 
7 
4 
4 
4 
4 
5 
6 


gas 


— 
Aowmovr 


aw 


oxide 


oxide 








measurements.? For completeness, masses for Se”’, Se”, 
and Kr® have been added. The masses may be com- 
pared with mass differences from reaction and disinte- 
gration energies. Table III shows that the comparison 
is good. Selenium masses may also be compared with 
the ratio of selenium mass differences available from 
microwave measurements of Geschwind et al.° Table IV 
shows an excellent agreement. 


*T. L. Collins, National Bureau of Standards Circular 522 
(U. S. Government Printing Office, Washington, D. C., 1953), 


p. 67. 
* Geschwind, Minden, and Townes, Phys. Rev. 78, 174 (1950). 


INTERMEDIATE REGION 


TaBLe II. Atomic masses based on H'= 1.008146+:3, 


C= 12.003842+4. 








Element 


Atomic mass 


Element 


Atomic mass 





Ga® 


68.94778+6 
70.94752+9 
69.94637 +7 
71.94462+7 
72.94669-+4 
73.94466+6 
75.94559+5 
74.94570+5 
73.94620+8 


77.945134 9 
(79.94194+ 7)> 
81.93967+ 7 
82.94059+ 7 
83.938362% 7 
85.93828+ 8 
84.93920+ 8 
86.93709+17 
83.94011+15 


85.93684+ 11 
86.93677+ 8 
87.93408+ 11 
88.93421+11 
89.93311+25 
92.93540+ 9 


75.943574+5 
76.94459+5)* 
77.94232+5)* 
79.94205+5 
81.94285+6 
78.94365+6 
80.94232+6 


Sr88 
ys 
Zr® 
Br” Nb* 
Br®! 








* Computed from Se’ using (n,y) reaction data of B. B. Kinsey and 
G. A, Bartholomew, Can. J. Phys. (to be published). 

>» Computed from Se® using beta scheme reported in Hollander, Perlman, 
and Seaborg, Revs. Modern Phys. 25, 469 (1953). 


MASS SYSTEMATICS 


The quantity of precision mass data at intermediate 
masses is now sufficient to allow an empirical exami- 
nation for any regularity which might guide the theorist. 
Because two independent variables (chosen from A, Z, 
N and T) are required to specify an atom, the descrip- 
tion will be in terms of a mass surface. The pattern of 
stable isotopes shows the necessity of dividing atoms 
into at least three families: one for odd A and two for 
even A (even-even and odd-odd). The Bohr-Wheeler 
formula” assumes that these three surfaces are smooth 


Tasie III. Comparison with reaction data. Difference be- 
tween masses expressed as a difference of mass defects (A—M) 
in milli-mass units. 


Mass 
spectrometer Reaction 
difference difference 
Atoms mMU mMU 


Ga®—Zn®  0.01+0.06 0.06+0.2 
Ga"—Zn™® 0.274010 —0.0140.2 (y,n); a n) 
Ge™*—As’> —1.04+0.07 0.7740.2 8; (y,n) 
As™—Se™*  0.50+0.08 0.5140.2 (y,n);8 
Ge™—Se*  1.54+0.10 1.28 BY; B 
Se—As’® 2,.13+0.06 2.21+0.06 tw); B 
Se®—Br® 0,080.06 0.24+0.25 (n,y); (n,y); 
(pn); (yn) 


Bt; (y,") 
gb 


Reactions 





(ym); B 


0.20+0.14 

0.30 

0.16+0.2 dp 

0.3840.2 dp; 

1.36+0.3 (pn); (n,y) 

2.4440.3 dp; (ny); 
(p,m); Crm) 


Se®— Br*! 
Sr*7— Rb*? 
Sr87— Sr* 
Sri8— ye 
Zr*— y* 
Zr®— Nb* 


0.27+0.06 
0.32+0.18 
0.07+0.12 
0.1340.15 
1.10+0.25 
2,280.25 
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®E. Fermi, Nuclear Physics Notes (University of Chicago 
Press, Chicago, 1950), pp. 6-8. 





COLLINS, 


JOHNSON, AND NIER 





















































90 Le) 130 


MASS NUMBER A 


Fic, 1. Packing fraction curve for stable atoms from S® to Xe™*. Dashed line is through odd-A atoms; solid lines are 
through even-A atoms for each element. 


and have the same quadratic form for isobars (constant 
A), The even-A surfaces are assumed to be equally but 
oppositely displaced from the odd-A surface by an 
amount of mass which decreases slowly for increasing 
A. In spite of the fact that numerical constants which 
have been used in the formula are incorrect, these 
assumptions have been generally confirmed by beta 
ray systematics, with two important modifications." 
First, two surfaces are required for odd A in some mass 
regions. Second, the surfaces have discontinuities at 
certain “magic numbers.” We can now examine mass 
surfaces directly. We find much regularity, but the 
relative position of the three surfaces is considerably 
more complicated than previously assumed. 

For independent variables we shall use A and Z, and 
for the mass variable we shall use mass defect, A—M, 
in milli-mass units. Imagine that A and Z are horizontal 
coordinates, and mass defect is downward. Stable 


TABLE IV. Selenium masses from microwave spectroscopy." 








Mass spectroscopy Microwave 
Se™ 
Se”® 
Se”? 
Se** 
Se” 
Se® 


73.94659+60 
(75.94357)> 
76.94456+40 
77.94219+40 
(79.94205 )» 
81.94275+60 


73.946204-8 
75.9435724-5 
76.94459+:5 
77.94232+:5 
79.94205+5 
81.94285+5 


* See reference 9, 
>» Two masses assumed in order to compute remaining four masses. 


1H. E. Suess and J. H. D. Jensen, Arkiv Fysik 3, 577 (1951). 


atoms are then lower than their unstable neighbors, 
and the mass surfaces form a narrow valley. Beta-ray 
data gives information about isobaric (constant A) 
sections of the valley. We will examine isotopic (con- 
stant Z) sections because they contain roughly twice 
as many points. The minima of the isobaric sections 
may be joined by a line, representing the greatest 
stability against beta decay. This line will not coincide 
with a similar line through the minima of isotopic 
sections, the difference depending upon the slope of the 
valley bottom and, hence, upon the mass variable. 

A more fundamental variable would be binding 
energy, which is related to mass defect AM by 


B.E.=8.986A —0.840Z+ 4M. 


Binding energy increases rapidly with A and gives 
isotopic minima far removed from the region of stability. 
Our conclusions are not affected by a change to this 
variable because the transformation is linear. For a 
plot extending over a wide range, it is common to use 
B.E./A = 8.986—0.840Z/A+4M/A, or to use the 
packing fraction, -4M/A. The shapes of curves using 
these variables are almost identical. 

Figure 1 gives an over-all picture of our mass meas- 
urements. It is a packing fraction curve for stable atoms 
from S” to Xe™*®. Errors of the points are about 0.01 
unit, too small to show. The relation of the curve to 
the mass surface is indicated by lines. Odd-A atoms are 
joined by a single dashed line. There is only one stable 
atom for each odd A (except 113, 123), so this line is 
close to the line joining isobaric minima for the odd-A 
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surface. It is apparent that a single line is sufficient for 
both odd and even Z. Even-4, even-Z atoms are joined 
by curves for each element. The curves are isotopic 
sections of the even even surface. The odd-A line shows 
discontinuities of slope at mass numbers 40 (20n,20)), 


TaBLe V. Mass defect {A—M) for unstable atoms. 








(A —M) 
mMU 


Reaction Reference 





40.90+-20 (y,n) 
47.234 9 (n,y) 
49.774 B 
46.12+ Bt 
50.744 § pn 
50.034 pt 
51.474 pn 
51.084 8 
51.74420 8 
48.614 4 Br 
52.204 9 pn 
53.08% 6 B 
52.024 6 B 
50.70+ 6 Bt 
52.894 5 
§2.45+10 
53.124 
54.664 
50.014 
53.344 
56.18+ 
56.20+- 
50.424 
51.504 
53.954 
53.904+15 
55.924 7 
58.414 7 
56.604 7 
53.12425 
54.334 7 
60.054 9 
59.01+18 
63.90425 
59.10+15 
57.24+20 
59.47+15 
60.42+15 
58.10+12 
57.21+414 
59.32425 
§8.19+25 
58.234+10 
57.56+15 
57.62+15 
§5.38425 
59.09+15 
57.06+15 
54.96+20 
53.90+ 20 
49.90+42 
53.32432 
55.264:32 
53.884 14 
53.37+10 
53.71+15 
51.79+11 
| ta 52.2342 


eece 
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b Hanson, Duffield, Knight, Diven, and Palevsky, Pise 4 76, 578 
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TasLe VI. Constants for isotopic parabolas found by a least 
ears fit of the formula AM = AM )+c(A— Ao}. 








4Mo(mMVU) No. of points 


53.22 
51.74 
53.27 
52.54 
51.64 
55.47 
53.33 
54.67 
53.13 
58.03 
56.38 
58.39 
even 56.75 
Kr even 61.79 
odd 60.19 
even 63.36 
Ag odd 60.98 
even 61.58 
odd 60.36 
In odd 59.58 
even 58.32 
Sn even 60.65 
odd 59.77 
Te even 58.9 
odd 56.9 
I odd 55.36 
even 53.88 
Xe even 55.47 


Ao(amu) € 


62.45 —0.342 
62.62 — 0.342 
67.7 —0,21 
70.59 —0.14 
70.52 —0.27 
72.87 —0.11 
73.50 —0.11 
76.66 —0.13 
76.27 —0.13 
79.46 —0.141 
79.70 —0.141 
83.28 —0.115 
82.82 —0.115 
85.25 —0.133 
85.61 —0.133 
104.69 —0.110 
107.44 — 0.090 
109.84 — 0.094 
109.96 — 0,094 
112.62 —0.103 
113.26 —0.103 
116.20 —0,091 
115.78 —0.091 
118.3 —0.055 
119.7 —0.055 
123.70 —0.059 
126.05 —0.134 
127.72 — 0.0873 


Z Element A 
28 Ni 





even 
odd 
even 
odd 
even 
even 
odd 
odd 
even 
Se even 

odd 
Br odd 


30 Zn 
31 Ga 


32 Ge 
33 As 


51 (28m), 61 (28p), 89 (50m), and 113 (SOp). The even 
even curves accentuate these discontinuities. We sug- 
gest that there is a discontinuity near A=71 which 
could be associated with 40 neutrons. Most striking, 
in Fig. 1, is the second minimum at 50 neutrons. 

We have examined the isotopic sections of the mass 
surface in detail for elements with Z from 28 to 36 and 
from 46 to 54. We supplemented masses from this and 
previous papers** with masses for unstable atoms listed 
in Table V. Unstable atomic masses were computed 
from stable neighbors with the aid of reaction and 
disintegration data. For 16 elements there is sufficient 
data to show that parabolas are adequate to fit isotopic 
mass defect curves. Each element requires two para- 
bolas, one for odd A and one for even, which were 
determined by the method of least squares. For most 
elements it is possible to fit similar parabolas, that is 
parabolas which have the same second-order term. 
This is a least squares fit of two parabolas with five 
arbitrary constants which we call a double fit. For all 
parabolas we demand at least one more point than 
arbitrary constants; at least 4 points for a single fit and 
at least 3 points each for a double fit. 

The result of this numerical exercise is given in 
Table VI, which lists the constants for the parabolas 
expressed as 


AM = AMo+c(A— Ao)’, 


where AM is the mass defect (A—M) in mMU, and 
AM, and Ap are coordinates of the minimum of the 
isotopic section. Double fits (same c) are indicated by a 
bracket. Residuals of the fits are usually less than 0.1 
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Fic. 2. Parabolas fitted to the mass defects of gallium isotopes. 


mMU and are no greater than expected from probable 
errors. The statistical error of the coefficients in Table 
VI is difficult to estimate; as a substitute we refer to 
Figs. 2 to 8 which are representative. (Note the excellent 
fit of a parabola to the seven, even-A, isotopes of xenon, 
Fig. 8.) For three elements it was necessary to omit 
some points. For germanium it was necessary to omit 
the three isotopes with less than 40 neutrons to obtain 
a reasonable fit. These three isotopes have greater 
masses than calculated from the extrapolated parabolas. 
For indium, an excellent double fit was obtained by 
omitting In"*® (Fig. 6). Reaction and disintegration 
energies do not indicate that the measured mass is 
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Fic. 3. Similar parabolas fitted to the mass defects 
of selenium isotopes. 
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Fic. 4. Similar parabolas fitted to the mass defects 
of bremine isotopes. 


incorrect. The fit is never very good for tellurium; 
however, a double fit is possible if the rare Te™ is 
omitted. Halsted‘ had difficulty measuring tellurium 
doublets due to the formation of hydrides. 

From this examination of isotopic masses we con- 
clude: 

1. Parabolas are a good representation of isotopic 
sections of the mass surfaces within the error of present 
measurements. Parabolas fit up to and including 
neutron shells—see Kr** (Fig. 5) and Xe™® (Fig. 8). 
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Fic. 5. Similar parabolas fitted to the mass defects 
of krypton isotopes. 
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They do not fit across neutron shells—see Kr*7}(Fig. 5). 
We find that Sr® (52) has about 4 Mev less binding 
energy than predicted by extrapolation of a parabola 
fitted to three strontium isotopes with 50 or less 
neutrons. 

2. In general, the mass surfaces have the same shape 
for constant Z, indicated by the success of double fits 
and by the variation of the constant c. There is no 
reason to believe that this smooth behavior, between 
shells, should not also apply to isobars. Exceptions are 
found immediately above proton shells 28 and 50 (only 
two examined), where the odd-odd surface has about 
twice the curvature of the corresponding odd-Z, even-V 
surface (see Ga, Fig. 2). It is not clear from this form 
of analysis if 3 surfaces are sufficient. 

3. A common assumption is that, for a constant A, 
the minimum mass occurs at the same Z for each of 
the mass surfaces. Our analysis shows that this cannot 
be true for masses discussed in this paper. Unfortu- 
nately, direct examination of isobaric parabolas is not 





q T 


shes 


i T ly 





w 
wo 


3 
Ee 
€ 
— 
ia 
re 
: 


ry 








Fic. 6. Similar parabolas fitted to the mass defects 
of indium isotopes. 


useful because there are, at most, two points for each 
parabola. We reach our conclusion by an examination 
of minima of isotopic parabolas. 

The figures show that there is a real difference in 
position of the minimum Ap» for the two isotopic 
parabolas for most elements. For example, the ends of 
the tin parabolas (Fig. 7) show a difference in spacing 
of about 1 mMU. Table VII lists differences in A» and 
AM, from Table VI. The difference is given as coordi- 
nates of the odd-A surface minus coordinates of the 
even-A surface. The signs of AM» differences come from 
the position of the odd-A surface between the two 
even-A surfaces. 

It is useful to see what these shifts can mean in terms 
of isobaric parabolas. Consider the “well behaved” 
region from arsenic to krypton. The constants here 
vary with sufficient uniformity so that we can apply 
the following transformations. Let 0A0/dZ=b and 
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Fic. 7. Similar parabolas fitted to the mass defects 
of tin isotopes. 


0(AM>)/dZ=n, where Ao, AM are the coordinates of 
the minimum for isotope Z; then the minimum of the 
constant-A parabola for A == Ao occurs at Zy>= Z—n/2cb, 
with a mass defect AM,’ = AMo—n?/4cb* and a parabolic 
constant c’=c/b*. As an example we have computed 
the odd-A parabolas for A=79 from data in Table VI. 
The results are shown in the first two lines of Table 
VIII. The accuracy is such that we may consider these 
the same parabola. Line 5 gives a parabola evaluated 
directly from the three A=79 masses (assuming there 
is one odd-A surface), which shows that the transfor- 
mation is adequate. 

Using the same type of transformation we can 
calculate, with better accuracy, the difference in the 
isobaric minima for odd-A and even-A surfaces. Call a 
= A(odd) — Ao(even), and m= AM (odd) — AM (even), 
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Fic. 8. Parabola fitted to the mass defects of xenon isotopes. 
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TaBLe VII. The isotopic minima (A»9,AMo) of the odd-A mass 
defect surface minus the minima of the even-A surfaces. Ao(odd) 
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Taste VIII. Isobaric parabolas for A=79, computed from 
isotopic constants for the four surfaces, expressed as AM=AM)’ 
+c (Z—Zp). 





— Ao(even)=a, AMo(odd)— AMo(even) =m. 





a(amu) m(mMU) 








Zo 4Mo'(mMU) c 





0.17 
0.07 
0.63 
0.39 
0.24 
0,46 
0.36 
0.12 
— 0,64 
—0,.52 


— 1.48 
0.90 
—2.14 
1.54 
— 1.65 
1.64 
— 1.60 
~ 1.22 
1.26 
— 0.88 








as listed in Table VII; then 
a 1 Om n 0a 


b baz cP az’ 
AM,’ (odd) — AM’ (even) = m— (na/b). 


Ze(odd)—Zo(even) = — 


and 


The spacing m and the shift a for a pair of surfaces does 
not change fast enough with Z (6Z=2) to cancel the 
—a/b term. Lines 3 and 4 of Table VIII list the result 
of these transformations for our example, A=79. Of 
course, there are no nuclei on an even-A surface at 
A=79, but there is a parabola on a continuous surface. 
For these isobars the only change necessary in the 
usual assumptions is to displace the minimum for the 
odd A parabola 0.1 lower in Z from the even parabolas. 
This shift is still significant. The transformation has 
increased the quadratic constant by a factor 8? (b~ 3) 





34.58 56.69 —1.17 
56.63 —1.3 
1.81 
— 1.76 
56.55 


even Z odd N 


odd Z even NV 34.5 
even even—even odd 
odd odd —odd even 
(3 masses) 


0.10 
0.12 
34.57 


odd A —1.10 








so that the effect on isobaric masses is the same magni- 
tude as on isotopic masses, 

It is apparent that any mass formula that does not 
include this displacement of the mass surfaces, and 
current formulas do not, cannot fit the odd and even 
masses of an isotope within 4 Mev. The change in sign 
of the displacement for indium and tin suggest strongly 
that the effect is related to nuclear shell structure. 

4. The results generally show a lack of smoothness in 
the neighborhood of gallium and germanium (see, for 
example, Table VII). This could be caused by a subshell 
at 40 neutrons. 

The authors wish to acknowledge the aid of Clayton 
F. Giese, who helped make some of the measurements. 
The construction of the apparatus was aided materially 
by grants from the Graduate School and the Minnesota 
Technical Research Fund subscribed to by General 
Mills, Inc., Minneapolis Star and Tribune, Minnesota 
Mining and Manufacturing Company, Northern States 
Power Company, and Minneapolis Honeywell Regu- 
lator Company. 
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The spectral distribution of the internal bremsstrahlung associated with the beta decay of P® has been 
measured with a Nal scintillation spectrometer from 80 to 900 kev. The shape of the experimental spectrum 
is compared with the theoretical distribution, corrected for detector response, for three different beta 
interactions: (1) allowed; (2) first-forbidden; scalar; (3) first-forbidden; tensor; AJ =2, yes. The results 
show that of these interactions, only the allowed case gives a theoretical curve within the estimated error 
(10 percent) of the experimental points over the entire range of energy. 





I, INTRODUCTION 


HE theory of the energy distribution and intensity 
of the internal bremsstrahlung (I.B.) accompany- 

ing beta decay, given independently by Bloch' and 
Knipp and Uhlenbeck,* and extended by Chang and 
Falkoff* to forbidden beta transitions has proved, 
within the limitations of experiments to date, to be 
essentially correct. The calculations of Chang and 
Falkoff as well as those of Bolgiano, Madansky, and 
Rasetti* indicate that the shape of the I.B. spectrum 
depends only slightly on the degree of forbiddenness 
of the beta transition. In general this dependence is 
negligible at the low energies, increases to a maximum 
at intermediate energies and decreases again as the 
transition energy is approached, as we show later. 

Thus far the measurements on the I.B. spectrum 
have been made at the low-energy end where the 
dependence on forbiddenness is small. Consequently, 
it has been difficult to determine unambiguously 
whether the spectrum actually follows the theoretical 
curves for the appropriate degree of forbiddenness as 
determined from beta-ray and related measurements. 
In the case of P®, (beta-ray end point 1.7 Mev) which 
is known to have an allowed shape for the beta spectrum 
and is designated an L-forbidden decay,’ the I.B. 
spectrum has been carefully examined from 3 kev to 
250 kev by Bolgiano, Madansky, and Rasetti,‘ by 
Renard® and by Novey.’ Within the accuracy of the 
experiments, the I.B. spectrum fits the allowed case. 

In the present paper the authors report measure- 
ments of the I.B. spectrum of P® out to 900 kev and 
compare the shape of the curve with calculations for 
the allowed and first-forbidden cases out to these 
energies where the difference in the two theoretical 
curves should be experimentally measurable. 


¢ Research supported by: (1) a Frederick Gardner Cottrell 
grant from The Research Corporation; (2) a grant-in-aid from 
the Louisiana State University Council on Research. 
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II, EXPERIMENTAL ARRANGEMENT 


The spectrum was measured with the same scintil- 
lation spectrometer used in our previous work on P*,® 
It is of the Jordan and Bell® type and employs a 1} in. 
diameter by 1 in. long NaI(T]) crystal with a Dumont 
K1186 photomultiplier. The pulses, after amplification 
in a linear amplifier, are analyzed with a single-channel 
pulse-height analyzer. Gamma rays from Cs’ (661 
kev) and Ba™ (122 kev, 369 kev, and 496 kev) were 
used to calibrate the linear energy scale. 

The high specific activity source used (~0,.025 
milligram phosphorous per millicurie) was obtained 
from the Oak Ridge National Laboratory where it was 
produced by S"(n,p)P®, and chemically processed. It 
was received in the form of phosphate in weak HCl. 
About 10 mC was placed within a 0.5 cm diameter 
circle on polystyrene tape of 2.2 mg/cm? thickness and 
the liquids evaporated. This gave a source thickness of 
the order of 5 mg/cm?. Any trace of continuous radia- 
tion from an impurity would have only a small effect 
on the measured continuum. No evidence of nuclear 
gamma rays could be observed during the measure- 
ments. For these reasons, the source was deemed to be 
of sufficient purity for the measurements desired. In 
order to reduce the ratio of external (E.B.) to internal 
bremsstrahlung, the source was mounted 20 cm above 
the face of the detector with a beta absorber about 
half-way between source and detector. This arrange- 
ment is similar to that used by others.’ The detector 
crystal was shielded from light and stray fields by an 
aluminum can with an aluminum foil cover. Resting 
on this can was a wooden support holding a lead 
collimator with a conical hole. The collimator was 5 
cm thick, and its top surface was 10 cm above the 
face of the crystal. On the top surface of the collimator 
was a }-in. sheet of Lucite which completely shielded 
the collimator from the beta rays of the source. The 
entire assembly was placed on a tall stool in the center 
of the laboratory so that the source was not less than 
34 feet from any structure. The collimator and its 
Lucite cover were large enough to shield the stool from 


* Goodrich, Levinger, and Payne, Phys. Rev. 91, 1225 (1953). 
*W. H. Jordan and P. R. Bell, Nucleonics 5, No. 4, 30 (1949); 
W. H. Jordan, Ann. Rev. Nuclear Sci. 1, 207 (1952). 
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Fic, 1, Calculated energy distributions of internal bremsstrah- 
lung resulting from three beta-interactions (A) allowed; (B) 
first-forbidden; scalar; (C) first-forbidden; tensor; AJ=2, yes. 
The ordinates are normalized to 100 at 150 kev. The calculations 
are made from equations given in reference 4. 


direct rays from the source. The mounting of the source 
was such that the only betas stopped in a position to 
see the crystal were those stopped in the Lucite above 
the collimator hole and a negligible number which 
moved off at right angles to the collimator axis and 
were stopped in the polystyrene tape or in the source 
material. Measurements of the spectrum made with 
Al foils immediately above the source showed that the 
contribution due to E.B. produced in the source was 
negligible. 

The contribution of external bremsstrahlung (pro- 
duced in the beta stopper) to the observed spectrum 
was determined by obtaining the photon spectrum with 
an aluminum beta stopper and a copper beta stopper 
as well as with the Lucite. Extrapolation to Z=0 of 
Tasie I. Calculated relative intensity of internal bremsstrah- 
lung as a function of photon energy for various beta interactions 





First-forbidden 
tensor 


7770 
2270 
749 
368 
126.1 
50.9 
26.3 
10.12 
4.27 
1.36 
0.790 


First forbidden 
scalar 
7790 
2270 
745 
360 
118.9 
46.6 
24.1 
9.76 
4.42 
1.51 
0.827 


k(Mev) 


0.026 
0.077 
0.179 
0.281 
0.485 
0.690 
0.843 
1.05 

1.20 

1.354 


Allowed 


7540 
2250 
776 
397 
146.7 
62.5 
32.8 
12.33 
4.94 
1.451 
0.591 
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the number of photons detected as a function of the Z 
of the beta absorber for various energies, showed that, 
with the Lucite beta stopper, roughly seven percent 
of the spectrum was contributed by the external 
bremsstrahlung. In the calculations this contribution 
was neglected. This is all the more acceptable since the 
I.B. and E.B. have a somewhat similar shape.*® 


III. DATA AND CALCULATIONS 


We show in Table I our calculated I.B. spectrum for: 
(a) allowed beta transitions, (b) first-forbidden beta 
transitions; scalar interaction (c) first-forbidden beta 
transitions; tensor interaction; special case of selection 
rule (AJ=2; yes). These calculations are made from 
the equations given by Bolgiano et al.‘ and have been 
normalized to 1000 at 150 kev. They are also shown 
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Fic. 2. Energy distribution of internal bremsstrahlung from P®. 
The dashed curves are the calculated spectra for allowed and 
first-forbidden (tensor) beta interactions shown in Fig. 1 corrected 
for detector response. The circles are the experimental points. 
Standard error from counting statistics is less than the size of the 
points. Calculated curves and experimental data have been 
normalized to 100 at 150 kev. 


graphically in Fig. 1. In the region below 150 kev, the 
three I.B. spectra are so nearly the same shape that 
they have been drawn as one line. Above this energy 
the spectrum for allowed transitions becomes relatively 
greater than the spectra for the first-forbidden transi- 
tions until in the neighborhood of 800 kev, the curves 
again approach each other and actually cross at about 
1400 kev. At 800 kev the separation of the curves 
reaches almost 30 percent. It will be noted that of the 
first-forbidden transitions whose I.B. spectra were 
computed, the tensor interaction spectrum is the more 
like the spectrum for allowed transitions. 

In Fig. 2 we compare the experimental data with the 
theory. Here the circles are the experimental data, the 
long dashed curve and the short dashed curve are the 
theory for the allowed and first-forbidden tensor 
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interaction cases, respectively, all normalized to 100 
to 150 kev. The effect of the detector response has been 
applied to the theory in this figure. This was done as 
discussed in our earlier paper*® except that in the present 
case, degradation of the photons caused by their 
passage through the low-Z Lucite absorber was neg- 
lected. The uncertainty in the detector response is 
about 10 percent and forms the principle uncertainty. 
The standard error from counting statistics is about 
3 percent. 

The fit of the experimental data to the theory curve 
for the allowed transition case is much better than 10 
percent. We have chosen to show the tensor interaction 
case for the spectrum from first-forbidden transitions 
since of the two calculated, it lies nearer the spectrum 
for allowed transitions. It is, a fortiori, evident that the 
P® 7.B. spectrum does not agree with the first-forbidden 
scalar. 
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No measurements were made on the ratio of I.B. 
photons to beta particles. Other experimenters*-*” have 
found satisfactory agreement working in the region 
below 250 kev. 

We can improve our earlier figures on the upper 
limit of the possible number of nuclear gammas per 
beta particle by a factor of 5. If nuclear gammas were 
present to the extent of 10~ at 200 kev, 4X10~* at 
500 kev, or 2X 10~* at 900 kev per beta particle, they 
would have been observed as humps in the spectrum 
above the smooth curve actually found. 
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Radiative Electron Capture in Fe} 


L. MADANSKY AND F, RASETTI 
The Johns Hopkins University, Baltimore, Maryland 
(Received January 14, 1954) 


The internal bremsstrahlung emitted in electron capture by Fe was studied from 14 kev to the upper 
energy limit at 220 kev. Fair agreement with the formula of Morrison and Schiff is observed at high energies, 
whereas a strong rise of the intensity occurs at low energies. The discrepancy may be due to failure of the 
theory to take into account the effects of nuclear charge, capture of p electrons, and forbiddenness of the 


transition. 


HE internal bremsstrahlung emitted in electron 

capture by Fe®® was studied by Maeder and 
Preiswerk,' and by Bell, Jauch, and Cassidy? The 
high-energy part of the spectrum was shown to agree 
at least approximately with the formula calculated by 
Morrison and Schiff* for s-electron capture in allowed 
transitions, assuming a decay energy slightly above 
200 kev. The low-energy portion was not investigated 
in detail owing either to poor resolution of the spec- 
trometer or to presence of impurities. 

We therefore undertook careful measurements of the 
entire spectrum. The Fe source was over two years 
old, hence all the Fe originally present had decayed. 
Sodium iodide crystals 10 to 12 mm thick were used in 
combination with DuMont 6292 photomultipliers. The 
resolution attained corresponds to full widths at 
half-maximum of 34-36 percent for a 22-kev line and 
18-20 percent for an 87.5-kev line. Spectra were recorded 
under various geometries and with different crystals 
and photomultipliers, yielding consistent results. 


t Work supported by the U. S. Atomic Energy Commission. 
1D. Maeder and P. Preiswerk, Phys. Rev. $4, 595 (1951). 

? Bell, Jauch, and Cassidy, Science 115, 12 (1952). 

* P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 


To obtain the spectral distribution of the gamma 
radiation from the recorded pulse-size spectrum, one 
must correct for: (1) Percentage of pulses in photo- 
electric peak; however, up to 200 kev this correction 
is small at the crystal thicknesses employed. (2) 
Incomplete efficiency of the crystal at the higher 
energies. (3) Absorption by materials between source 
and crystal. (4) Escape of the K radiation of iodine. 
(5) Gaussian spread of the pulses. Furthermore, at 
very low energies, one must be certain that none of the 
pulses observed are due to the K x-rays of Mn at 
5.9 kev, at least 10‘ times stronger than the integrated 
continuum. The curve due to the x-rays, measured by 
using a thin Fe® source in immediate contact with an 
Nal crystal, showed that under our experimental 
conditions the effect of the x-rays was certainly negli- 
gible above 14 kev. Hence the bremsstrahlung was 
investigated only above this energy. Corrections for 
absorption at low energies in 0.188 g/cm? Lucite and 
0.015 g/cm? Al interposed between source and detector 
were made by means of tabulated absorption coeffi- 
cients and checked by taking spectra with additional 
absorbers. Corrections for lack of efficiency at high 
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Fic, 1, Experimental spectrum of Fe®*. Solid line represents 
observed pulse-size spectrum; dotted lines indicate spectrum 
corrected for absorption at low energies and incomplete crystal 
efficiency at high energies. Peaks obtained from 22-kev and 87.5- 
kev lines under same conditions show resolution. 


energies were made on the same basis. Corrections for 
effects (1) and (4) were not attempted. Correction for 
the Gaussian pulse distribution was applied near the 
upper energy limit, where it is important for evaluating 
the decay energy. For the remainder of the energy 
region above 50 kev, this correction is unimportant ; 
at lower energies it was not attempted owing to lack 
of a satisfactory theoretical formula and the inaccuracy 
of the experimental data due to absorption effects. 
Pulses were detected up to 235 kev; however, taking 
into account the Gaussian spread of the pulse size, it 
appears that the maximum energy ho is near 220 kev. 
The latter value is used in comparison with the theory. 

The experimental results are represented in Fig. 1. 
The solid line gives the measured spectrum, the dotted 
line indicates the corrections for absorption and effi- 
ciency. It is immediately apparent that there is a 
large low-energy component not predicted by the 
formula of Morrison and Schiff, f(x)=x(1—x)*, where 
x=k/ko. At the higher energies (above 60 kev) the 
experimental spectrum corresponds fairly closely, but 
not exactly, to this formula. To facilitate comparison, 
in Fig. 2 we plot the square root of the corrected 
experimental intensity divided by x!. If the spectrum 
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Fic. 2. Plot of F(x)/xt. Circles represent corrected experimental 
ints; straight line corresponds to formula of Morrison and 
hiff with ko= 220 kev. 


followed the Morrison-Schiff formula, the points would 
lie on a straight line. Discrepancies are apparent below 
130 kev, but the points above this energy fit well a 
straight line with /p= 220 kev. 

As possible effects contributing to the disagreement 
between the observed spectrum and the Morrison- 
Schiff formula, the following may be listed.‘ (1) The 
spectrum was calculated for allowed transitions; the 
spectra emitted in forbidden transitions are expected to 
depend on the form of beta interaction. The transition 
in Fe* is probably first forbidden, since log (ft)=6.1. 
(2) The contribution of radiative capture of p electrons 
may be important. Cutkosky‘ evaluated the effect for 
allowed transitions, neglecting the effect of nuclear 
charge, and obtained spectra rising at low energies, 
similar to the one observed. (3) Important corrections 
at low energies might result from the use of correct 
Coulomb wave functions even in the case of s electrons; 
all existing calculations were based on a plane-wave 
approximation. 

In conclusion, it seems impossible at present to 
compare the experimental results, especially at low 
energies, with a satisfactory theoretical formula. 


* We are indebted to Dr. R. E. Cutkosky for communicating to 
us unpublished results of his calculations and for valuable dis- 
cussions. 
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Neutrons from the Proton Bombardment of N**} 


Fay AJZENBERG, Department of Physics, Boston University, Boston, Massachusetts and Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, Cambridge, Massachuselts 


AND 


WOLFGANG FRANZEN,” Depariment of Physics, Princeton University, Princeton, New Jersey 
(Received January 14, 1954) 


The N"“(p,n)O™ reaction has been investigated at 30, 60, and 150 degrees in the laboratory system by the 
method of proton recoils in thick nuclear emulsions. The energy of the incident protons was 17.3+0.1 Mev, 
and the thickness of the melamine target was 0.2 Mev. The results indicate a ground-state Q value of 
—6.03+0.2 Mev, yielding a mass defect for O" of 12.2 Mev, in good agreement with beta-decay results. 
The data also indicate levels in O" at excitation energies greater than 5.5 Mev. 





I, INTRODUCTION 


N the past few years, extensive studies have been 

made of the level structures of the isobars' with 
|T.|=4, where 7,=(N—Z)/2. Wherever sufficient 
evidence is available, a one-to-one correspondence of 
the levels in T7,=+4 and 7,=—} mirror nuclei is 
observed, when nonnuclear effects, such as the n-p 
mass difference and the difference in electrostatic 
energies, are taken into account.’ This correspondence 
is believed to be a good indication of the charge sym- 
metric character of nuclear forces. 

Presumably, corresponding states should also occur 
in pairs of isobars which differ in the substitution of two 
protons for two neutrons, that is, 7,=+1 and 7,=—1 
nuclei. No levels have been observed in nuclei with 

z= —1 until the present data were obtained, and thus 
this isobaric comparison has not heretofore been 
possible. Usually the most direct way of studying such 
proton-abundant nuclides in the region of the light 
nuclei is by means of (p,m) reactions which frequently 
have rather negative Q values. At this time, thick 
photographic emulsions (in particular, Ilford C-2 
plates) are the only means of measuring fairly accurately 
neutron energies in the Mev range. Unfortunately, 
while it is possible by the method of proton recoils in 
thick plates to measure neutron energies to 0.5 percent 
(using a thin target and a well-defined incident beam), 
the group resolution is poor. The minimum interlevel 
distance for group resolution depends on the neutron 
energy as well as on the target thickness and beam 
energy spread and, in the best cases, is approximately 7 
percent of the neutron energy. It was clear that the 
Princeton cyclotron external beam width (0.15 Mev) 
and the thick target (0.2 Mev), necessary for intensity 
reasons, would result in poor group resolution, but we 
felt that any insight gained in the behavior of 7,= —1 
nuclei might nevertheless be of interest. 

t This work has been supported in part by the United States 
Air Force through the Office of Scientific Research and in part 
by the joint program of the U. S. Office of Naval Research and the 

. S. Atomic Energy Commission. 

* Now at the University of Rochester, Rochester, New York. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 


(1952). 
2 T. Lauritsen, Ann. Rev. Nuclear Sci. 1, 67 (1952). 


O* was studied in order to check the value of the 
mass of O™ derived from beta-decay studies,*~* and 
because some estimate of the magnitude and direction 
of the energy shift for corresponding levels in the 
T,=+i (C and 7,=—1 (O*) nuclei might be 
possible. There has been some indication* for a level 
at approximately 4 Mev in C™, Assuming charge 
symmetry, a level in O” should then appear near 4 
Mev. Similarly, the more reliable levels in C“ (6.10,%7 
6.78,8 and 6.98 Mev*) should have analogs in O". 


Il, EXPERIMENTAL PROCEDURE AND RESULTS 


The experimental setup is indicated in Fig. 1. The 
external proton beam from the Princeton cyclotron 
bombarded a Melmac target placed at the center of a 
12-in. diameter evacuated scattering chamber. The 
energy of the incident protons was determined, prior 
to the actual exposure, by measuring their range in 
aluminum. This range was found to be (442.3+2) x 10~* 
g/cm? of aluminum, which is equivalent*" to a proton 
energy of 17.3+0.1 Mev. 

Dr. K. G. Standing prepared the Melmac foil. The 
particular type of Melmac used (No. 1079 made by the 
American Cyanamid Corporation) is believed to be 
50 percent melamine (NeC3Hs) and 50 percent filler 
(probably cellulose). For future experiments, Melmac 
404, which is pure melamine, would be preferable.” 
The thickness of the foil was measured to be 2X 10~* in., 


+R. Sherr and J. B. Gerhart, Phys. Rev. 91, 909 pants 

‘Sherr, Muether, and White, Phys. Rev. 75, 282 (1949). 

5 J. R. Penning and F. H. Schmidt, Bull. Am. Phys. Soc. 29, 
No. 1, 42 (1954). 

*R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 
However, Bent, Bonner, and Sipple, Phys. Rev. 91, 472 (1953), 
do not confirm this result. 

7Sperduto, Holland, Van Patter, and Buechner, Phys. Rev. 
80, 769 (1950). 

* A. Sperduto (private communication). 

* J. H. Smith, Phys. Rev. 71, 32 (1947). 

( ost} L. Hubbard and K. R. MacKenzie, Phys. Rev. 85, 197 
1 . 

 H. Bichsel and R. F. Mozley, Phys. Rev. 90, 354 (1953) and 

a very helpful private communication from Dr. R. F. Mozley. 

We are very much indebted to Professor Standing for pre- 
paring the target and for his comments, which are partially 
reproduced in the above paragraph. 
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Fic. 1, The experimental setup. 


which corresponds to an energy loss of approximately 
0.2 Mev for 17-Mev protons." 

Ilford C-2 plates, 200 and 400 microns thick, were 
mounted at five different angles to the incident beam 
in the evacuated chamber. The plates were wrapped 
in 2-mil thick aluminum foil for protection from light, 
and lead sheets 35 mils thick shielded the plates from 
scattered protons and other charged particles. 

The proton beam was collimated by graphite aper- 
tures and was stopped in the graphite cup indicated in 
Fig. 1. As a result, background radiation reached the 
emulsions from the following sources: Gamma rays 
from C"+p and from C"+ p (presumably mostly 
from the former since C” has an isotopic abundance of 
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Fia. 2. 30° data. N is the relative number of neutrons per 
200-kev interval. #, is the average proton energy. 
¥% Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, 1949 (unpublished). 


1.1 percent) and neutrons from C"+ . Graphite was 
chosen because the C(p,n)N® reaction has a threshold 
above the bombarding energy used in this experiment 
(20.0+0.1 Mev).™ 

The gamma rays fogged the plates to such an extent 
that the maximum exposure possible was 600 micro- 
coulombs, which turned out to be somewhat less than 
optimum for efficient scanning. While the C¥/C” ratio 
was small, the total amount of graphite seen by the beam 
was appreciable, and it was feared that the C¥(p,n)N™ 
reaction (Q=-—3.003 mev)'® would contribute a 
continuous background of neutrons. This background 
turned out to be very small (see Figs. 2 and 3). This 
is reasonable in view of the small solid angle subtended 
by the photographic emulsions at the graphite cup and 
apertures, and on account of the angular acceptance 
criteria for the proton recoil tracks which favored the 
acceptance of recoils caused by neutrons from the 
target. 

The Melmac target also contained a small amount of 
C®; the ratio of C® to N™ nuclei was approximately 
1/100. This might contribute several approximately 
monoenergetic neutron groups corresponding to the 
ground state and the first few excited states of N”, 
if the C"(p,n)N™ cross section were fairly high. The 
upper limit to the number of proton recoil tracks at 30, 
60, and 150 degrees which could be ascribed to the 
ground-state transition is 7, while a total of 2892 tracks 
were measured. The term “upper limit” is used because 
the ground-state neutron group from the reaction 
N"*(p,n)O" (Q= —3.487 Mev') may be confused with 
the ground-state neutron group from C(p,n)N® 
(N°/N*= 1/250). 


“LL. Alvarez, Phys. Rev. 75, 1815 (1949). 
18 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 





NEUTRONS FROM PROTON BOMBARDMENT OF N'** 


The plates were processed in a manner suggested by 
Dr. A. H. Armstrong'® and then scanned with a bin- 
ocular Leitz microscope!’ using a 100X oil-immersion 
objective and 10X eyepieces. The criteria for the 
measurement of the recoil-proton tracks have been 
discussed previously.'* The range-energy relation used 
was that derived by Rotblat." The data shown on 
Figs. 2 and 3 have been corrected for geometry” and 
for variation of the n-p scattering cross section with 
neutron energy.”! 

Plates exposed at 30, 60, and 150 degrees to the 
incident beam were scanned for proton-recoil tracks. 
Figures 2 and 3 indicate the data at the two smaller 
angles. The insets in these figures show the appearance 
of the ground-state groups when additional ground- 
state tracks were measured. The insets at each of the 
angles represent fifty ground-state tracks. The ground- 





Ni (p n)O" 
Ep = 17.2 Mev 
801 Tracks 





Fic. 3. 60° data. N is the relative number of neutrons 
per 200-kev interval. 


state Q value, derived from the results at the three 
angles, is —6.03+0.2 Mev. The ground-state neutron 
group width is greater than that calculated on the basis 
of target thickness, beam width, straggling, the size 
of the source, and the scanning area and multiple 
scattering effects. The group width is also larger than 
predicted from an extrapolation of thin target, ‘““mono- 
ergic” beam results.” However, it is not felt that the 
low points at Z,=11.1 Mev (30°) and 10.3 Mev (60°) 
are significant. The resultant high-energy groups, if 


4A. H. Armstrong (private communication) and Allred, 
Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 

17 The microscope was kindly loaned by the Department of 
Physics, Smith College, Northampton, Massachusetts. 

—" Laubenstein, and Richards, Phys. Rev. 77, 413 
1950). 


J. Rotblat, Nature 167, 550 (1951). 

” H. T. Richards, Phys. Rev. 59, 796 (1941). 

1 R. K. Adair, Revs. Modern Phys. 22, 249 (1950). 

® See, for instance, F. Ajzenberg, Phys. Rev. 82, 43 (1951). 


Fic. 4. The mass-14 isobaric triad. 


the points were to be believed, would have a width 
somewhat smaller than that warranted by the resolution 
of this experiment. 

The region between the ground state and an excita- 
tion of approximately 5.5 Mev seems to be free of levels 
unless the corresponding neutron groups are low in 
intensity at the various angles (less than } of the 
intensity of the ground-state neutron group). The 
data for E,<5 Mev indicate energy levels in O*. 
It is thought that the peaks corresponding to excitation 
energies of 6.2, 7.5, and 9.3 Mev are due either to very 
wide levels, or to a number of unresolved levels in O". 
Figure 4 is an attempt to show how the information 
derived from this work fits into the known picture of 
the mass-14 triad.'** The dashed areas in O" show 
the upper and lower limits of the regions in which 
wide or unresolved levels may be located. 

In conclusion, we are in agreement with the mass 
defect for O" predicted from beta-decay results.'*-* 
Our value for the mass defect is 12.2+0.2 Mev. We do 
not find a state in O" analogous to the 4-Mev state® in 
C, unless it has been shifted upwards in O" by about 
1.5 Mev. If the group at an excitation energy of 6.2 
Mev corresponds to the 6-Mev levels in C and not to 
the 4-Mev state, then the energy shift of the corre- 
sponding levels in the mirror nuclei O" and C™ appears 
to be small. 

We are very much indebted to J. G. Likely and F. C. 
Shoemaker for their assistance in the exposure of the 
plates, and to K. G. Standing who prepared the mela- 
mine target. The kind interest and support of P. T. 
Demos and W. W. Buechner of M.I.T. and of M. G. 
White of Princeton rendered possible this joint 
experiment. 

* Private communications from D. H. Wilkinson, A. Sperduto, 
and R. J. Mackin. 
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The nuclear spectra of Co® (18 hr) and I (12.6 hr) have been studied with the help of a magnetic lens 
spectrograph, a coincidence lens, and scintillation counters. Co®* emits gamma rays having energies 0.477, 
0.935, 1.41, 0.253, 1.84, and 2.17 Mev, the last three being quite weak ; and four beta-ray groups of energies 
1.500, 1.03, 0.53, and 0.26 Mev with relative abundances of 53.3, 39.5, 4.9, and 2.3 percent, respectively. 
A disintegration scheme is proposed. I’ emits gamma rays of energy 0.409, 0.528, 0.660, 0.744, and 1.15 
Mev together with two beta-ray groups of energies 1.02 and 0.597 Mev. The energy-level scheme is discussed 


in the light of the collective model. 





INTRODUCTION 


HE spectra of Co™ and I have been studied some 
years ago by the use of the conventional methods 
of nuclear spectroscopy. The measurements of Deutsch 
and Hedgran! indicated that the main method of decay 
of Co* occurs by the emission of two positron groups 
of energies 1.50 and 1.01 Mev together with the emission 
of three gamma rays of energies 0.47, 0.935, and 1.41 
Mev. They also reported a weak gamma ray of energy 
0.095 Mev which does not fit into the scheme. 

The spectrum of I was studied by Roberts, Elliott, 
Downing, Peacock, and Deutsch? in the early days of nu- 
clear spectroscopy. They showed that I™ decays by the 
emission of two beta-ray groups of energies 1.03 and 
0.61 Mev together with four gamma rays whose energies 
are 0.417, 0.537, 0.667, 0.714 Mev. According to these 
authors the position of the gamma ray at 0.417 Mev is 
established from the energies of the two beta-ray 
groups but the remaining three gamma rays are all in 
cascade and their arrangement is arbitrary. Smith, 
Mitchell, and Caird* measured the spectrum of Cs™, 
which also goes to Xe™, with the hope of establishing 
the order of the gamma rays in cascade, but found that 
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Fic. 1, Schematic diagram of coincidence lens. 
t Supported bythe joint program’ of the U."S.”Office of Naval 
Research and the U. S. Atomic Energy Commission. 
1M. Deutsch and A. Hedgran, Phys. Rev. 75, 1443 (1949). 
® Roberts, Elliott, Downing, Peacock, and Deutsch, Phys, Rev. 
64, 268 (1943). 
‘Smith, Mitchell, and Caird, Phys. Rev. 87, 454 (1952). 


these gamma rays were not excited in the disintegration 
of Cs™, 

Since a coincidence lens has recently been put into 
operation in this laboratory, it was felt that Co®® and 
I would be suitable subjects for investigation since 
each, appears to disintegrate with the emission of two 
groups of nuclear particles followed by suitably 
separated gamma rays. In addition, the spectra of the 
two elements were investigated with the help of a 
conventional magnetic lens, and also using scintillation 
counters. As a result of the investigation, certain new 
features of the decay schemes of each nuclide have 
been discovered. 


THE COINCIDENCE LENS 


One of the magnetic lenses in the laboratory was 
converted into a coincidence lens in which coincidences 
between gamma rays, detected by a scintillation 
counter and resolved in energy by a differential pulse- 
height analyzer, and beta rays, resolved magnetically 
by the lens, are measured. The lens which was used 
was that described by Bunker, Canada, and Mitchell.‘ 
A schematic of the arrangement of counters and 
electronic components is shown in Fig. 1. 

The end plate of the instrument nearest the source 
was refitted to permit the insertion of a canned NaI(T1) 
crystal and a lucite “light-piper’”’ immediately behind 
the source. The NaI(TI1) crystal was in the form of a 
cylinder 1 in. in diameter by 1 in. high. The “light-piper” 
was 44 in. long. Optical contact between the crystal, 
“‘light-piper,” and a 5819 photomultiplier tube was made 
with the help of silicone grease. In order to minimize 
the effect of the magnetic field of the lens on the 
photomultiplier tube a solenoid was constructed, which 
was operated in parallel with the main coils of the lens. 
Thus, for any current in the main coils, the field at the 
photomultiplier was essentially zero. 

Beta rays were detected at the other end of the lens 
with the help of a NalI(TI) crystal in the form of a 
cube 1 cm on each edge. A “light-piper,”’ 5819 photo- 
multiplier tube, and solenoid, similar to those already 
described, were employed. The crystal was mounted in 
vacuo by clamping it to a Lucite window which was 


4 Bunker, Canada, and Mitchell, Phys. Rev. 79, 610 (1950). 
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fitted with a rubber gasket to hold the vacuum. Optical 
contact was made between the crystal, Lucite “light- 
piper,” and photomultiplier tube. 

The general layout of the electronic equipment is 
is shown in Fig. 1. The output of each photomultiplier 
goes through a cathode-follower preamplifier and from 
there into an Atomic Instrument Company Model 
204B linear amplifier. In the beta-ray channel, the 
integral discriminator on the linear amplifier is used to 
cut down the noise and shape the pulses. The output 
then goes through a delay line to the coincidence circuit. 
In the gamma-ray channel, the output of the linear 
amplifier is fed to an Atomic Instrument Company 
Model 510 single-channel pulse-height analyzer. That 
portion of the pulse spectrum which is selected by the 
analyzer goes on to the coincidence circuit. The coin- 
cidence analyzer consists of suitable pulse-shaping 
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Fic. 2. Interior beta-ray group from Rb** 
observed with coincidence lens. 


devices, a diode discriminator, and amplifying stage, 
and an integral discriminator. The coincidence circuit 
was usually run at 0.20-microsecond resolving time. 
Either singles channel or the coincidence channel could 
be selected by a three-position switch and the output 
fed into a fast (1-microsecond dead time) decade 
scalar. The coincidence system was lined up by using a 
double pulse generator, putting simultaneous pulses 
into each of the cathode followers, and adjusting the 
delay line until true coincidences were obtained. 

The singles system was calibrated by measuring the 
beta-ray spectrum and the internal conversion line 
from Cs’ with the lens and the beta counter. For the 
adjustments used, the resolution was about 6 percent. 
The gamma-ray counter was likewise calibrated using 
the Cs"? source. The full width at half-maximum for 
this line was about 15 percent. 

The coincidence apparatus was tested by measuring 
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the main spectrum of Au" and the interior spectrum of 
Rb**, In the case of Au, the scintillation counter at 
the gamma ray end was adjusted to accept the 0.411- 
Mev line, the beta-ray distribution in coincidence with 
this gamma ray was measured, and a Fermi plot in 
good agreement with the known decay scheme was 
obtained. In the case of Rb*, the beta-ray distribution 
was measured using a single counter to obtain the shape 
and end point of the high-energy group. In addition, 
with the gamma-ray counter focused on the line at 
1.08 Mev, the coincidence distribution was examined. 

The Fermi plot for the interior group is shown in 
Fig. 2. Assuming an allowed shape for this group, the 
end-point energy is 0.715+0.010 Mev. The high- 
energy group exhibits the well-known shape char- 
acterized by 4j=+2 and a change of parity, and the 
end point being determined as 1.798 Mev. These results 
are in agreement with the work of Muether and 
Ridgeway® and the earlier work of Zaffarano, Kern, 
and Mitchell.® 

Experiments on Co*§ 


Co®* (18 hr) was prepared by bombarding iron with 
11.5-Mev deuterons on the probe of the Indiana 
University cyclotron. With the exception of the 9-hour 
isomeric state of Co**, which gives only low-energy 
internal conversion electrons, the only other cobalt 
isotopes produced are long-lived and suitable corrections 
can be made for them. A chemical separation was made 
on all source material. The purified cobalt was then 
examined for beta rays and gamma rays. 


THE GAMMA-RAY SPECTRUM 


The gamma-ray spectrum was measured in a magnetic 
lens spectrometer using both lead and uranium radiators. 
A typical spectrum, taken with a lead radiator of 
12-mg/cm? surface density is shown in Fig. 3, in which 
the number of counts per momentum interval (V/J), is 
plotted as a function of the current in the coils of the 
lens. All lines except one at 0.5 amp (not shown) decay 


~ SHR. Muether and S. L. Ridgeway, Phys. Rev. 80, 750 (1950). 
* Zaffarano, Kern, and Mitchell, Phys. Rev. 74, 682 (1948). 
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Fic. 4. Scintillation spectrum of gamma rays from Co. 


with a period of 18 hours and are attributed to Co™. 
The line at 0.5 amp (an Z line for a gamma ray of 0.119 
Mev), decays with a much longer period and is attrib- 
uted’:* to Co’. The line at 0.475 Mev is not well 
resolved from annihilation radiation. In order to 
resolve these two lines and to get an estimate of the 
relative intensity of the line at 0.475 Mev with respect 
to the others, a lead radiator of 7.75-mg/cm? surface 
density was employed and the region around 0.500 
Mev was studied carefully. The energies and relative 
intensities of the gamma rays, and the abundances 
per positron of the lines, are given in Table I. The 
results for the strong lines are in reasonable agreement 
with those of Deutsch and Hedgran.! 

As a result of the measurement of the energy distribu- 
tion of the positrons (see below), two weak prositron 
groups were found in addition to the two main groups 
reported by Deutsch and Hedgran. These two groups 
had lower energies than the two main groups. In order 
to look for low-intensity gamma rays connected with 
the emission of these positron groups, the gamma rays 
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Fic. 5. Fermi plot of positron groups from Co, 


7 Cheng, Dick, and Kurbatov, Phys. Rev. 88, 887 (1952). 
’ 1. G. Elliott and M. Deutsch, Phys. Rev. 64, 321 (1943). 
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were investigated with the help of a scintillation 
spectrometer. The scintillation spectrometer consisted 
of a 1-in. cylindrical NaI(Ti) crystal together with a 
Dumont 6292 photomultiplier tube. After appropriate 
amplifications the pulses were anaiyzed using a single 
channel pulse height analyzer. The instrument was 
calibrated with the help of the Cs”? and Co gamma 
rays. 

In searching for the higher-energy gamma rays, a 
}-inch lead absorber was used to absorb the lower- 
energy gamma rays. This prevented “pulse pileup” 
from contributing to the general background in the 
high-energy region. The low-energy region, of course, 
was measured without lead absorber. The results are 
shown in Fig. 4. The strong lines found in the magnetic 
spectrometer were found in the scintillation spectrom- 
eter together with three additional lines at 2.17, 1.84, 
and 0.253 Mev. Owing to the weakness of the lines and 
the decrease of photoelectric cross section with energy, 
strong sources had to be used to locate and measure 
the intensity of the higher-energy lines. The usual 


TaBLe I. Summary of energies and intensities of gamma-rays. 
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precautions such as change of solid angle, change of 
absorber, and measurement of the period, were taken 
to make sure that the peaks were genuine and not due 
to pulse addition. 

Owing to the large difference in intensity between 
the strong lines and the weak lines, a series of compari- 
sons had to be made using various sources and different 
experimental arrangements. For example, the lines at 
1.41, 1.84, and 2.17 Mev were compared using a strong 
source and the lead absorber, corrections being made for 
the absorber. The line at 0.935 Mev was then compared 
with that at 1.41 Mev using no absorber. Finally, 
the lines at 0.935, 0.510 and 0.477, and 0.253 were 
compared using a weaker source. The results of the 
measurements are shown in Table I. It is felt that the 
relative intensities of the weak lines give an order of 
magnitude only. 


THE PARTICLE SPECTRUM 


The particle spectrum—positrons and internal con- 
version electrons—was investigated with the help of 
three different magnetic spectrometers—a magnetic 
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lens, the coincidence lens, and a 180° spectrometer. 
Preliminary experiments gave indications of positron 
groups of lower energy than the two main groups 
reported by Deutsch and Hedgran. A careful investiga- 
tion was made of the particle spectrum in the magnetic 
lens using a counter window which would transmit 
particles down to less than 10 kev. The source, made 
by evaporating active cobalt chloride onto a thin 
aluminum backing, was 0.5 mg/cm? thick. Aside from 
the Co*® spectrum, two internal conversion lines of 
long period having energies of 120 and 134 kev, K and 
L lines for a gamma ray of 23-kev energy, and K lines 
for gamma rays of 72- and 95-kev energy having half- 
lives of approximately 9 hours were seen. The lines 
from the gamma rays at 120 and 134 kev presumably 
arise from the 270-day® Co” and those from the gamma 
ray at 23 kev from the isomeric transition’ of Co™. 
The lines at 72 and 95 kev, having a period of 9 hours, 
may also be connected with the decay of Co, but 
further work is necessary to establish this. 

The data were corrected for small amounts of any 
other cobalt activities, and a Fermi plot made. The 
results are shown in Fig. 5 and the end points, relative 
abundances, and values of log ft are shown in Table ITI. 


TABLE II. Positron groups from Co®. 








Abundance 
percent 


E(Mev) 
1.500+-0.008 53.3 
1.03 +0.03 39.5 
0.53 +0.03 4.9 
0.26 +0.02 2.3 











It will be seen that, in addition to the two main positron 
groups at 1.50 and 1.03 Mev, there are two weak groups 
at 0.53 and 0.26 Mev. A similar experiment made with 
a 180° spectrometer, to investigate the internal conver- 
sion lines of Co®5, gave results in agreement with those 
given above. The values given in Table II are the 
averages of all the experiments. 

An experiment was then made with the coincidence 
lens. The scintillation spectrometer was set on the 
high-energy side of the peak of the 1.41-Mev gamma ray 
and those positrons which were in coincidence were 
measured. The end point obtained from a Fermi plot 
of this spectrum, shown in Fig. 6, is 1.03 Mev. The 
weak low-energy groups are not shown. 

Finally, the internal conversion of the strong lines 
at 0.477, 0.935, and 1.41 Mev were investigated in a 
180° spectrograph. The intensity of the internal conver- 
sion lines were found to be 1.10 10~, 1.2410, and 
3.53 10-* internal conversion electrons per positron 
for the lines in order of increasing energy. 


® Nuclear Data, National Bureau of Standards, Circular No. 499 
(U. S. Government Printing Office, Washington, D. C., 1950). 
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Fic. 6. Fermi plot of second group of positrons in Co® 
taken with coincidence lens. 


CONCLUSIONS 


The results of the investigation are embodied in the 
decay scheme shown in Fig. 7. The strong gamma rays 
at 0.477, 0.935, and 1.41 Mev, together with the strong 
positron groups at 1.50 and 1.03 Mev, constituting 
the principal mode of decay, are in agreement with the 
work of Deutsch and Hedgran.' 

The present experiments show two new positron 
groups at 0.53 and 0.26 Mev together with additional 
weak gamma rays. If the strong gamma rays and the 
positron groups are used to established the energies of 
the levels, the weak gamma rays agree both in energy 
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Fic. 8. Photoelectrons ejected by gamma rays from I'™. 


and intensity with the transitions as shown in the level 
scheme. Two other possible gamma rays involving 
transitions from the state at 1.90 Mev to those at 1.41 
and 0.938 Mev were not seen. The first of these transi- 
tions would be obscured by the annihilation radiation 
and the second by the line at 0.938 Mev. 

According to the shell model, the single particle level 
for the ground state of »7Co*® is fy_ and for the ground 
state of osFe®® is ps2. Thus it appears reasonable that 
no positron transition takes place to the ground state 
of the product. The level order in Fe®® should be p32, 
fra, 80/2. The experimentally determined value of log 
ft for the 1.50-Mev positron group is 6.3 and appears 
to be somewhat high for a f7/2 to fs2 transition. The 
value of log ft for the 1.03-Mev group is 5.8 and is in 
good agreement with what would be expected for a f7/2 
to go2 transition. It is not felt that the determination 
of the internal conversion coefficients, either by the 
present writers or by Deutsch and Hedgran, is accurate 
enough to be of much help in determining the character 
of the states involved. 
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Experiments on I'*° 


I® was prepared by bombarding tellurium with 
deuterons. The sample was dissolved in HNO; with 
some KI, to serve as a carrier, and the iodine was 
distilled off, extracted by CCl, and eventually pre- 
cipitated as AgI for use as sources. The I™ (half-life 
12.6 hrs) was accompanied by other iodine activities 
and corrections for these had to be made in doing the 
experiments. In order to keep unwanted activities to a 
minimum, separated Te™ was used as a target for some 
experiments. 

THE GAMMA RAYS 


In order to investigate the gamma rays, the spectrum 
of the photoelectrons ejected from either a lead or a 
uranium radiator was measured in a magnetic lens 
spectrograph. The main curve of Fig. 8 shows 
the number of photoelectrons per unit momentum 
interval for a lead radiator of 16 mg/cm? surface 
density plotted against the current in the lens. The 
peaks labelled K,, L;, to Ky, Ls, denote the K and L 
photoelectric peaks arising from four different gamma 
rays emitted by I. The peak labelled K,+Z; contains 
the K photoelectrons for a line at 0.744 Mev and the L 
peak for a line at 0.660 Mev. A similar experiment with 
a uranium radiator resolved the K, from the L; peak 
but caused the overlapping of other lines. The energies 
of these lines are given in Table III. 

The gamma rays were also measured using a NaI(T]) 
scintillation spectrometer and the results are shown in 
Fig. 9. In this figure, the two low-energy lines shown in 
Fig. 9 are clearly resolved but the line at 0.660 Mev 
shows some overlapping with that at 0.744 Mev. In 
addition a higher-energy line of energy about 1.15 Mev 
is seen. Experiments were performed to be sure that 
this line was not due to “pulse pileup.” The spectrum 
was then reinvestigated in the magnetic lens spectrom- 
eter employing a strong source and a uranium radiator. 
The result is shown in the insert of Fig. 8 where a K 
and an L photopeak will be seen corresponding to a 
line at 1.15 Mev. 

Estimates of the relative intensities of the gamma 
rays were obtained by determining the area under the 
several K photopeaks involved and applying the 
corrections for the variation of photoelectric efficiency 
with energy. SinceJthe K photopeak for the line at 
0.744 and the L photopeak for the line at 0.660 coincide, 
a correction had to be made for the intensity of the 


TABLE III. Gamma rays from I™. 








Relative 


Energy of gamma ray 
intensity 


Gamma ray Mev 


0.409 0.3 
0.528 1.00 
0.660 0.9 
0.744 0.8 
1.15 0.4 
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latter. This was accomplished by measuring the K and 
L photopeaks for the line at 0.530 Mev and using this 
to compute the contribution of the Z peak for the line 
at 0.660 Mev. The intensity of the line at 1.15 Mev was 
determined by comparing the K photopeak produced 
by it in a uranium radiator with those of the other 
lines produced by the same source using a uranium 
radiator. The results, shown in Table III, are not felt 
to be known to better than 20 percent. 


THE BETA-RAY SPECTRUM 


The distribution of beta rays and internal conversion 
electrons was investigated with the help of the magnetic 
lens spectrometer. Figure 10 shows that part of the 
spectrum containing the internal conversion lines. All 
lines are internally converted. A Fermi analysis of the 
beta-ray spectrum was made and it was found to be 
resolvable into two groups with end-point energies of 
1.02 and 0.597 Mev, in agreement with Roberts ef al. 
No groups of higher energy than that at 1.02 Mev were 
found. Table IV gives the characteristics of the beta-ray 
groups. 

The number of internal conversion electrons per 
disintegration were obtained by taking the area under 
the K internal conversion peaks and comparing this to 
the area under the beta-ray spectrum. For the line at 
1.15 Mev the Z line was not resolved from the K line. 
The results are given in Table V together with estimates 
of the K/L ratios. 


COINCIDENCE EXPERIMENTS 


Two scintillation counters using NaI(T]) crystals and 
equipped with differential pulse-height analyzers were 
used to measure coincidences between certain gamma- 
ray lines. The resolving time of the coincidence circuit 
was 0.2 microsecond. 

Two sets of experiments were carried out. In the first 
one, Channel 2 was set on the high side of the peak 
arising from the (0.660+0.744)-Mev lines, and Channel 
1 was swept through the range of the spectrum. Figure 
11 shows the result of the experiment. It will be seen 
that the coincidence curve shows a peak at 0.660 Mev, 
somewhat to the lower energy side of the composite 
peak shown in the singles spectrum. Peaks are also seen 
for the 0.528- and 0.409-Mev lines in the coincidence 
spectrum. 

A similar experiment was carried out in which 
Channel 1 was set on the line at 1.15 Mev and Channel 2 
swept across the spectrum. The results show that the 
1.15-Mev line is in coincidence with those at 0.660 and 
0.528 Mev but not with those at 0.409 and 0.744 Mev. 


TABLE IV. Beta rays from I'™, 
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Fic. 10. Internal conversion lines from I™. 


DISCUSSION OF THE RESULTS ON I'* 


The present experiment has shown that, in addition 
to the gamma-ray lines established by Roberts ef al., 
there ‘3 an additional gamma ray having an energy of 
1.15 Mev. The position of the line at 0.409 Mev is 
fixed by the difference in energy of the two beta-ray 
groups and is therefore placed at the top of the disinte- 
gration scheme in agreement with previous work. The 
existence of the line at 1.15 and the gamma-gamma 
coincidence experiments involving this line show that 
it must be in parallel with those at 0.409 and 0.744 Mev, 
which definitely fixes the position of the 0.744-Mev 
line. The other two lines are placed in cascade at the 
bottom of the scheme. Relative intensity determina- 
tions, although not very accurate, tend to confirm 
this assignment. The proposed decay scheme is shown in 
Fig. 12. The line at 0.528 Mev is placed below that at 
0.660 Mev from considerations involving the collective 
model. 

In order to obtain some idea of the spins and parities 
of the states involved, the internal conversion coeffi- 
cients of the various lines have been calculated and 
compared with the values given by Rose, Goertzel, 
and Perry.” Since the lines at 0.528 and 0.660 Mev 
are in cascade and follow all beta and all other gamma 
transitions, the calculation is straightforward. In order 
to calculate the internal conversion coefficients for the 
other lines, the number of transitions per disintegration 
for the line in question must be calculated making use 


TABLE V. Internal-conversion data. 








K internal- 
conversion 

electrons per 

Ey disintegration 
0.409 44X10 
0.528 5.510 
0.660 3.2X10-% 
0.744 2.1X10% 

1.15 (8.8 10~5)* 


K/L ax (obs) ax (theor) 


1.6X 10? 
5.5 10% 
3.210% 
2.7X 10% 
2.5X10~ 





6.8 X 10°*(E2) 
rytete any 
2.9X 10-*(E2) 
4.7X10-" £1) 








* The number in parenthesis denotes that this of the total number of 
internal conversion electrons per disintegration. 

” Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ONRL-1023, June 25, 1951, (unpublished). 
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Fic. 11. Gamma-gamma coincidence experiment. (Channel 2 Set 
on the line at 0.744 Mev.) 


of the assumed disintegration scheme, the relative 
abundance of the two-beta-ray groups, and the branch- 
ing ratio for the gamma rays emitted from the state 
at 2.34 Mev. The branching ratio, 


X =I ,407/ (To.s07+i.15), 


can be calculated either from the observed relative 
intensities of the lines at 0.407 and 1.15 Mev or from 
the relative intensities of the 0.407- and 0.744-Mev lines 
taking into consideration the relative abundance of 
the two beta-ray groups. The value for the branching 
ratio is X =0.47+0.04, The number of transitions per 
disintegration involving the line at 0.744. Mev is 


therefore 
N®-™/Nai,=0.54X+0.46=0.79, 


Taking into account the number of X internal-conver- 
sion electrons per disintegration given in Table V, 
the internal conversion coefficient can be calculated. 
A similar procedure was used for the other lines. The 
results together with the theoretical values are shown 
in Table V. The internal conversion coefficients for 
lines at 0.528, 0.660, and 0.744 Mev all agree with the 
theoretical prediction for E2 radiation. The internal 
conversion coefficient of the 0.409- and 1.15-Mev lines 
are much less certain since their determination is very 
sensitive to the branching ratio X. The line at 1.15 
Mev appears to be reasonably consistent with E1 
radiation, while that at 0.409 Mev might be £1(4.2 
10), £2(4.0X10-*), or M1(1.74X10~*). Since the 
ground state of Xe™ has zero spin and even parity, 
the £2 character of the lines at 0.528, 0.660, and 0.744 
Mev, suggests spins of 2, 4, 6, and even parity for the 
first three excited states. This is in agreement with 
what is to be expected from either the single-particle 
model for an even-even nucleus or from the collective 
model. The value of log fi for the 1.02-Mev beta group 
would imply AJ =0, yes for this transition." Combining 
this information with that obtained for the first three 
excited states of Xe™, the spin and parity of the ground 
state of I™ is 6, odd. The value of log ft for the 0.597- 


nL, W. Nordheim, Revs. Modern Phys. 23, 322 (1950). 
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Mev group shows that it is allowed and is consistent 
with AJ=1, no. The spin and parity of the state in 
Xe™ at 2.34 Mev would then have to be 5, odd, which 
is consistent with the £1 character of the 1.15-Mev line. 
The internal conversion coefficient and relative intensity 
of the line at 0.409 Mev is still somewhat of an anomaly. 

Since neither the parent nor the product nucleus 
corresponds to a case in which the proton or the 
neutron number is one less or one greater than a closed 
shell, the single-particle model is not strictly applicable. 
It is interesting to compare the present results with 
what would be expected on the basis of the collective 
model of Bohr and Mottelson.”: They point out that 
in the region between closed shells, the strong-coupling 
collective model gives good results for the ratio of the 
energies of the lower excited states. The closer one 
approaches closed shells (magic numbers for protons 
or neutrons) the less appropriate the strong-coupling 
theory becomes. In the present instance both the parent 
and product are reasonably close co closed shells (50 
protons and 82 neutrons). Nevertheless, the present 
experiments may serve as a test of the collective model. 

For even-even nuclei with sufficiently great deforma- 
tion, the collective model predicts a rotational spectrum 
of levels with energies :'” 


E;= (h?/2J)I(I+1)+4Er; 


in which J is the effective moment of inertia, and 
AE;, the first order correction to the strong-coupling 
formula, is given approximate y by 


AE; = —2 (hw)? (h?/J)3P (+1). (2) 


Here fw is the surface phonon excitation energy, about 
2.2 Mev at A=130. Equation (2) is the sum of Eq. 


[=0, 2, 4°°*, (1) 
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Fic. 12. Disintegration scheme of I™. 


aA. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab., Mat.-fys. Medd. 27, No. 16 (1953). 
8 A. Bohr and B. R. Mottelson, Phys. Rev. 90, 717 (1953). 
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(VI 3a) and (VI 3b) of reference 12, in which wg and 
wy have been replaced by limiting strong-coupling 
values. 

One may check the rotational interpretation of the 
low states of Xe qualitatively in several ways: (1) the 
level order is consistent with the predicted order 
0+, 2+, 4+, 6+. (2) One can calculate the nuclear 
deformation from the energy of the first excited state 
using the relation" 


8= 171/A*7E2(Mev). (3) 


The result is 8=0.310, which fits very well into the 
systematic trend of the other Xe isotopes," suggesting 
a regularly decreasing nuclear deformation as the 
closed neutron shell at V=82 is approached. (3) The 
ratios of the energies of the excited states, E,/E, and 
E;/E, deviate from the limiting strong coupling ratios 
in the expected direction, but the deviation is too large 
to receive quantitative explanation in terms of the 


4K. W. Ford, Phys. Rev. 90, 29 (1953). 
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Taste VI. Energy ratios for excited states in Xe™. 
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first order correction given by Eq. (2). The comparison 
of theoretical and experimental ratios is shown in 
Table VI. It seems reasonable to interpret the Xe™ 
levels as collective rotations, but the nuclear deforma- 
tion is not great enough to lend quantitative validity 
to the strong coupling approximation which works so 
well in the rare earth region and the region near uranium, 

The authors are indebted to Dr. M. B. Sampson 
and the cyclotron group for making the bombardments, 
and to Mr. Arthur Lessor for making the chemical 
separations. They are also indebted to Dr. Kenneth 
W. Ford for many helpful discussions. The separated 
Te™ was obtained from the Oak Ridge National 
Laboratory. 
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The (d,py) correlation at Eg=0.84 Mev was measured under the following conditions: (1) proton 
direction fixed at 0° to the deuteron beam, gamma direction varying, (2) proton direction fixed at 90° to 
the beam, gamma direction varying in the deuteron-proton plane, and (3) proton direction fixed at 90°, 
gamma direction varying in the 90° plane, perpendicular to the beam. The three correlations were different, 
and showed varying amounts of anisotropy. The appearance of terms in cos in these correlations indicates 
that the spin of the first excited state of Be” is >2. Coupled with other information on this state, this 
result gives a spin assignment of 2. A qualitative discussion of the correlations is given, and the effect of 
the deuteron stripping process is considered. The (d,avy) correlation was also measured with the alpha 
direction fixed at 90° to the beam and the gamma direction varying in the deuteron-alpha plane. Failure 
to detect a departure from isotropy again confirms the assignment of 4 to the spin of the first excited 


state of Li’. 


I. INTRODUCTION 


HE electromagnetic radiation from the first 

excited state of Be has been studied in coin- 
cidence with short-range protons in the reaction, 
Be®(d,p)Be™* (y)Be. The coincidence yield in such a 
reaction is, in general, a function of considerable 
complexity, involving the directions of the deuteron, 
proton, and gamma ray, as well as the deuteron energy 
and the properties of the various states and particles 
taking part in the process. The correlation function will 


* Assisted by a contract with the U. S. Atomic Energy Com- 
mission. 

t Now at Knolls Atomic Power Laboratory, General Electric 
Company, Schenectady, New York. 

t Now at Rice Institute. Houston, Texas. 


be designated by W(6,,0,,), where 6, and 6, are 
measured with respect to the direction of the deuteron, 
and ¢ is the dihedral angle between the proton-deuteron 
and gamma-deuteron planes, all in the center-of-mass 
coordinate system. 

The following correlation functions were measured : 


(1) W(0,0,,6)=W(0,0,). If only waves of the same 
parity are present in the gamma-ray transition, as will 
be assumed henceforward, the correlation function has 
reflection symmetry in the 0,=90° plane, and can be 
written: 


K 
W (0,9,)= ¥ Aan cos?"0, = W (0,180—8,), 
n=O 
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where K is an integer which cannot be greater than J, or 
L,.'* I is the spin of Be* and 27 is the multipolarity 
of the gamma radiation. 

(2) W(90,,,180). If one assumes compound-nucleus 
formation, the participating states of the compound 
nucleus play an important role in determining the form 
of the correlation function.’ If only states of the same 
parity in the compound nucleus take part, the correla- 
tion function will be symmetric about 0,=90°, as before : 


Kk 
W (90,6,,180) = 5° Bon cos?*6,= W (90, 180—0,, 180), 
n=O 


where K is again limited by J, or L,. In addition, 
W (90,6,,0) = W (90,6,,180), 


since W(90,0,,0) is equivalent to W(90,—6,,180). If, 
however, there are states of opposite parity, antisym- 
metric terms are introduced. Designating these terms 
by W’, one obtains, 


W’ (90,0,,180) = — W’(90,,,0) = W’(90,180—6,, 0). 


(3) W(90,90,¢). In general the correlation function 
is given by 


xk 
W (90,90,6) = ¥> Cen cos?*o. 
n=) 


If the deuteron beam does not provide an orientation 
in the reaction then of course a unique correlation is 
obtained independent of the direction of the proton. 
If the reaction proceeds by means of the stripping 
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Fic. 1. Approximate pulse height with a NaI(Tl) detector of 
particles from Be®-+-d as a function of absorber thickness. 


1 Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 
Other possible limitations on K are discussed in this and the 
following reference. 

2C. M. Class and S. S. Hanna, Phys. Rev. 87, 247 (1952). 

The statements under (2) and (3) follow directly from an 
examination of the general correlation function obtained from the 
function given in reference 1 by suitable modification to include 
multiple states of the compound nucleus. 
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mechanism, the correlation function may be written + 
N 
W,(0,.)= > Don cos?"O,, 
n=) 


where 6, is the angle of the gamma ray measured with 
respect to the propagation direction of the captured 
neutron in the laboratory. The integer N cannot be 
greater than J, or L, or /,, the orbital angular momen- 
tum of the captured neutron. 

A measurement was made also of the alpha-gamma 
correlation in the Be*(d,a)Li’*(y)Li’ reaction. Since no 
anisotropy was detected in the W (90,6,,180) correlation, 
as expected, no further measurements were made for 
other alpha directions. 


Il. APPARATUS 


Sodium iodide crystals were used in conjunction 


with 5819 photomultiplier tubes for the detection of 


both the gamma rays and the protons. The crystal 
used in the gamma ray detector was a one-inch cube; 
the detector was mounted outside the target chamber 
and could be rotated about the axis of the chamber. 
In order to reduce the response of the proton detector 
to neutrons and gammas, thin sodium iodide crystals 
were used. A crystal 7g in. thick or less was mounted 
inside the target chamber on a window optically coupled 
to an external photomultiplier tube. The crystal was 
covered by a 0.02-mil nickel foil. 

Two cylindrical target chambers were used during 
the course of the experiment. One chamber was con- 
structed of aluminum with a }-in. wall; the other of 
brass with a gy-in. wall. Two sets of targets were 
employed : one consisted of thin beryllium foils mounted 
on thin aluminum or nickel backings, the other of thin 
beryllium deposits on thicker copper or tantalum 
backings. The thin backings were used in the observa- 
tions in which the protons were detected in the forward 
direction. All the targets were approximately 0.07 
mg/cm*. 

Pulses from the detectors were amplified and analyzed 
in single-channel pulse-height analyzers, which were 
modifications of the circuit designed by Roulston. 
The outputs of the analyzers actuated blocking oscil- 
lators which presented uniform pluses to the coincidence 
circuit and to the scalers which recorded the single- 
channel counting rates. The coincidence circuit was a 
modification of one used previously,? with a resolving 
time of about 10~’ sec. The accidental coincidence rate 
was monitored continuously by means of a second, 
similar coincidence circuit which received pulses 
delayed by 0.75 usec from one of the channels, and 
underlayed pulses from the other. 

‘ Biedenharn, Boyer, and Charpie, Phys. Rev. 88, 517 (1952); 
L. { Gallaher and W. B. Cheston, Phys. Rev. 88, 684 (1952); 
G. R. Satchler and J. A. Spiers, Proc. Phys. Soc. (London) A65, 


980 (1952). 
*K. I. Roulston, Nucleonics 7, No. 4, 27 (1950). 
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Fic. 2. Pulse height spectra for different absorbers. The two 
lower curves were taken at increased gain but are plotted to 
approximately the same energy scale as the two upper curves. 

e high-energy end of the spectra in the lower curves is badly 
distorted by over loading in the amplifier. Curves labelled coin- 
cidences show the particles in coincidence with 3.4-Mev gamma 
radiation. 


The deuteron beam, obtained from an electrostatic 
accelerator, had an energy of 0.84 Mev for practically 
all the measurements. 


Ill. THE Be*(d,p)Be'* (y)Be'* REACTION 


The observed charged-particle spectrum included 
two groups of protons, two groups of alpha particles, 
and two groups of tritons from Be*+d, proton groups 
from C®+d and O'*+-d, and elastic deuterons. In order 
to avoid overloading the detector and the circuits, it was 
necessary to eliminate the elastic deuterons by inserting 
a suitable amount of absorbing foil between target 
and crystal. Figure 1 gives the approximate pulse 
heights of the various relevant groups as a function of 
thickness of aluminum foil. The curves were calculated 
using the pulse height data on NaI(TI) of the Illinois 
group.® The target chamber was provided with a foil 
wheel incorporating four foils, and the spectra obtained 
are shown in Fig. 2. p, p’, and a indicate groups from 
the beryllium reaction, and p, is the proton group from 
carbon. In the two lower curves for the thicker foils, 
a higher grain was used and the upper end of the 
spectrum is badly distorted by overloading in the 
amplifier. In the two upper curves the short-range 


* Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 


84, 1034 (1951). 
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proton group ~’ is superimposed on the two alpha 
groups (not resolved). In the lower curves the alphas 
are well below the short-range protons. In all the spectra 
the very broad group of short-range tritons from the 
beryllium reaction’ also falls in the region of the p’ 
group. 

As in the case of the charged particles, the gamma-ray 
spectrum is very complex.® In addition to the 3.36-Mev 
gamma from Be*(d,p)Be™, there are at least seven 
gamma rays from Be*(d,n) B™*, a 0.87-Mev gamma from 
O'*(d,p)O'*, and a 3.1-Mev radiation from C"(d,p)C™*. 
The sodium iodide spectrum of these gamma rays has 
been investigated in detail in this laboratory, and the 
results will appear in a separate publication. Under low 
resolution, one obtains the spectrum shown in Fig. 3. 
The broad peak contains the multiple structure due to 
pair production and Compton scattering in the crystal 
of the following gamma rays: 3.6 and 2.9 Mev from 
B'*, 3.4 Mev from Be, and 3.1 Mev from C™*, 

The p-y coincidences were obtained as follows. The 
gamma-ray detector was calibrated with radiation of 
known energy. With a wide, 7.5-volt channel, the 
gamma-ray analyzer was set to record radiation of 
about 3.4 Mev. The proton analyzer, also with a 7.5- 
volt channel, was then set in the region of the short- 
range proton group, and a coincidence spectrum was 
obtained by varying the setting of the proton analyzer. 
Typical coincidence curves obtained are shown in Fig. 
2. With the proton channel on the peak of the coinci- 
dence curve, a coincidence spectrum was then obtained 
for the gamma rays. A typical curve is shown in Fig. 3. 

Coincidence curves were obtained in this manner 
before nearly every run. Despite the fact that all these 
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Fic. 3. Pulse height spectra for the gamma radiation from 
Be’+d (labelled “reaction”), Na* (0.5 Mev), and Po-Be (4.4 
Mev). The coincidence curve shows the radiation in coincidence 
with short-range protons, 


71. Resnick and S. S. Hanna, Phys. Rev. 82, 463 (1951). 
( — Hornyak, and Lauritsen, Phys. Rev. 76, 581 
1 ; 
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Fic, 4, The W(90,9.,,180) and W(90,0,,,0) correlations. Measure- 
ments were made from @,,=0 to 45° in the ¢=0 plane and from 
0,0 to 150 in the = 180 plane, Ad, indicates the angular aperture 
of the gamma counter. 


measurements indicated that the proton-gamma coin- 
cidences were well isolated, other sources of coincidene 
radiations may be considered. They are listed in Tablt 
I, With the channel of the gamma detector set to exclude 
radiation below about 3 Mev, the alpha-gamma and 
proton-gamma radiations from Be’ and O"*, respectively, 
are eliminated. The absorbing foil completely stops the 
protons from the C™ reaction. There remains the 
gamma-gamma and also perhaps neutron-gamma 
coincidences from the Be*(d,ny)B™ reaction. With a 
wide channel set on 3.4 Mev, the gamma-ray detector 
will also record some of the 2.9- and 3.6-Mev radiation 
from the B"” nucleus, These gamma rays are both in 
coincidence with a 1,3-Mev neutron; the 2.9-Mev 
radiation is in coincidence also with a 0.7-Mev gamma 
ray. The use of thin sodium iodide crystals and energy 
discrimination makes the proton channel very insensi- 
tive to these radiations. It is believed that the rise in 
the coincidence spectrum at very low pulse height in 
the lowest curve of Fig. 2 is due to coincidences between 
2.9-Mev gamma rays in the gamma detector and 
0.7-Mev gamma rays in the proton detector. As a 
further test of the purity of the desired coincidences, at 
the maxima of the coincidence spectra, an additional 
foil was placed between the target and the proton 
detector so as to completely stop the protons with very 
little effect on the neutrons and gammas. The coinci- 
dence rate obtained in this manner was negligible 


compared to the rate obtained without the additional 
foil. 

The angular correlation measurements were obtained 
by observing, at each angle of the gamma counter, the 
coincidence yield, the single channel yields of both 
detectors, and the integrated beam current. The time 
of observation at each angle ranged from 10-30 min. 
In nearly all the correlations runs the angular settings 
were repeated at least once, and sometimes as many 
as eight times. 

The 90° setting of the proton counter was made in 
the laboratory system of coordinates. Hence, the 90° 
correlations are actually for 6,=95°(c.m.). The effect 
of this 5° shift on the correlations is considered below. 
If the coincidence yield is normalized to the proton 
yield, it is necessary to consider the following: (1) 
variation in the distance of the gamma counter; 
(2) absorption of the radiation in the target backing; 
(3) center-of-mass correction on the gamma yield, and 
(4) variation in the energy and hence the efficiency of 
detection of the gamma ray. In most instances these 
effects were small compared to the experimental 
uncertainty in the measurements. Suitable corrections 
have been applied in those cases in which the effects 
were appreciable. 


(A) The W(90,6,,180) Correlation 


The aluminum target chamber was mounted with its 
axis vertical. The beam, the proton detector (at 90°), 
and the rotating gamma detector were in a horizontal 
plane. The target plane was vertical and at an angle 
with respect to the beam which was varied between 
30° and 60° in various parts of the experiment. The 
aluminum foil thickness was either 0.20 or 0.28 mil 
producing the charged particle spectra at the top of 
Fig. 2. 

Four measurements of the angular correlation were 
made under somewhat different conditions. The results 
are shown in Fig. 4. A pronounced variation of the 
coincidence yield with angle is observed. The data from 
the four runs were averaged together and plotted in 
Fig. 5(A). The correlation appears to have the property 
that 

W (90,0,,0) = W (90,180—8,, 180). 


Accordingly, data in the @=0°-+90°, ¢=0° quadrant 
have been plotted at the corresponding points in the 


TABLE I. Coincident radiations from deuteron bombardment of 
Be® and target impurities. Particle energies are computed for 
Ea=0.84 Mev, 0=90° and an absorbing foil of 0.2-mil aluminum 
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Fic. 5. (A) shows an average of the four runs in Fig. 4. Points 
in the 0,=0°-+90°, ¢=0° quadrant have been plotted in the 
0,=90°-+180°, @=180° quadrant. (B) shows the data in (A) 
folded about @,=90° with corresponding points averaged. (C) 
shows the result of subtracting the points in (B) from the data 
in (A). 


6=90°-— 180°, ¢= 180° quadrant, producing a smooth 
curve in this quadrant. In order to display the sym- 
metric part of this curve, it was folded about 0,=90° 
and corresponding points averaged to produce the 
symmetric curve in Fig. 5(B). Subtracting the points 
in this plot from the observed yield, gives the anti- 
symmetric curve in Fig. 5(C). 

The data in Fig. 5(B) are fitted very well by the 
least-square curve, 


W (90,0,,180) = 1.24(1— 1.23 cos%,+ 1.03 cos‘#,), 


which is the curve drawn in the figure. The points in 
Fig. 5(C) have been fitted with the curve, 


W’ (90,8,,180) = —0.20 sin26,, 


which seems to provide a good description of the data. 
Since the dependence of the correlation function on the 
angle ¢ is not known, it is not possible to obtain an 
exact modification of these functions for the finite 
apertures of the detectors. An approximate calculation, 
assuming the dependence on ¢ to be negligible over the 
apertures, indicates that the coefficients should be 
be increased by 14-18 percent. 


(B) The W(90,90,¢) Correlation 


The brass target chamber was mounted horizontally 
with its axis along the beam direction. The target was 
oriented so that its normal made angle of about 60° 


ANGULAR CORRELATIONS 








423 





with the beam and with the direction of the proton 
counter (at 90° to the beam). The gamma counter was 
rotated in the vertical 6,=90° plane. The aluminum 
foil was 0.65 mil, producing the spectrum in the lowest 
curve of Fig. 2. 

Two separate runs were made. Their average is shown 
in Fig. 6. A very small correlation is observed, at most 
10 percent. Because this correlation was performed 
under different conditions, the W (90,0,,180) correlation 
was remeasured briefly. No great accuracy was achieved, 
because of the difficulty of making settings and measure- 
ments on the gamma counter in the horizontal plane. 
The results are given in Fig. 6. They are in substantial 
agreement with the earlier measurements on the W (90, 
6,180) correlation. 


(C) The W(0,6,) Correlation 


The brass target chamber was reoriented with its 
axis vertical and with the proton detector at 0° to the 
beam.’ Beryllium targets on thin backings were used so 
as to allow protons to reach the detector. With an 
0.9 mil absorbing foil, a spectrum similar to the lowest 
curve of Fig. 2 was obtained. The location of the beam 
tube and the proton detector limited the settings of the 
gamma counter to angles between 45° and 150°. In 
some of the runs the gamma counter was retracted at 
the extreme angles to obtain greater angular coverage 
in 6,, necessitating a large inverse square correction at 
these angles. 

All the observations made on this correlation are 
shown in Fig. 7, plotted to the samé scale as for the 
other correlations. A weighted average of all the data 
is given at the bottom of the figure. 

In this correlation there appears to be a small but 
definite departure from isotropy which is symmetric 
about 6,=90°. A satisfactory fit to the data can be 
obtained by including terms up to cos‘@. A least square 
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Fic. 6. The W(90,90,6) correlation and the W(90,,180) correla- 
tion taken with the same physical and geometrical arrangement. 
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analysis gives 
W (0,6,) = 1.03(1+-0.20 cos*@, —0.23 cos,). 


The correction for the detector apertures would increase 
the coefficients by about 15 percent. Although these 
coefficients are fairly large, it is clear that they are 
subject to considerable uncertainty. Over the range of 
angles available, the measured coincidence yield varies 
by about 10 percent, which is only two or three times 
the combined experimental and statistical error. 


IV. DISCUSSION 


The appearance of a term in cos, in the symmetric 
part of the W(90,0,,180) correlation and in the W(0,6,) 
correlation places a lower limit of two on the spin of 
the first excited state of Be", Several investigators® 
have observed the angular distribution of the protons 
with respect to the beam at bombarding energies from 
3-15 Mev. The appearance of a forward peak in the 

~ °F, A. El Bedewi, Proc. Phys. Soc. (London) A65, 64 (1952); 


C. F. Black, Phys. Rev. 87, 205 Bla} Fulbright, Bruner, 
Bromley, and Goldman, Phys. Rev. 88, 700 ’(1952). 


distribution, corresponding to the /,=1 peak in the 
stripping reaction, places an upper limit of three on the 
spin of Be, and indicates even parity for the state. 
These experiments, therefore, limit the assignment to 
2+ or 3+. With an assignment of 0* for the ground state, 
the radiation is either E2 or M3. Thomas and Lauritsen” 
have measured the internal pair formation coefficient of 
this gamma ray, and have found it to be consistent only 
with E1, M1, or E2 radiation. Hence, an assignment 
of two to the spin of the first excited state of Be” is 
indicated, as is the case in a large number of the even- 
even nuclei." The choice of two, instead of three, for 
the spin is supported by the very good fit that is 
obtained in the W (90,0,,180) correlation with a function 
containing terms only up to cos‘#,. Although the lack 
of a term in cos could be ascribed to other circum- 
stances, it is a natural result of the assignment of spin 
two. 

The antisymmetric term observed in the 0,=90°, 
= 180° correlation, is of interest. It can be attributed 
in part at least to the fact that the correlation was 
actually obtained at 6,=95° in the c.m. coordinate 
system. Hence terms in the general correlation function 
containing cos@, which vanish at @,=90°, are small but 
not negligible at 0,=95°. These terms arise from 
interference among magnetic substates in the triple 
correlation process' and provide a dependence on @,, 
having the symmetry observed, although not neces- 
sarily of the simple form sin26,. As mentioned in the 
introduction, the same behavior, even at 0,=90°, can 
be ascribed formally to the presence in the compound 
nucleus of two or more participating states, not all of 
the same parity. The proton and neutron angular 
distributions from Be*’+-d, at bombarding energies in 
the range of the present investigation, show asymmetries 
which can be attributed to interfering states in the 
compound nucleus.’"* These same distributions also 
give evidence for some deuteron stripping at these 
bombarding energies. It is therefore interesting to 
examine the stripping angular correlation in connection 
with the measurements in the present investigation. 

It is clear that the three correlations that were 
studied are not compatible with the stripping process 
alone. The stripping correlation should be a function 
only of the angle between the gamma ray and the 
direction of recoil of the Be'* nucleus. When the protons 
are emitted at 0°, the axis of the stripping correlation 
coincides with the proton direction. When the protons 
are observed at 90°, the axis turns out to be at 45° to 
the beam, in the ¢= 180° plane. 

A stripping angular correlation can be computed for 
each channel spin entering the stripping process. With 


10 R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 

1G, Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

® Note added in proof——We have recently measured the cor- 
relation for a setting in the laboratory corresponding to 6,=90° 
in the center-of-mass system. The antisymmetric term appears 
to be reduced, but not eliminated, at this setting. 

3 Pruitt, Hanna, and Swartz, Phys. Rev. 87, S34 (1952). 
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W,(0,)=1+-cos’@, for channel spin 1, 
W,(0,)=1—cos*@, for channel spin 2. 


In the 6,=0° correlation, 6,=6,, and it is not possible, 
on the basis of symmetry, to separate a stripping 
correlation of the form 1+ D, cos*@, from the observed 
correlation. The stripping process, however, cannot 
account for a term in cos‘@. 


In the 0,=90°, ¢= 180° correlation, 0,=0,—45°, 
and cos, = $(1+-sin26,)- 
Hence the term in sin2@, observed in this correlation 


could be attributed in part at least to the stripping 
process. W,(0,) would have the form 1+D, cos%,, 


with D.<0. Removal of a correlation of this type from ~ 


the W (90,90,¢) and W(0,0,) correlations would in both 
cases increase the observed departure from isotropy. 
It is not possible to carry out an analysis in any detail 
because of the unknown parameters involved, especially 
in view of the coherent nature of the stripping and 
compound nucleus processes. It would be interesting to 
observe the (d,py) correlation at other deuteron energies 
and proton angles, in particular at the maximum of the 
stripping distribution. 


V. THE Be*(d,a)Li’*(y)Li’ REACTION 


Following the measurement of the W(90,0,,180) 
correlation in the (d,py) process, a measurement of the 
(d,ay) correlation was obtained with the same experi- 
mental arrangement. It was necessary only to change 
the setting of the gamma channel from 3.4 Mev to 
0.5 Mev, and make a small adjustment in the channel 
of the charged particle detector. With an 0.20-mil 
Al absorber, (see Fig. 2), the alpha coincidence curve 
was observed at slightly higher pulse heights than the 
proton coincidence curve shown in Fig. 2. 


TABLE II. Summary of experiments in which no anisotropy 
has been detected in the emission of the 0.48-Mev gamma ray 
from Li’. 








Beam energy, 
Correlation Mev Ref. 


0.8—1.1 
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*R. M. Littauer, Proc. Phys. Soc. (London) A63, rt (1950), 
> B. Rose and A. R. W. Wilson, Phys..Rev. 78, 68 (1950). 

¢ See reference 2. 

4 J. O. Newton, Proc. Phys. Soc. (London) A64, 938 (1951). 

e W. H. Burke and J. R. Risser, Phys. Rev. 87, 294 (1952). 

! A. J. Salmon and E, K. Inall, Proc. Phys. Soc. (London) A66, 297 (1953). 
s J. Thirion, Compt. rend. 232, 2418 (1951). 

b Phillips, Heydenburg, and Cowie, Phys. Rev. 85, 742 (1952). 

1 See reference 15. 
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Fic. 8. The W(90,8,,180) correlation for the (d,a,y) process. 


In view of the many experiments, cited in Table II, 
in which the 0.48-Mev radiation from Li™ is found to 
be isotropic, it was fully expected to be isotropic in 
this case also. A measurement of the correlation there- 
fore would provide ¢, good test of the equipment and the 
method of energy selection. On the other hand, it would 
give one more “determination” of the spin of Li’. 
In this instance a comparison with the markedly 
anisotropic (d,py) correlation would be fairly convinc- 
ing, since both reactions originate in the same manner 
and involve the same states in the compound nucleus. 
The (d,ay) correlation has recently been measured by 
Uebergang and Tanner under different conditions, 
with an isotropic result. 

The results of the present measurement are shown in 
Fig. 8. It was not thought worthwhile to achieve the 
same accuracy in this correlation as in the (d,py) 
measurements. If the data are folded about @,=0° and 
90°, the resulting correlation can be considered isotropic 
to within about 5 percent. It should be noted that in 
this measurement the discrimination between the a-y 
and p-y processes is not complete, since the gamma 
counter, set on 0.5 Mev, will respond to some 3.4-Mev 
radiation, and the protons and alphas are imperfectly 
resolved in the particle channel. There is perhaps a 
trace of the (d,py) correlation discernible in the (d,ary) 
measurement in Fig. 8. 

A summary of the correlation experiments on the 
0.48-Mev gamma ray is given in Table II. There is now 
abundant evidence for the isotropic distribution of 
this gamma ray under a variety of conditions in a 
number of reactions, leading to the assignment of 
4 for the spin of the first excited state of Li’. 

We wish to thank Dr. S. M. Shafroth for generous 
assistance in the early part of this experiment. We have 
benefited from discussions with Mr. T. S. Schreiber, 
who is attempting a more quantitative interpretation 
of the data in this investigation. Mr. Paul Milich aided 
in the construction and care of the equipment, and Mr. 
Richard Lee in the operation of the accelerator. 


%R. G. Uebergang and N. W. Tanner, Australian J. Phys. 6, 
53 (1953). 
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It is shown that (a) the 27-day recurring cosmic-radiation in- 
tensity variations are not produced by geomagnetic field distur- 
bances, and (b) this 27-day variation is a primary intensity 
variation produced by a charged particle accelerating mechanism. 

These results were obtained without invoking special models 
for the magnetic field disturbances or requiring detailed time 
correspondence between cosmic-radiation intensity and magnetic 
field intensity variations. The conclusions were based upon 
experimental observations covering a 19-month period in 1951 
and 1952. The results are derived from neutron-intensity varia- 
tions measured as a function of time in aircraft and neutron 
monitor piles. The data reveal that an indirect association exists 
between the 27-day intensity variation and geomagnetic dis- 
turbances: i.e., geomagnetic disturbances are most likely to occur 
approximately 2 days after the 27-day maxima of cosmic-ray 
intensity. It is also shown that intensity changes of ~3-6 percent 
are sometime’ not followed by any geomagnetic disturbance. 

An example is given of a nonrecurring sharp intensity decrease 
of >6 percent, and it is shown that even this event is not pro- 
duced by geomagnetic field variations. 

The results suggest that there is a common mechanism which 
produces both the accelerating process for cosmic-radiation 


I. INTRODUCTION 


ORLD-WIDE and occasionally large intensity 
variations of cosmic radiation have been ob- 
served over a period of approximately 20 years by 
using ion chambers and counter telescopes.'~* Although 
these variations usually could be shown to be inde- 
pendent of atmospheric phenomena, it has been widely 
assumed that these variations were produced directly 
or indirectly by geomagnetic storms or other geomag- 
netic field perturbations and, hence, were of terrestrial 
origin.?*:* In recent years some doubt has been cast 
upon this assumption since observers have been unable 
to explain the various aspects of the cosmic-radiation 
intensity variations on the basis of observed geomag- 
netic field variations.’:*~" It is the purpose of this paper 
to present experiments which may decide whether or 
not this assumption is true. 


* Assisted by the Office of Scientific Research, Air Research and 
Development Command, U. S. Air Force. 
1V. F. Hess, Terrestrial Magnetism and Atm. Elec. 41, 345 
(1936). 
2S. E. Forbush, Phys. Rev. 51, 1108 (1937); 54, 975 (1938); 
S. E. Forbush and I. Lange, Phys. Rev. 76, 164 (1949). 
3A. R. Hogg, J. Atm. Terrest. Phys. 1, 56 (1950). 
‘H. Gheri and R. Steinmaurer, Terrestrial Magnetism and 
Atm. Elec. 52, 343 (1947); H. Gheri, Z. Naturforsch. 6a, 775 
1951). 
‘ 6H. Elliot, Progress in Cosmic Ray Physics (Interscience Pub- 
lishers, New York, 1952), Chapter VIII. 
*S. Chapman, Nature 140, 423 (1937). 
7K. Nagashima, J. Geomag. and Geoelect. 3, 100 (1951). 
*Dp. iy poe te and P, F. Gast, Phys. Rev. 57, 938 (1940). 
* J. A. Simpson, Phys. Rev. 83, 1175 (1951). 
Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 


particles and, indirectly, the geomagnetic disturbances. A search 
was made for the probable location of such a mechanism. Varying 
electrical fields of terrestrial origin were considered whereby the 
incoming primary radiation would undergo an acceleration or 
deceleration either (1) before entering the geomagnetic field, (2) 
within the magnetic field region, or (3) after passing through the 
magnetic field. None of these three possibilities, nor a combined 
geomagnetic and geoelectric field storm, accounts for all the 
established experimental facts. In view of these results it is con- 
cluded that the accelerating mechanism probably is not of terres- 
trial origin. The 27-day recurrence corresponds in time to the 
proper rotation of the solar equatorial latitudes and, since it has 
been shown that active solar region3 at these latitudes are associ- 
ated with the 27-day cosmic-radiation intensity variations, the 
required accelerating mechanism is probably controlled by solar 
processes and may be located near the sun. 

From the dependence of the 27-day intens’ty variation upon 
particle rigidity, th, experimental results show that primary 
protons undergo the variation, but it is stifl not proved whether 
or not particles of Z >2 also display this variation. 

The experimental data also exclude the production of this 
variation by the influence of a solar dipole magnetic field. 


By studying variations of cosmic-ray neutron in- 
tensity we have recently shown that it is possible to 
extend the measurement of intensity-time variations 
to the low-energy end of the primary-particle spectrum, 
and in this region we have found intensity variations 
much larger than heretofore reported for charged 
particle observations." Since we have shown that 
meteorological effects do not produce the variations,” 
it is clear either that (a) the prevailing assumption is 
true and the variations are produced by geomagnetic 
or geoelectric field perturbations, or that (b) these 
variations are of primary or extraterrestrial origin, i.e., 
the intensity variations would be observed even if the 
earth were removed from the region of the detector, 
or that (c) some kinds of intensity variations are pro- 
duced by geomagnetic field variations and other kinds 
are not. 

In earlier preliminary reports we showed that indi- 
vidual examples of intensity variations the order of 
5-30 percent in amplitude could not be produced by 
the geomagnetic field perturbations.’ In this paper we 
report the results of a more extensive series of experi- 
ments which we believe confirms the earlier results. 
The study is based upon the largest recurring intensity 
variations which are to be found throughout the 
primary-particle momentum spectrum. These are the 
approximately 27-day recurring variations observed in 


4 Simpson, Fonger, and Wilcox, Phys. Rev. 85, 366 (1952); 
Phys. Rev. 87, 240 (1952). 

® Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953); 
hereafter we refer to this paper as reference I. 
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the neutron intensity.":’ Since it is now established that 
these variations extend to particle momenta sufficiently 
high to permit detection with small amplitude by 
charged particle monitors," we are confident that 
the reported ~0.3 percent 27-day variations observed 
in charged particle detectors from time to time in the 
past are real and are the same type of recurring varia- 
tion we have been reporting. The recently found energy 
dependence of this variation is such that the amplitude 
of the variation is largest at the low-energy end of the 
particle differential spectrum." This fact, along with the 
high counting rates obtained with neutron pile detectors, 
makes it possible for the first time to study the energy 
dependence of a single 27-day ‘“‘cycle” with considerable 
precision. We find that this kind of variation is com- 
posed of moderately well-defined maxima and minima. 
The neutron observations also show simultaneous 
series of 27-day recurring variations which appear to be 
related to active solar regions distributed around the 
low solar latitudes." 

In addition to these recurring intensity variations 
there are occasional large, sharp decreases of cosmic 
radiation intensity discovered by Forbush.? This is 
also a world-wide phenomenon. From observations with 
neutron monitors we find that this type of event 
usually interferes with the 27-day observations.‘ 
Forbush has associated these occasional large decreases 
with great geomagnetic storms which do not have a 
27-day recurrence tendency. 

Although no large geoelectric fields have been dis- 
covered outside the ionosphere layers, we shall, to 
consider the origin of these intensity variations more 
completely, investigate whether or not the 27-day 
variation could be produced by varying geoelectric 
fields. 

Specifically, we wish to answer the following 
questions: 

(1) Are the cosmic-radiation 27-day recurring in- 
tensity variations produced by geomagnetic field 
perturbations? 

(2) Are the intensity variations produced by varying 
geoelectric fields? 

(3) Is the mechanism which produces the 27-day re- 
currence located at the earth, or is it independent of the 
earth system but associated with the sun? 


II. 27-DAY RECURRING COSMIC-RAY INTENSITY 
VARIATIONS AND GEOMAGNETIC-FIELD 
PERTURBATIONS 


In order to decide the fundamental question of 
whether or not geomagnetic-field perturbations produce 
the 27-day recurring intensity variations, we wish to 
consider relationships between cosmic-ray and geomag- 
netic-field variations which are subject to experimental 

4 W. H. Fonger, Phys. Rev. 91, 351 (1953); we refer to this 
paper as reference IT. 

4H. V. Neher and S. E. Forbush, Phys. Rev. 87, 889 (1952). 


‘6A. T. Monk and A. H. Compton, Revs. Modern Phys. 11, 
175 (1939). 
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test. These relations may be considered in three general 
groups. The first group of relationships is independent 
of special assumptions regarding the mechanisms pro- 
ducing geomagnetic storms and does not require that 
the geomagnetic storm be a world-wide phenomenon. 
The second and third groups of relations, as we shall 
see, depend to some extent upon the assumed magnetic 
storm mechanism or the assumption that variations of 
geomagnetic field observed at the surface of the earth 
also represent variations of the field which interacts 
with incoming charged particles, Clearly the first group 
of relations will be of most general interest for com- 
parison with experimental observations. 


A. Cosmic-Ray Geomagnetic Field Relations 
Independent of Special Assumptions 


Irrespective of special theories, we know that the 
geomagnetic field produces the observed “latitude 
effect” for incoming cosmic radiation. The trajectories 
of charged particles in a magnetic field are determined 
uniquely by their directions of arrival and by their 
ratio, p/Z, of momentum ? to charge Z. For a specified 
rigidity, pc/Ze, certain directions of arrival at the 
earth may be forbidden. However, at high latitudes we 
may prescribe, approximately, a unique value for 
[p/Z], at latitude X above which all rigidities are 
allowed and below which all rigidities are forbidden. 
This problem has been discussed in reference I. This is 
a satisfactory approximation in the latitude range \> 40° 
for the observations to be reported in this paper. 

Since, for continuous observations, we are required 
to measure the secondary radiations generated by the 
primaries, we have chosen to observe local neutron 
production rate as a measure of integrated primary in- 
tensity at the top of the atmosphere. In reference I we 
obtained the relationship between the counting rate R 
of a neutron detector located at atmospheric depth x, 
geomagnetic latitude \, and the vertical, differential 
primary flux jz(p/Z,t) of particles of momentum p and 
charge Z. We defined the specific yield of neutrons as 
a function Sz(p/Z,x) which is experimentally deter- 
mined from the time-averaged parameters j, and R 
to yield the neutron counting rate at depth «x arising 
from a unit flux of vertically incident primary particles 
of charge Z and rigidity «(p/Z). Thus, we found 
[reference I, Eq. (2) ] 


Ra=¥ f se(<*)ie(-#)a(=), (1) 
Zip, \Z Z Z 


where [p/Z], is the cutoff for vertical arrival at \ and 
R,(d,x,t) is the counting rate due only to those pri- 
maries which arrive from the vertical direction per unit 
solid angle at time ¢. R, and the observed rate R are 
related in good approximation by the Gross trans- 
formation.'® 


1S. B. Treiman, thesis, University of Chicago, 1952 (un- 
published). 
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Clearly a variation of R, may be produced by either 
a variation of the lower limit of the integral which is 
determined by parameters of the geomagnetic field, 
or by a variation of 7, in the integrand, namely, a varia- 
tion of 7, with time. We shall now consider these two 
cases in detail. 


1. Variations of the Geomagnetic Cutoff 


It has been reasonably well established that the 
primary differential number spectrum for protons at 
low energies rapidly vanishes near 1 Bev energy (A ap- 
proximately 56-58°N)."°'7 For the special case within 
the atmosphere where the function Sz(p/Z,x) vanishes 
for finite values of j(p/Z,/) the observed cutoff of the 
latitude curve is determined by S rather than j and 
the observed “knee” of the latitude curve will appear 
at lower latitudes. Sea level ion chambers and counter 
telescopes are examples of detectors for which S(p/Z,x) 
vanishes at moderately small values of (p/Z) with the 
cutoff appearing in the region of \~45°. 

However, extensive measurements with disintogra- 
tion product neutron detectors in 1951 and 1952 demon- 
strate conclusively that dR/d\->0 near 55° at x~300 
g-cm™ as we shall later show. Since the cutoff in the 
primary spectrum is in the range 56°-58°N, we cannot 
decide at present whether or not Sz(p/Z,x)-0 for 
«x>0 at the spectrum cutoff. In any case it appears that 
the cutoff latitudes for the primary spectrum and the 
observed neutron production near 300 g-cm™~, where 
the experiments to be reported here were made, are 
the same within approximately +2° geomagnetic 
latitude. 

The arguments which follow are not dependent upon 
the origin of these cutoffs. 

The integral counting rate R, is unchanged by varia- 
tions of [p/Z], above the knee of the curve since 
either j,(p/Z,t) or S.(p/Z,x) go to zero above the knee 
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Fic, 1. The predicted behavior of neutron intensity as a function 
of latitude based upon the assumption that the primary cosmic- 
radiation intensity variation is produced by a geomagnetic-field 
variation. 


17 J, Van Allen (private communication). 
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(Changes in the shadow cone above the knee may result 
from variations of the geomagnetic field ; however, this 
effect is an order of magnitude smaller than the effects 
reported here.) This effect may be illustrated by using 
a typical latitude curve and allowing the lower limit of 
the integral, Eq. (1), to undergo variations +[6p/Z],. 
The typical curve is shown as Fig. 1, curve (a). For a 
variation +[6p/Z ], the integrated intensity will appear 
approximately as shown in Fig. 1, curve (d). For a var- 
iation —[6p/Z], the curve will appear approximately 
as shown in Fig. 1, curve (c). 

Thus, perturbations of the geomagnetic field as repre- 
sented by variations of [p/Z], reveal two unique 
characteristics for the integrated counting rate R, vs X. 
First, for observations well above the cutoff of the 
latitude curve, R, is constant—independent of [p/Z], 
variations. Namely, at [p/Z], 


dR, 
dy 


dp/Z] 
2 Rls Ale ele where j,=0 or S,=0. (2) 


Hence, the fractional change in counting rate is 
5R,/R,=0, where j7,=0 or S,=0. Second, the fractional 
change of counting rate 5R,/R, for \235° varies as 
follows: 


[6R./ Ro ln 
[8R./ReI, 


2. Variations of Primary Cosmic-Radiation Intensity 


<i, for A2>A1. (3) 


We now consider the consequences of changes of the 
differential primary spectrum j(p/Z,t) with time /. 
From Eq. (1), the maximum value for the integral at 
time ¢ is obtained by setting the lower limit equal to 
the minimum particle rigidity [~/Z]min observed in 
the primary spectrum. Hence, for all values of [p/Z]}, 
<[p/Z]min the integral is a constant. Now, if j.(p/Z,) 
undergoes a variation, the observed counting rate will 
change for observations at latitudes corresponding to 
[p/Z],<[p/Z_]min as well as for latitudes corresponding 
to [p/Z], >[p/Z]min. Thus, an observer within the 
atmosphere would measure a change in secondary 
particle intensity above and below the cutoff of the 
latitude curve. For example, if the fast neutron latitude 
curve at time ¢ is represented as curve (a), Fig. 2, then, 
if at time / a variation occurs to produce a fractional 
change of intensity —5R/R, which variation for sim- 
plicity we shall make independent of latitude, then at ¢' 
the neutron latitude curve will appear as curve (0), 
Fig. 2. 

For the special case where the function S,(p/Z,x) 
vanishes for finite values of j(p/Z,t) the observed cutoff 
of the latitude curve will be determined by S rather 
than j, and again, if 7 undergoes a variation of intensity 
with time, the counting rate of the detector will change 
with time above and below the cutoff determined by S,. 
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Fic. 2. The predicted behavior of neutron intensity as a function 
of latitude based upon the assumption that the cosmic-radiation 
png variation is produced by a change in the primary flux 
with time. 


B. Test Experiments 


It is clear from the previous discussion that, without 
invoking special assumptions regarding the origin of 
geomagnetic field perturbations, we may determine 
whether intensity variations observed with neutron 
detectors at high latitudes are produced by geomag- 
netic field variations or whether the variations are 
produced by changes in the primary intensity. The 
crucial test consists in determining the behavior of the 
neutron intensity in the latitude range of \~40° to 
\~65° during the period of an intensity variation. As 
noted earlier the largest recurring variations are the 
approximately 27-day variations in the nucleonic com- 
ponent; hence, we apply the criteria discussed above 
to the experimental observations of this variation. At 
constant atmospheric depth a family of latitude curves 
is to be obtained with each curve representing the 
different levels of observed cosmic radiation intensity 
at different times. 

We have already reported several preliminary meas- 
urements using the detection of fast disintegration 
product neutrons to measure nucleonic component in- 
tensity with B-29 aircraft flying at atmospheric depth 
x= 300 g-cm~ in 1948 and 1949. These results demon- 
strated that observed large variations of cosmic radia- 
tion intensity could not be due to geomagnetic field 
variations.’ To investigate the behavior of the 27-day 
recurring variations, a more extensive series of measure- 
ments was undertaken in the period 1950-1952 using a 
type RF-80 jet aircraft. The measurements we report 
here were obtained in this latter period. The instru- 
mentation was installed in the nose of the aircraft and 
either atmospheric or local neutron production could 
be measured with the apparatus. Experimental details 
regarding the apparatus and flight procedures for the 
jet aircraft are described elsewhere.'* No longitude 
corrections are required for these observations since 


18 J. A. Simpson and W. C. Fagot, Phys. Rev. 90, 1068 (1953). 
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all data were recorded over a fixed route between 
\=40° and 65° N. A single, enriched BF; proportional 
counter surrounded by paraffin with a cadmium shield 
was used for all the measurements reported in this 
paper. 

The individual curves of neutron intensity vs latitude 
for different times are related by continuous recordings 
of neutron intensity using pile geometries at selected 
latitudes. Thus, the observed changes with time of the 
discrete intensity vs latitude curves at high altitudes can 
be related to long-time continuous intensity variations. 
Details regarding the continuous neutron monitor 
stations have been published in reference I. 

Several flights are required to obtain data for a single 
latitude curve over the latitude range of 40° to 65°N 
with an aircraft of small range. Because of widely 
varying weather conditions the sequence of flights may 
extend over a period the order of 10 to 60 hours. Changes 
of intensity may occur within this time interval. Con- 
sequently, to avoid distortion of a latitude curve con- 
structed from several flights, the data in the latitude in- 
terval 40° to 53° (large dR/d) are obtained within a 
few hours. All additional data required to construct 
the latitude curve, such as data from flights between 
\=52° to 65°, are corrected for the intensity at the 
time of the lower latitude flights. The individual seg- 
ments of the latitude curves were fitted by requiring 
that, for any two completed latitude curves, there must 
be no discontinuities in the observed change of in- 
tensity 5R over the entire range of \. A complete latitude 
curve constructed from data taken over a period of a 
few days is referred to a specific day and time, namely, 
the time for the data obtained in the interval \~40° 
to 53°. In general, the intensity variations during the 
collection of data for constructing a single latitude 
curve were small. 

All data reported here are for the atmospheric depth 
x=312 gcm™. 


1. Case 1 


We first consider a case where two latitude curves 
were obtained at times when no magnetic storms were 
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Fic. 3. The percent change of neutron-pile intensity from the mean 
intensity in pile D-1 using 24-hour average values of intensity. 
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Fic. 4. The neutron-intensity data used to establish the latitude 
curves for 15 and 19 July, 1951 are shown. The smooth curves 
(with dashed lines for extrapolations) are used for analysis. The 


curves are based upon the following aircraft flights (standard 
deviations are given by the size of the flight identification 
symbols) : 
© 15 July (flight No. 102) 
A 16 July (flight No. 103) 
0 Jub (flight No. 104) 


© 19 July (flight No. 106) 

@ 19 July (flight No. 107) 

@ 20 July (flight No. 108) 
V 16 July (flight No. 105) v 20 July (flight No. 109). 
reported during the measurements. The change of daily 
mean intensity within the interval July 14 through Sep- 
tember 9, 1951, is shown in Fig. 3. The first high-alti- 
tude measurements were 15-16 July, and we refer these 
flights to the time of the July 15 flight (see Fig. 4). 
Similarly, the latitude curve for July 19 and 20 is called 
the latitude curve for July 19. From these data we have 
determined the smooth curves which best represent the 
data for July 15 and July 19. The fractional change of 
omnidirectional intensity [6R/R], versus \ has been 
computed in Table I. 


2. Case 2 


In the following example three latitude curves were 
studied during an especially well-defined series of 
variations in August, 1951; the continuous intensity 
variations are shown in Fig. 3. Figure 5 presents the 
experimental data and the corresponding smoothed 


TABLE I. Experimental values of 8R/R. 
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Fic. 5. The neutron-intensity data used to establish the latitude 
curves for 7, 18, and 25 August, 1951, are shown. The smooth 
curves (with dashed lines for extrapolations) are used for analysis. 
The curves are based upon the following aircraft flights (stand- 
ard deviations are given by the size of the flight identification 
symbols): 


47 August (flight No. 116) 
(47 August (flight No. 117) 


® 17 August (flight No. 122) 
@ 17 August ‘niet No. 123) 
v 9 August (flight No. 118) 18 August (flight No. 125) 
@ 9 August (flight No. 119) © 18 August (flight No. 126) 

V 24 August (flight No. 127) 

A 24 August on No. 128) 

(_) 24 August (flight No. 129) 

© 25 August (flight No. 130) 

® 25 August (flight No. 131) 

* 25 August (flight No. 132). 


curves. Minor geomagnetic storms were underway 
during the latter two measuring periods. See Table II, 
example 8. 

Again the evidence supports the conclusion that the 
observed cosmic-ray intensity variations are due to 
changes in the primary spectrum. The intensity varia- 
tions in this period have approximately 27-day recurring 
variations." This is the most complete set of measure- 
ments we have been able to obtain within a single 
27-day “cycle.” 


3. Case 3 


In the previous two cases we have considered 
sequences of measurements within single 27-day in- 
tervals. Since the same neutron detector with constant 
efficiency was used over periods the order of 6-8 months, 
latitude curves separated by long time intervals may be 
compared. For example, there is a large difference in 
observed cosmic-radiation intensity between 29 March, 
and 18 June, 1951, Fig. 6. The fractional change of in- 
tensity [6R/R)]) is given in Table I. The measurements 
for both the March 29 and June 18 curves were obtained 
during geomagnetic storms. 
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4. Case 4 


A sharp decrease of cosmic-ray intensity was observed 
in June, 1951, which interfered with the ~27-day 
recurring variations." The change of daily mean in- 
tensity with time in the interval June 4-27, 1951 is 
shown in Fig. 7. This event possesses two of the charac- 
teristics of a Forbush-type decrease,’ namely, (1) the 
decrease is rapid and the recovery is slow, and (2) this 
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type of event is infrequent and interferes with the 
27-day recurring intensity variations. This decrease is 
unlike the Forbush-type in that the geomagnetic storm 
which occurred during the decrease was not unusually 
large as shown in Table II, examples 6 and 7. Two 
latitude curves were obtained which are related to this 
event. The data for June 18 and June 26 latitude curves 
are displayed in Fig. 8. Clearly, the sharp intensity 


Example 1: 


Example 2: 


Example 3: 


Example 4: 


TABLE II. Neutron intensity changes and i magnetic storms; Climax, A= 48°. 








21 May 1951 Decrease of 3 percent starts ~1100 U.T. with no magnetic storm. 

Kw K » 
2.0 é : 1.3= 13.2 | three of the five 
1. ; } 1.6= 9.0) most quiet days 
2. B hip 1.0=12.3} in May 
h 


23 May 1951 Decrease of 5 percent starts ~2000 U.T. with no magnetic storm 


Ky 
1.0= 12.3 


4.1=26.0 
2.6= 21.7 


Kw 
: 4 ad one of five most 


28=19.7 quiet days, June 


28 July 3.8 
+29 2.9 


44 3.5 
3.4 2.8 
30 2.2 2.0 18 


Example 5: 2 


Kw 


O 
2 
4 


1.6= 11.0 
rT: 
2.2=15.5 


most quiet days 
in September 


: 9 2.6= 13.0 four of the five 
1 
1 


Example 6: 


1 
1 
2. 
a. 
h 


14 June 1951 Decrease of 6 percent starts ~1700 U.T. with magnetic storm s.c. 1750. 


13 June 2.5 
14 0.9 
15 3.6 


1.6 3, 
1.1 0. 
29 3. 


Example 7: 


16 June 3.5 
—17 2.3 
18 5.3 
Example 8: 


10 Aug. 
—11 
Note: 4 percent of total) 12 
decrease begins ~0200 }-—13 
August 13 14 
15 


We rman 
| Se Ronn 
| ore ue 


! Ve eROHD 


i] 


| 
| 
| 


* Two of the ten most quiet days in Acaiiek: 
» One of five most disturbed days in August. 


Ky 
2.2= 19.0 
4.6=17.5 


1.7 18 
3.8 4.6 
34 3.5 3.0= 26.3 


17 June 1951 Decrease of 3 percent starts ~1000-1300 U.T. with magnetic storm s.c. 1701. 


Ke 
0 28 2.5=22.4 
3 3.6 6.3=21.2\ two of five most dis- 
$52.3 3.2= 31.4) turbed days in June 


11 August 1951 Decrease of 6 percent starts ~1700 U.T. and continues for a few days—magnetic storm s.c. 0315 August 11. 
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Fic. 6. The neutron-intensity data used to establish the latitude 
curves for 29 March and 18 June, 1951, are shown. The smooth 


curves (with dashed lines for extrapolations) are used for analysis. 
See Fig. 8 for 18 June, 1951, data. 


decrease of Fig. 7 was not produced by geomagnetic- 
field variations. 


5, Further Evidence and Conclusions 


In addition to the above cases selected on the basis 
of a variety of magnetic storm conditions, we have 
recorded eight additional latitude curves in 1951-52. 
To these we add the results of the 1948-49 measure- 
ments representing five latitude curves. Without ex- 
ception, the behavior of these latitude curves is the same 
as for cases 1-4. 

In view of these experimental results we believe it is 
now proved that cosmic-radiation 27-day recurring in- 
tensity variations are produced by changes of primary- 
particle flux rather than by variations of the geomagnetic- 
field intensity. 


C. Search for Association of 27-Day Intensity and 
Geomagnetic Field Variations 


1. Early Work with Ion Chambers or Counter Telescopes 


In view of the experimental results obtained in the 
previous section, how may we interpret the careful and 
extensive work of Forbush, Hess, and others who find 
evidence indicating much more than an accidental 
relationship between cosmic-ray intensity variations 
and changes of geomagnetic-field intensity? We shall 
now examine this question. 

Early studieshave often been predicated on the doubt- 
ful assumption that a recording magnetometer located 
at the surface of the earth measures variations of the 
external horizontal magnetic field component which are 
proportional to the magnetic field variations in the 
regions where the field interacts with charged cosmic- 
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ray particles, and that the observed variations of 
magnetic-field and radiation intensity may be related. 
If this assumption is valid, there should exist a detailed 
time correspondence between horizontal component 
field intensity and measured cosmic-ray intensity 
variations at the surface of the earth. The observations 
using ion chamber and counter telescope detectors 
have provided contradictory evidence; however, from 
these early results there appears to be general experi- 
mental agreement that: 


(a) large decreases of cosmic-ray intensity may occur 
with geomagnetic storms; 

(b) not all large magnetic storms are accompanied by 
cosmic-radiation intensity changes; 

(c) the magnitudes of the storms do not bear a unique 
relationship to the magnitudes of the cosmic-ray 
change; 
in some cases there appears to be remarkable time 
correspondence between the principal variations 
of the field and cosmic-ray intensity ; 

(e) those intensity decreases which are associated with 
geomagnetic storms appear most closely with the 
main phase of the storm. Subsequently the cosmic- 
ray intensity slowly returns to “normal” level ; 

(f) some large cosmic-ray decreases are world-wide 
phenomena as are the associated geomagnetic 
storms ;? 

(g) the intensity decreases are observed at high energies 
(> 20 Bev) and down to the cutoff of ion chambers 
or counter telescopes; 

(h) there is a small 27-day recurring cosmic-ray in- 
tensity variation. (Independently, it has been estab- 
lished that geomagnetic storms of moderate inten- 
sity also possess a 27-day recurrence tendency.)" 
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Fic. 7. The percent change of neutron pile intensity from the 
mean intensity in pile F-1 at \=42° using 24-hour average values 
of intensity. The published data from the Sittkus ion chamber at 
Freiburg, Germany, are shown. The ion chamber percent changes 
are multiplied by a factor 5 for comparison with neutron intensity 
changes. 


J. Bartels, Terrestrial Magnetism and Atmos. Elec. 40, 1 
(1935). C. Chree, Phil. Mag. Trans. A213, 245 (1913). 
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To account for these observations and the fact that 
there does not appear to be a unique relationship be- 
tween cosmic-ray and geomagnetic-field intensity varia- 
tions, Forbush? has invoked a theory of magnetic storms 
proposed by Chapman.® In principle, a variable storm 
magnetic field produced by an ionic ring current 
circulating around the earth is added vector-wise to 
the permanent dipole magnetic field of the earth. 
The onset of the storm may be sudden (sudden com- 
mencement =s.c.) or gradual (no s.c.) followed shortly 
by the main phase of the storm usually consisting of a 
decrease of observed horizontal component of the order 
of 5X10*y (y=10~* gauss). This model appears to 
describe satisfactorily many features of the storm. 
With a specific model of this type the expected phase 
relationship and relative magnitude of cosmic-ray in- 
tensity and magnetic-field variations have been com- 
puted by Forbush,? Johnson,” Hayakawa,” et al., and 
more recently by Treiman™ in this laboratory whose 
results we may briefly summarize as follows: 


(1) the algebraic sign of the calculated variations 5H1/H 
is wrong to account for observed variations 5R/R, 
and 

(2) the magnitudes of the cosmic-ray variations are 
one to two orders of magnitude larger than com- 
puted from this model of geomagnetic-field 
variations. 


We conclude from the foregoing evidence that 
results based on the assumption of detailed time corre- 
spondence or on the determination of phase and in- 
tensity relationships from a specific model indicate 
that a relationship between the two phenomena exists 
but that the measurements are, in some cases, incon- 
clusive or contradictory. 


2. Neutron-Intensity Results 


Owing to these difficulties and to the fact that the 
27-day recurring cosmic-ray variation is not produced 
by geomagnetic-field variations, we approach the 
problem from a different point of view, using the 
variations of neutron intensity at high geomagnetic 
latitudes. This shifts the observations to a lower mean 
particle momentum range of the primary momentum 
spectrum. The most readily distinguished feature of 
the neutron-intensity variations is the time of maximum 
intensity which has been shown to display the 27-day 
recurrence phenomenon. We select for study an in- 
terval of time containing many of these maxima and 
determine the most probable time relation of these 
maxima to well-established features of geomagnetic 
disturbances, such as periods of greatest field variations, 
and so forth. Thus, instead of considering the possible 


” T. H. Johnson, Terrestrial Magnetism and Atmos. Elec. 43, 
1 (1938). 

1 Hayakawa, Nishimura, Nagata, and Sugiura, J. Sci. Research 
Inst. “%™ 44, 121 (1950). 

2S. B. Treiman, Phys. Rev. 86, 917 (1952). 
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Fic. 8. The neutron-intensity data used to establish the latitude 
curves for 18 and 26 June, 1951, are shown. The smooth curves 
(with dashed lines for extrapolations) are used for analysis. The 
curves are based upon the following aircraft flights (standard de- 
viations are given by the size of the flight identification symbols) : 


@ 18 June (flight No. 84) © 26 June (flight No. 90) 
@ 18 June (flight No. 85) V7 30 June (flight No. 96) 
A 23 June (flight No. 87) A 30 June (flight No. 97) 
v 23 June (flight No. 88) (-] 30 June (flight No. 98). 


geomagnetic-field—cosmic-ray association of individual 
events, we study the distribution in time of a relatively 
large number of events to determine the most probable 
time association between the two parameters being 
studied. 

In a 19-month period of neutron-intensity registra- 
tion between May 1, 1951, and November 30, 1952, we 
obtain 41 neutron-intensity maxima that are sufficiently 
large to be readily identified, without detailed analysis, 
at two or more widely separated neutron monitoring 
stations above 40° geomagnetic latitude. Some of the 
maxima are shown in Fig. 3. In general, the times of 
these world-wide maxima are defined within approxi- 
mately +1 day. 

We first investigate how the magnitudes of geomag- 
netic disturbances are distributed with respect to the 
times of cosmic-ray intensity maxima, Observers of 
geomagnetic-field variations have established an arbi- 
trary but reliable measure of the deviations of mag- 
netic-field intensity from average values on undis- 
turbed days. These deviations or disturbances have 
been reduced to a scale or index of 0 (very “quite’’) to 
9 (extremely disturbed), representing the average devia- 
tion of field intensity per 3-hour interval. This scale is 
called the 3-hour K index. Each magnetic observatory 
contributes its scaled values to a central group which 
prepares average K values on a world-wide basis. Thus, 
the K value for a day consists of an average of eight K 
values. K,, the planetary index, is the mean standard- 
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Fic. 9. The most probable distribution of daily K, values (Kp 
is a measure of magnetic disturbances) (see reference 23) for the 
4 days preceding and following the days of the 41 cosmic-radiation 
intensity maxima. The most probable time for smallest geomag- 
netic disturbances is ~1 day before the cosmic-radiation intensity 
maximuin, and the most probable time for geomagnetic disturb- 
ances is ~2 days afler the intensity maximum. 


ized K index from 11 observatories located between 
geomagnetic latitudes 47 and 63 degrees throughout 
the world.” 

Since K, is a measure of the magnitude of magnetic 
disturbances, we may determine the most probable dis- 
tribution of K, values for the -+-n days with respect to 
the times of cosmic-ray intensity maxima, Since we do 
not define the times of maximum closer than one day we 
shall use the daily sums of K, indices. After summing for 
41 neutron maxima we obtain the results shown in 
Fig. 9. The largest statistical errors are in the assign- 
ment of the times of neutron intensity maximum. 
However, it is clear that geomagnetic field perturba- 
tions increase steadily from m= —1 to a maximum at 
n= -+-2, showing that the times of greatest geomagnetic 
disturbance will most probably occur 2 days after the 
appearance of a low-energy cosmic-radiation intensity 
maximum. 

We may check this result by noting that the 10 days 
each month which have the smallest geomagnetic-field 
disturbances are regularly reported by the same 11 
geomagnetic observatories. The distribution of these 
“quiet” days may be determined with respect to the 
dates of the 41 neutron-intensity maxima. The results 
are shown in Fig. 10. A broad but significant maximum 
appears near n= —1, The 5 most disturbed days each 
month are also reported; an identical analysis shows 
that a peak lies near n= -+-2 as shown in Fig. 11, The 
limitation of the number of selected days gives this 
result a lower statistical weight than the previous results. 


*% For a complete description of Ky see: Geomagnetic Indices 
C and K, 1948, Association of Terrestrial Magnetism and 
Electricity, International Union of Geodesy and hysics, 
Washington, D. C., 1949. For monthly reports of the Ky, index 
see, for example, Series F reports of Central Radio Propagation 
Laboratory, Natl. Bur. Standards, Washington, D. C 


SIMPSON 


We can show that the onset of cosmic-ray intensity 
decreases, which follow the intensity maxima described 
above, is not necessarily accompanied by any geo- 
magnetic disturbance. Several cosmic-ray intensity 
changes of 3 percent or more were selected from a five- 
month interval of 27-day recurrences which includes 
the period of the aircraft observations in 1951. The 
data obtained from the Climax D-1 neutron pile 
monitor are given in Table II. Values of the K index, 
K., for 36 or more magnetic observatories distributed 
on a world-wide basis were used to determine the 
existence of geomagnetic disturbances. From this table 
we find 5 examples where there is no evidence for 
magnetic disturbances near the time when the neutron 
intensity begins to decrease. Several of the magnetic 
“quiet” days occurred during these periods. 

We conclude that large intensity variations need 
not be accompanied by an observable geomagnetic 
storm; i.e., (6R/R)/(6H/H)>@. 

A 6 percent decrease is shown in example 6 with close 
time correspondence between start of the decrease and 
storm commencement; the XK, values show that only 
a minor geomagnetic storm occurred. 

In view of the already reported relationship" between 
discrete regions of intense solar activity and neutron- 
intensity maxima these results are of particular in- 
terest in interpreting and understanding solar-terrestrial 
phenomena (for example, with respect to the possible 
existence of discrete streams of low-velocity ions 
originating at the sun). However, we shall consider this 
aspect of the problem in a later paper. 

It should be pointed out that, although these relation- 
ships may aid in the prediction of geomagnetic storms, 
more data are required over a greater portion of the 
11-year solar half-cycle before these relationships can 
be considered firmly established. 

We now return to the question of the interpretation 
of ion chamber and counter telescope results. By 
noting that following a cosmic-radiation intensity 
maximum an intensity decrease certainly occurs, we 
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Fic. 10. The distribution of geomagnetic “quiet” days (10 are 
reported each month) with respect to the times of the 41 neutron- 
intensity maxima. 





COSMIC-RADIATION INTENSITY-TIME VARIATIONS 


may restate our neutron intensity obser Vations as 
follows: 


(1) the most probable time for the commencement of a 
geomagnetic storm is near the beginning of a cosmic- 
radiation intensity decrease, and 

(2) the most probable time for geomagnetic disturb- 
ances is during a decrease of cosmic-ray intensity. 


Thus, the properties outlined in 1(a-h) of this section 
for ion chambers may be interpreted from the point 
of view of the neutron intensity observations. Whether 
or not the large and rare great magnetic storms and 
cosmic-ray intensity decreases—the Forbush-type de- 
creases (see Sec. B, case 4)—also possess these proper- 
ties is not known. 


D. On The Location of the Phenomenon Associating 
Cosmic-Ray and Magnetic Field Variations 


The nature of the indirect link or association be- 
tween cosmic-ray variations and magnetic-field dis- 
turbances is obscure; however, there are two limiting 
possibilities : 


(a) the link occurs in the region of the earth and is of 
terrestrial origin; 

(b) the link is independent of the earth system and is 
of solar origin. 


To distinguish between these alternatives we noted that 
the variation of counting rate R in Eq. (1) must arise 
from changes in j,(p/Z,t). Since this differential number 
spectrum is a function of p/Z, a change 67 may occur 
either through a change in the number of particles in 
the primary spectrum, or through an acceleration (or 
deceleration) of particles which reach the earth. Con- 
sequently, the problem of identifying the location of the 
cosmic-ray—magnetic-field link reduces to the following 
alternatives; either 


(1) the cosmic-radiation intensity variations are pro- 
duced by geoelectric fields and are, therefore, of 
terrestrial origin, or 

(2) the intensity variations are of extraterrestrial origin 
and are produced by injection, acceleration, or 
perturbation processes (see Fig. 1 of reference I). 


If (1) is correct, the geoelectric fields are probably 
related to the geomagnetic field disturbances; if (2) is 
correct, the cosmic-radiation intensity variations are of 
primary origin and are indirectly associated with 
terrestrial magnetic field perturbations by means of a 
solar-controlled mechanism outside the earth system. 
Although at present geoelectric fields are not known to 
exist outside the ionosphere, we shall consider this 
question in the next section, using the results from 
measurements of nucleonic component intensity-time 
variations. 
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Fic. 11. The distribution of geomagnetic “disturbed” days 
(5 are reported each month) with respect to the times of the 41 
neutron-intensity maxima. 


III. THE ENERGY DEPENDENCE OF COSMIC-RAY 
INTENSITY VARIATIONS AND THE GEOELECTRIC 
FIELD VARIATION HYPOTHESIS 


A. Introduction 


In this section we shall consider observations related 
to the questiou: are the 27-day recurring cosmic-ray 
intensity variations produced by varying geoelectric 
fields? This is a difficult question to evaluate, particu- 
larly since there is no experimental evidence to show 
that geoelectric fields exist outside the quasi-equi- 
potential “surface” of the terrestrial ionosphere. The 
question of the existence of distant varying electric 
fields is deferred for later discussion. 

Without requiring special models for the production 
of varying electric fields in the region of the earth we 
may note that cosmic-ray intensity variations arise 
from three general factors whenever such an accelera- 
ting-field variation is operative: 


(1) there is a contribution to the average intensity since 
the number spectrum is a function of energy; i.e., 
dj(E,t)/dE#0; 

there is a change in the number of particles found 
in an energy interval dE which arises from the 
application of Liouville’s theorem. This was first 
pointed out by Nagashima.’ 

If the particle acceleration occurs within the 
geomagnetic field, a contribution to the change of 
intensity is produced by changes of the observed 
cutoff rigidity at the earth. 


(2) 


(3) 


Thus, whenever a geoelectric field undergoes a variation, 
the accelerated charged particles will form an energy 
spectrum which differs from the mean differential energy 
spectrum, and it is this fact which offers the possibility 
of comparing the effects of an assumed varying electric 
field with experimental observations. 

Three properties of cosmic-ray intensity variations 
are accessible for experimental observations if varying 
geoelectric fields produce the intensity variations. 
They are: 


(1) The magnitudes of the intensity variations are 
dependent on particle energy. The detailed form of 
the energy dependence is determined by the 
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Fig. 12. The experimentally determined ratio 5R/R is shown with experimental errors for the latitude 
range 45°-60°. The calculated ratio 6R,/R, is shown for three cases where a geoelectric field is assumed 
to produce the required particle acceleration. Preacceleration corresponds to a> 5.3. Mixed field accelera- 
tion corresponds to 4.5<a<5.3. Postacceleration corresponds to a<2.0. These calculated curves are 
normalized to 0.10 at \=42° for comparison with the experimental results. 


assumed properties of the geoelectric field model 
as we shall indicate later. 

(2) From Eq. (1), Sec. II it is clear that intensity varia- 
tions are predicted at geomagnetic latitudes, not 
only where dj/dE#0, but also where dj/dE=0 
(above the knee of the integral geomagnetic lati- 
tude curve). This is contrary to the results from 
perturbations due to geomagnetic field cutoff. 

(3) All charged particles, Z=1,2,---, experience the 
common accelerating mechanism. 


Whereas (3) requires detailed measurements at the 
top of the atmosphere, (1) and (2) may be studied 
within the atmosphere. We demonstrated in reference I 
that the neutron intensity variation method is most 
suitable for the study of energy dependence of intensity 
variations Hence, the aforementioned properties (1) 
and (2) are measured using neutron detectors within 
the atmosphere at intermediate and high geomagnetic 
latitudes. 


B. Experimental Observations 


The neutron intensity measurements obtained with 
aircraft and neutron piles at fixed locations which were 
described in Sec. II will also be used here. It is most 
convenient to compare experiment with theory by com- 
paring the observed fractional changes of counting rate 
5R/R (as defined in Sec. II for the omnidirectional 
detector) with the ratio 6R/R calculated from specific 
models for geoelectric field variations. Since the calcula- 
tions are carried out for vertically incident primary 
particles of charge Ze at the top of the atmosphere, it is 
the fractional change arising from these vertically 
incident particles which is calculated, namely 6R,/R,. 
But since the absorption mean free path for the neutron- 


producing radiation L is a function of \ at small atmo- 

spheric depths, we have for the region below the air 

transition-curve maximum the relation (reference I) : 
6R, OR aly x/L_ 


R R Llit+s/L} 


For our present aircraft measurements of 6R/R at 
x= 312g cm™, we must determine the importance of 
the second term in 6Z in the latitude range 40°-65° 
before the experimental results can be compared with 
computed values of 6R,/R,. As we shall observe sub- 
sequently from the hypothesis of varying electric fields, 
we only require the sign and order of magnitude of this 
term. Wherever j,(p/z,!)=0 or S,(p/z,x)=0, we know 
that L(\)=constant and 


bR,/R,=45R/R. 


Elsewhere, in the region 56°>)> 40° an increase +4R 
produces a change in mean free path —é6L. Hence, for 
an increase (or decrease) of intensity in general, we have 


5R,/R, 25R/R. 


For the measurements reported here, the range of L 
values is 155 to 180 g cm™ and the contribution of the 
term 6 is small. 

The experimental values of 5R/R are given in Table I 
and are plotted as a function of latitude \ in Fig. 12. 
As a consequence of the above arguments on the effect 
of 6L vs \, these experimental curves represent the 
lower limits for the fractional changes of counting rate 
for \<56°. 


C. Assumed Geoelectric Fields 


Without postulating at this time the mechanism whereby a 
geoelectric field is produced, we may determine its effect upon 
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cosmic-ray intensity if the radial extension or spatial limits of the 
field are specified. There are three cases we wish to consider: (1) 
The electric field accelerates (or decelerates) the primary charged 
cosmic radiation prior to its being deflected in the geomagnetic 
field—we call this case preacceleration; (2) the cosmic rays are 
accelerated by an electric field within the geomagnetic field— 
called mixed field acceleration; (3) the cosmic rays are accelerated 
by electric fields after passing through the geomagnetic field— 
called postacceleration. 


1. Preacceleration 


The expected intensity variations for charged particles accel- 
erated by a varying electric field prior to their deflection in 
the geomagnetic field may be calculated with the following 
assumptions: 


(a) The particles arrive vertically incident at the atmosphere. 

(b) Both protons and heavy nuclei are accelerated and the yield 
of disintegration product neutrons per primary particle nu- 
cleon is independent of the atomic weight of the primary 
particle (see reference I). 

(c) The primary spectrum at “infinity” is known and is given 
by the time averaged spectrum at the top of the atmosphere, 


With these assumptions the expected dependence of the varia- 
tion 6j(p/z,t) upon magnetic rigidity may be determined from 
reference II. Using the neutron specific yield as a function of d, 
the dependence of 6R,/R, upon geomagnetic latitude has been 
calculated for x=312 gcm™ for the latitude range \>40° (see 
Table III and Fig. 12). It is clear that the calculated latitude 


TABLE III. Values of 6R,/R,. x= 312 g cm™. 








4.5<a<5.3 


1.00 
1,29 
1.18 
1.48 


3.6<a<4.5 


1.00 
0.91 
1.18 
1.48 


A a<20 


42° 1,00 
48° 1.74 
52° 2.24 
56° 2.82 











effect for 5R,/R, between \=40° and \<56° is 


ee ee 
R155 ) / Rao )= 1.7, 


whereas from the experimental points in Fig. 12 we note that this 
ratio must be <1, since, for \<56°, 6R,/R,»>8R/R as shown 
earlier. 


2. Mixed Field Acceleration 


For preacceleration the geomagnetic cutoff rigidity of charged 
particles is unchanged, i.e., the changes in observed intensity are 
due only to 5j,(p/z,t). However, for cases of particle acceleration 
within the geomagnetic field there is an additional contribution, 
namely, the lower limit of Eq. (1), undergoes a change [86/Z]) 
at the earth. For the cases of mixed field acceleration and post- 
acceleration this latter contribution has been computed by 
Treiman and Jory™ in this laboratory. Without requiring a de- 
tailed model for the production of the electric field, their calcula- 
tions are based upon the following additional assumptions: 


(a) The geoelectric field is assumed to have axial symmetry about 
the magnetic axis of the earth. 

(b) In the equatorial plane the radial extent of the electric field, 
Ar, is small compared with the distance of the field from the 
axis of the dipole geomagnetic field, i.e., Arar,, where r, is 
the radius of the earth. 


If ar, is the distance between the geomagnetic dipole and the 
region Ar of strong electric field, then the fractional change in 


*“S. B. Treiman and F. Jory (unpublished). 
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neutron counting rate can be determined as a function of A 
for various values of a. For a>5.3 the cosmic-ray particles are in 
the outer allowed Stoermer region; hence, this case corresponds 
to preacceleration. Intermediate values of a (2<a<5.3) are in the 
region of mixed field acceleration. From Table III we note for 
3.6<a<5.3 that there are some latitude intervals for which 5R./R, 
is an inverse function of \. These are the short latitude intervals 
where the solutions for the preacceleration cases are joined to the 
solution for the mixed field cases. However, as shown in Fig. 12, 
even these results are in disagreement with the experimental ob- 
servations. 


3. Postacceleration 


For a~1 we obtain the limiting case where the charged particles 
are accelerated in a varying electric field after their deflection in 
the geomagnetic field. These conditions can only be approximately 
satisfied near the surface of the earth.** For this case the calculated 
dependence of 5R,/R, on d is also large and in disagreement with 
observations. 


D. Other Evidence 


In the preceding discussion we have shown the sub- 
stantial disagreement at the low-rigidity end of the 
primary spectrum between experimental observations 
and the results predicted by assuming the existence of 
varying geoelectric fields. On the other hand, by using 
the experimental data at mountain and aircraft alti- 
tudes, given in Sec. II, we can show that the fractional 
variation of total intensity, 5R/R, is a function of 
atmospheric depth x. Therefore, it cannot be inde- 
pendent of particle energy for all particle energies. For 
example, if we consider the dependence of 6R/R on x 
at x= 48°, we find that the ratio of R/R (x= 312 g cm™) 
to 6R/R (x=680g cm) is 1.7+0.2 using the data 
from the D-1 monitor. In reference IT it was shown that 
the 27-day variation is energy-dependent in the mean 
energy ranges of ~7-40 Bev for protons and that this 
is consistent with the energy dependence required by a 
preacceleration-type electric field. We encounter the 
difficulty that none of the forms of energy dependence 
postulated thus far explain all the experimental data, 
and we cannot identify the location of the accelerating 
mechanism on the basis of energy dependence alone. 
Hence, we shall investigate the extent to which the 
other known properties of this variation may assist in 
resolving this problem. 

There are several well-established properties of the 
27-day intensity variation. They are summarized as 
follows: 


(a) The variation is not produced by meteorological 
effects. 

(b) The variations are recurring and not periodic. The 
variation may extend to as many as 9-11 cycles or 
to as few as 2 or 3 cycles. 

(c) During the progress of a 27-day sequence of varia- 
tions, a second sequence is sometimes present. 
Hence, at least two series of recurrences may occur 
simultaneously. 


*6 The potential between the ionosphere and the surface of the 


earth is the order of 410° volts; hence, even for the primary 
articles of lowest observed rigidity an acceleration by this field 
is only a~0.01 percent amplitude effect and, therefore, negligible. 
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(d) The variation is a world-wide phenomenon. 

(e) The variation is not produced by geomagnetic 
field variations. 

(f) In a single 27-day “cycle” the maximum to mini- 
mum iatensity variation can be as large as ~20 
percent-30 percent by including the low-energy 
portion of the particle spectrum. 

(g) The average maximum to minimum intensity varia- 
tion for a single cycle has been decreasing in succes- 
sive years from 1951 through 1952 and into 1953. 

(h) Especially at low primary-particle energy, the 

variation is composed of a series of irregular 
maxima and minima. There is no evidence for a 
constant level of intensity interrupted by intensity 
decreases at 27-day intervals. 
The ratio of the intensity variation between a 
particle detector observing a proton spectrum of 
mean energy ~7 Bev and a detector observing a 
proton spectrum of mean energy ~40 Bev is 5:1. 
Thus, the 27-day variation displays an energy de- 
pendence, and particles of the order of 40-Bev 
energy are observed to undergo this variation. 

(j) At very low primary-particle energies the variation 
has a negligible energy dependence. 


To proceed with the discussion, taking into account 
the foregoing facts, we introduce the reasonable assump- 
tion that world-wide magnetic and electric field varia- 
tions and storms are manifestations of a common elec- 
tromagnetic system; i.e., geoelectric field storms coexist 
with geomagnetic field storms. We do not specify the 
nature of the moving charges or their distribution except 
to note that the current flow must be in a westward 
direction to account for the phase of well-established 
features of geomagnetic storms. 

We now examine the foregoing (a) to (j) properties 
insofar as they relate to the identification of the accel- 
erating mechanism which produces the 27-day variation. 
Property (a) was discussed extensively in reference I 
and will not be considered further here. Properties (b) 
and (c) are common to either a solar or a terrestrial 
phenomenon induced by solar processes; hence, they 
provide no unique identification of the origin of the 
variation. Properties (d) and (e) likewise are indecisive 
since, by invoking suitable assumptions, either alter- 
native could be supported. 

Since the intensity variation is world-wide, it is clear 
that property (f) implies that a large fraction of the 
total mumber of particles in the cosmic radiation incident 
on the earth undergoes this variation. Thus, from the 
point of view of the solid angle involved it would be 
most desirable to locate the mechanism close to and 
surrounding the earth. To fulfill this requirement the 
magnitude of the electric field variations would be 
-~4X10* volts or more to account for a 20 percent 
variation. (Variations of at least 30 percent were ob- 
served, but, although they are produced by an accel- 
erating mechanism, we have not proved that these varia- 
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tions are part of a 27-day sequence.*) The geoelectric 
field hypothesis in its present form fails to satisfy this 
condition since the magnitude of electric fields gen- 
erated by a wide range of storm current systems is at 
least an order of magnitude less than this value.’ 

A further difficulty with the assumption of large, 
varying geoelectric fields during geomagnetic storms 
arises from the evidence given in Table II wherein 3-6 
percent changes of cosmic-radiation intensity are unac- 
companied by any observable geomagnetic storm and, 
hence, by any large geoelectric field variation. On the 
other hand, it is known that large magnetic storms may 
produce no change of cosmic-radiation intensity. Thus, 
it is difficult to support any theory which involves 
electromagnetic field variations derived from circulation 
currents in the region of the earth. 

Continuous recording of neutron intensity variations 
with 3 or more widely separated detectors began in 1951 
and the recordings clearly show that in the subsequent 
period of time the average amplitude of the 27-day 
intensity variation has been decreasing (property (g)). 
However, we have no evidence to show that the magni- 
tudes of the geomagnetic storms in the same period 
have decreased. 

In an attempt to explain the large Forbush-type sharp 
decreases Nagashima has invoked the geoelectric field 
variations which accompany geomagnetic storms. The 
required westward current flow which occurs during 
magnetic storms restricts the production of geoelectric 
storm fields to decelerating fields. Hence, only intensity 
decreases are expected during magnetic storms. In view 
of property (h), however, it is clear that these arguments 
cannot be introduced at present as evidence for or 
against the production of the 27-day variation by 
geoelectric field storms. 

We have already presented considerable evidence to 
show that properties (i) and (j) require a varying 
acceleration mechanism to explain the observed 27-day 
recurring variations. In view of the high-energy particles 
which undergo this variation an accelerating mechanism 
which could modulate an already, existent primary 
particle distribution would be the simplest assumption 
to make tentatively at the present time. 


E. Charged Earth Hypothesis 


The cosmic radiations bring to the earth sufficient 
positive charge to produce 10° volts potential with 
respect to infinity in the order of 30 days if the earth 
is assumed to be a spherical, equipotential surface that 
can retain the accumulated charge. This time for charge 
buildup would be even less if charged particles in the 
auroral regions are included. However, Ferraro” has 
considered this problem. He finds that to maintain an 
ionosphere the upper limit for the accumulated charge 
would provide a decelerating potential of less than 10? 


*°V. C. A. Ferraro (private communication). 
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volts for incoming charged particles. Thus, no Coulomb- 
type field accounts for the acceleration mechanism. 


F. Conclusions Regarding a Geoelectric Field 
Hypothesis 

There are serious difficulties in accounting for the 
27-day variation by a geoelectric field. No proof has 
been given that such a field does not exist. Rather, the 
foregoing evidence indicates that even if a nearby 
electric field exists it does not by itself or in combination 
with a geomagnetic field satisfactorily account for the 
observed properties of the 27-day cosmic-radiation 
variations. 

In view of these conclusions we are led to the assump- 
tions that the cosmic-ray accelerating mechanism is of 
extraterrestrial origin, and that the association or link 
between processes on the sun and this accelerating 
mechanism is independent of the earth system. 


IV. THE 27-DAY VARIATION AND THE GENERAL 
SOLAR MAGNETIC FIELD 

Many investigators have searched for a periodic 
27-day intensity variation which could be explained 
by a solar eccentric dipole field. Vallarta and Godart*’ 
have computed the effect of the solar plus Stoermer 
cones on the cosmic-radiation intensity as a function 
of time and predicted a small 27-day periodicity. It 
might be argued that the recurring variation discussed 


in this paper could, indeed, be periodic with occasional 
periods concealed by an unknown interfering intensity 
variation. 

We can show that this argument cannot be accepted 
for the following reasons: 


(1) The solar-terrestrial cone does not influence 
particles at the high rigidities which are observed 
to undergo the 27-day variation. 

(2) At low primary-particle rigidity the magnitude of 
the observed variation is an order of magnitude 
greater than for a solar-cone induced variation. 

(3) A single 27-day period is predicted, whereas simul- 
taneously at least two 27-day sequences are some- 
times observed. 

(4) Since the observed 27-day period is the synodic 
rotation period, we may compute the proper solar 
rotation from this observation, Let us assume that 
the observations permitted a synodic period as 
long as 28 days; then the observed proper solar 
rotation becomes 26 days. Since the proper rotation 
of the sun changes from ~25.2 days near the 
equator to over 30 days near the poles, it is obvious 
that the region of the sun related to the cosmic-ray 
variations, which we have reported in this paper, 
lies in the equatorial zone and not in the polar 
regions. Hence, the period predicted by a solar 
cone is in disagreement with observations unless 
the solar magnetic poles lie near the equator. 


( 27M. S. Vallarta and O. Godart, Revs. Modern Phys. 11, 180 
1939). 
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It is clear from these arguments that the observed 
27-day recurrence intensity variation described by 
neutron and ion chamber intensity variations is not the 
phenomenon predicted by Vallarta. 

If a periodic variation exists, it must be small and 
appear at low primary-particle energies and would 
probably be covered up by the much larger 27-day re- 
currence variation. However, in view of the increasing 
evidence that (a) the general magnetic field of the sun 
is small and (b) that whatever field does exist may be 
of a higher order than a dipole, the existence of a 
measurable, true “27’’-day periodicity is unlikely. 


V. KINDS OF PARTICLES PRODUCING THE 
27-DAY VARIATIONS 


It was shown in reference I that the specific yield of 
neutrons for primary particles of Z > 2 decreases to zero 
for \245°. Since the 27-day intensity variation is ob- 
served at latitudes up to the cutoff near \=55°, it is 
clear that primary particles of charge Z = 1, i.e., protons, 
are undergoing the variation. Whether or not particles 
of Z>2 also contribute is an open question which would 
provide a critical test for the identification of the 
accelerating mechanism. 


CONCLUSIONS 


We have shown that cosmic-radiation intensity varia- 
tions possessing a 27-day recurrence are not produced by 
geomagnetic field variations. On the other hand, since 
we find an indirect association between the intensity 
maxima of these 27-day variations and geomagnetic 
field disturbances, we have investigated whether there 
is a mechanism common to both processes, and whether 
the association is of terrestrial origin. The experimental 
observations show that the variations are due to changes 
in the primary particle intensity and, therefore, must 
be produced by a charged particle accelerating mecha- 
nism. We have investigated the possibility of a nearby 
accelerating-decelerating electric field having a 27-day 
recurrence. Neither a geoelectric field alone nor com- 
bined with geomagnetic field variations fit the experi- 
mental facts, and we conclude, on the basis of our 
present experimental knowledge, that the acceleration 
mechanism may be of extraterrestrial origin. 

Since we find that a 27-day recurrence observed in 
the earth coordinates is consistent with the proper 
motion of the solar equatorial band of latitudes, and 
since it is known that special solar regions located in 
this solar latitude range are associated with both 
geomagnetic storms and the cosmic-ray 27-day varia- 
tion, we conclude that the mechanism which changes 
the energy distribution of the primary-particle spec- 
trum is controlled by processes on the sun. 

We have also shown that primary protons undergo 
the 27-day intensity variations, but the extent to 
which particles of Z22 participate remains unknown. 

An example of a nonrecurring, sharp intensity de- 
crease of >6 percent was found which may be the type 
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discovered by Forbush. It is clear from the observations 
that this large intensity decrease was not produced by 
a geomagnetic storm. 

It may develop that the solar-terrestrial associations 
indicated by these neutron intensity measurements wiil 
find application in interpreting and predicting the 
occurrence of solar related phenomena, 
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The isotropy and composition of the primary cosmic radiation suggest that cosmic rays are trapped 
within the galaxy for an average time of the order of 10° years,—a long time compared with the time of 
escape along straight-line paths, but short compared with the mean life against nuclear collisions with 
interstellar matter. If one accepts this conclusion, it appears possible to account for the observed properties 
of cosmic rays under the assumption that cosmic rays acquire their large energies through a gradual accelera- 
tion in space, such as suggested by Fermi. In contrast to the original Fermi theory (which denied any 
possibility of escape from the galaxy), we now find that the energy spectra of protons and heavier nuclei are 
approximately the same, and that the required injection energies are very modest for all components. We are 
obliged, however, to assume a much faster rate of acceleration than the original theory required. 

In this paper we develop in some detail the consequences of the above assumptions on the basis of a 
specific model, describing the motion of cosmic rays through the galaxy as a random motion between 
scattering centers represented by moving magnetized clouds. We briefly discuss the astrophysical implica- 
tions of our assumptions and the plausibility of the model. 


I. GENERAL CONSIDERATIONS 
A. Introduction 


ERMI has proposed a theory of the origin of 
cosmic rays according to which the cosmic-ray 
particles diffuse randomly in interstellar space, gaining 
energy by collisions against moving magnetic fields, 
until eventually they loose their accumulated energy 
catastrophically, by collisions with hydrogen nuclei. 
This theory explains in a natural way the general 
isotropy and the observed energy spectrum of the 
cosmic-ray protons. It fails to account satisfactorily 
for the considerable flux of alpha particles, and for the 
heavier nuclei in the primary cosmic radiation. The 
difficulty is twofold. In the first place, according to 
Fermi’s theory, the injection energy, i.e., the energy 
required for initiating the acceleration process (an 
energy at which the rate of energy gain overtakes the 
rate of loss of energy by ionization), is extremely high 
for the heavier components. In the second place, the 
rted in part by the joint pro of the U. S. Office of 


cc 
Naval Research and the U. S. Atomic Energy Commission. 
1 E. Fermi, Phys. Rev. 75, 1169 (1949). 


energy spectrum computed for the heavier particles falls 
off much more steeply at high energy than that of the 
protons, because their mean free path against collisions 
with hydrogen nuclei is much shorter. Experimentally, 
however, the energy spectrum of the various compo- 
nents seem quite similar up to some 10" ev per nucleon 
at least.’ 

Both difficulties can be overcome if one assumes that 
cosmic-ray particles diffuse around the galaxy for a 
time long compared with the average time for escape 
from the galaxy along straight-line paths, yet short 
compared with the mean life before collisions with 
interstellar hydrogen. Under this assumption (which, 
as originally pointed out by Bradt and Peters, has strong 
experimental support*) the mean life of a cosmic-ray 
particle in the galaxy is determined mainly by the 
escape probability, and is thus roughly independent of 
its mean free path for nuclear collisions. Then the 


( a Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 
1952) 

oH Bradt and B. Peters, Phys. Rev. 80, 993 (1950); see also 
B. Peters in Progress of Cosmic Ray Physics, edited by J. G. Wilson 
(North-Holland Publishing Company, Amsterdam, 1952). 
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energy spectra of the various components are approxi- 
mately the same. The mean life of a cosmic-ray proton 
in the galaxy is much shorter, according to the present 
suggestion, than on the original Fermi theory. To 
account for the observed spectrum, it therefore be- 
comes necessary to assume a rate of energy gain by 
collisions with moving magnetic fields considerably 
greater than that assumed by Fermi. The high rate of 
energy gain decreases the required injection energy to 
very plausible values, not only for protons, but even 
more strikingly for the heavy components. 

However, it is doubtful whether or not the high rate 
of energy gain in compatible with astrophysical evi- 
dence. We do not intend here to minimize this difficulty. 
Indeed, we wish it to be clearly understood that the 
main purpose of this paper is not to uphold a given 
theory of the origin of cosmic rays, but rather to specify 
the conditions that must be met by any theory that 
explains the high energies of cosmic-ray particles by a 
mechanism of gradual acceleration in the motion 
through space. 


B. Mean Life of Cosmic Rays in the Galaxy 


We consider the relevant part of the galaxy as a thin, 
circular, disk-shaped volume, with negligible azimuthal 
variations. This shape is the shape observed for the gas 
clouds, the dust, and the hot stars of the galactic 


Population I. The radius of the disk is Ro, and its 
thickness 2h. 

From astronomical data we take the following 
approximate dimensions for this galactic disk: 


h= 10° light years, Ro=5X 10‘ light years, 
and for the position of the sun: 
z,= 30 light years, R,=3X< 10‘ light years. 


These are generally accepted figures, but no great 
accuracy can be assigned to them. The most important 
figure, that for h, is not very well defined. 

We assume that interstellar matter consists entirely 
of hydrogen, spread through space with a mean density 
of 4 proton per cm*. We can estimate the mean free 
paths, /, for nuclear collisions in this interstellar space 
for the various components of the cosmic-ray beam, 
using a value of 4X 10~** cm? for the nucleon-nucleon 
cross section at cosmic-ray energies and computing the 
cross sections of the heavier components on the basis 
of the semitransparent model of nuclei. The mean free 
path in nuclear matter is taken as 2.7 10-" cm, and 
the nuclear radius as 1.4X10-"A! cm. Table I gives 
the results.‘ 

4Of course some of the collisions will result only in a small 
change of the atomic number in the case of complex nuclei, or 
in a small change of the kinetic energy in the case of protons. 
Therefore the effective mean free paths may be appreciably larger 
than the actual collision mean free paths. However, our rudi- 
mentary knowledge concerning the density of interstellar matter, 


the cross sections for high-energy collisions and the events follow- 
ing such collisions, does not justify a more detailed evaluation of I. 
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Taste I. Mean free paths, /, for nuclear collisions (density of 
interstellar hydrogen: } proton per cm’). 








Cosmic-ray particle: Proton a particle CNO group Fe group 





Average atomic weight 1 4 14 30 
1 (measured in 10° L.y.)* 50 20 7 4 








*“Ly.” =light years. 


It is important to remark that, irrespective of the 
acceleration mechanism, any galactic theory of the 
origin must ascribe to cosmic-ray particles a mean free 
path before escape from the galaxy, LZ, which is long 
compared with the thickness of the galactic disk, but 
short compared with the collision mean free path. The 
upper boundary to L comes from the mass spectrum of 
the cosmic-ray beam. Considerations based on the 
relative abundance of protons and heavier nuclei in 
this beam, and on the numbers of secondary protons 
which a pure heavy primary beam would make by 
nuclear collisions with interstellar matter, show that 
the mean path L of cosmic-ray particles (at least up 
to 10 ev) cannot be appreciably larger than the 
collision mean free path, /, of the heaviest components. 
We thus obtain from Table I: 


LS4X 10° light years. 


The lower limit to ZL comes from considerations of 
intensity and isotropy. The density of cosmic-ray 
energy near the earth is of the same order of magnitude 
as the energy density of starlight. A mean life of cosmic 
rays in the galaxy approximately equal to that of 
starlight would then imply a cosmic-ray source of about 
the same strength as that of starlight. In order to 
avoid this very unlikely conclusion we must thus 
assume that L>>h. 

The argument based on the observed symmetry was 
first given by Cocconi,® and is here presented in a 
somewhat different form. One can estimate a lower 
limit for the anisotropy of cosmic rays at the earth by 
taking into account only the fact that the solar system 
is off the median plane of the galaxy by a distance 
z,= 30 |.y. (light years). For this purpose, consider the 
galaxy as a disk of thickness 2h and infinite extension, 
and assume that cosmic-ray sources are distributed 
symmetrically with respect to the median plane. Con- 
sider two planes parallel to the median plane, at dis- 
tances 2, and —z, from it. Let V; and ¥, be the numbers 
of particles per unit area and unit time which cross one 
of the two planes entering or leaving the intervening 
volume, respectively. Thus the net number of particles 
per unit area and unit time leaving this volume through 
both boundaries is 2(¥,—¥;). If we neglect nuclear 
collisions, we then obtain the following equation ex- 
pressing the conservation of particles: 


+45 


2(¥.—V)= S(z)dz, (1) 


8G. Cocconi, Phys. Rev. 83, 1193 (1951). 
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where S(z) is the source strength in particles per unit 
volume and unit time. On the other hand, for a nearly 
isotropic distribution the following equation holds: 


VitV.= 4p, (2) 


where p is the density of particles and » their velocity. 
The ratio between the total number of particles present 
in the galaxy at any particular time and the number of 
particles produced per unit time represents the mean 
life, L/v, of the particles in the galaxy; thus 


Lem fr nic / J S(z)dz. (3) 


If we assume that the density of cosmic-ray particles 
near the earth is a fair sample of the mean density 
throughout the galaxy, the above equation becomes 


L/v~2hp ‘3 f S(z)dz. (4) 


The asymmetry of cosmic rays with respect to the plane 
z= z, may be defined as 


b= 2(W2—V1)/ (2+). (5) 


From Eqs. (1), (2), and (4) one then finds for 6 the 
expression 


sat f fe S(z)dz / t S(z)dz. (6) 


4 


For example, in the case of a uniform distribution of 
sources through the galaxy, Eq. (6) reduces to 


b= 42,/L. (7) 


At the mean energy of cosmic rays, about 10 Bev, 
6< 10, and therefore 


L> 40002, 1.2108 Ly. 


Even at energies as high as 10" or 10" ev, 552 10~, 
and L>6000 light years. These limits would be higher 
except for the fact that the sun lies close to the galactic 
equator. It is not likely that the local distribution of 
the sources is really as symmetrical as the over-all 
galactic disk model which we use, so that the limits 
given above are probably conservative. 

It may be pertinent to point out that these general 
conclusions are valid irrespective of the specific mecha- 
nism opposing the escape of cosmic-ray particles from 
the galaxy. They apply equally well to models describing 
the galaxy as a volume filled with a diffusing medium, 
or as a volume bounded by a “white” wall. However, if 
one wanted to determine exact numerical values for 
the limits of Z, rather than orders of magnitude, one 
would have to take into account the actual distribution 
of the sources, as well as the detailed mechanism of 
propagation of cosmic rays in the galaxy. 
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C. Energetics of the Cosmic Radiation 


If we consider a radiation moving in the galaxy, 
either in straight paths like the starlight or in the 
tortuous paths of the diffusing cosmic-ray particles, we 
can write the following relation from energy conserva- 
tion: 


(energy density) = (source power density) 
X (mean life)x (0/0), 


where Us, is the mean energy per particle at emission 
and U the mean energy per particle observed in space. 
For starlight, U/Uo=1. Now it is plain that the mean 
life of starlight in the disk will be a few times h/c, and 
we have seen that for the bulk of the cosmic rays the 
mean life is L/c. It is known from astronomical data 
that in our location the energy density of light is 
approximately equal to the energy density of cosmic 
rays (both being about 1 ev per cm’). It therefore 
follows that the energy outputs of the cosmic-ray source 
and of the light source are in the ratio: 


cosmic rays/light ~ hU,/LU ~10°U,/U. 


Thus the injection of cosmic rays by stars would be 
only a small fraction of their total power output, even 
if there were no considerable acceleration in space. 
For our model, where the acceleration in space is 
decisive, we will see that Uo/U~10-*. The energy 
expenditure for the injection of cosmic rays is then an 
entirely negligible fraction of the stellar energy output. 
Even rare stellar events, such as supernovae, might 
supply the entire cosmic-ray beam injected. 

On the other hand, our model does derive the energy 
of the cosmic-ray beam from interactions with the ion 
clouds in space, through their magnetic fields. The 
turbulent energy density of interstellar matter (both 
kinetic and magnetic) can be estimated roughly, and 
turns out to be of the same order of magnitude as the 
density of cosmic-ray energy, perhaps 1 to 10 ev per 
cm’. The energy presently stored in the interstellar 
turbulent motion could then supply the cosmic-ray 
power requirements only for a few million years, a time 
very short compared to the age of the galaxy. This 
implies that cosmic rays represent an important load 
on the energy input to the turbulent motion, which 
presumably is the galactic energy of rotation. In our 
neighborhood the ordered rotational energy density is 
about a thousand times greater than the turbulent 
energy. 

Such considerations mean that the cosmic rays play 
an essential role in the dynamical evolution of a spiral 
galaxy. The energy loss to cosmic rays is an important 
factor in smoothing out the turbulence. We do not 
intend to discuss such problems here. We only wish to 
remark that according to the present picture, cosmic 
rays derive their energy from some major source of 
galactic nonnuclear energy, such as the gravitational 
energy gained by concentration toward the galactic 
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plane and toward the denser galactic center or, likely, 
some initial kinetic energy of rotation. Cosmic rays are 
presumably long-lasting features of a spiral galaxy 
which are not constant, but are related in time to the 
presence of well-marked, gas-laden, rotating arms. 


Il. THE DIFFUSION MODEL 
A. The Diffusion Equation 


We now wish to discuss a more specific model, by 
considering the galactic volume filled with wandering 
masses of turbulent, ionized, and magnetic hydrogen 
plasma moving in an un-ionized substratum. On this 
model, a cosmic-ray particle travels in nearly straight 
paths between magnetic clouds of streaming gas; upon 
entering such a cloud, the particle begins a tortuous 
trajectory, until it finally drifts out with almost no 
recollection of its original direction. To describe the 
random propagation of cosmic rays through the galaxy, 
we shall use a simple form of the transport theory, the 
diffusion theory, familiar ia the study of slow neutrons. 
The low accuracy required does not suggest the use of 
any more elaborate method for the problem. It is 
worthwhile to remark that our values of such properties 
of the diffusing medium as the mean free path might 
well have to be modified if the distribution of types of 
scattering centers is an unusual one. We can regard the 
values given below as effective values of mean free 
path, etc., bearing a relation to such physical features 
as the mean spacing of scattering centers which is not 
exactly known. But for any reasonable collection of 
scattering objects, the broad features of diffusion theory 
still hold. 

Fermi assumed that the scattering clouds have 
random motion and showed that in this case the particle 
energy will, on the average, increase during a collision. 
He also showed that the fractional energy gain by a 
particle in such a collision is a quantity a=AU/U 
which depends on the velocity of the clouds, but not 
on U. Here, U is the total energy of the particle 
(kinetic+rest energy) expressed in units of its rest 
energy, moc’. In most of our discussion we shall maintain 
the assumption that a is a constant, without thereby 
implying that the acceleration mechanism is identical 
to that originally suggested by Fermi. 

We will denote by 6(U) the actual energy loss per 
collision (not the fractional loss), measured in units of 
the rest energy of the particle. This loss may arise 
from atomic collision in the plasma or in un-ionized 
gas, or from radiation accompanying accelerations in 
the magnetic field. We introduce, also, the number of 
collisions since the ejection of the particle into space, n. 
We regard the process—which involves n of some 
millions—as continuous, just as in the Fermi age theory 
of neutron slowing-down. The Fermi relation between 
energy and number of collisions is 


dU/dn=aU —B(U). (8) 
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Evidently, particles injected at energies below a mini- 
mum energy U, will not be accelerated: 


U.=B(U.)/a. (9) 


There is strong evidence that beams of cosmic-ray 
particles arrive at the earth during some solar flares. 
These particles have energies up to a few Bev per 
nucleon.* They come more or less directly from the 
neighborhood of the sun. It seems plausible to suppose 
that the sun is a continuous source of such particles, 
though perhaps with widely fluctuating intensity and 
energy spectrum. We may assume that most other 
stars, probably with still more extreme variations in 
number and energy of emission, also send fast particles 
into space (see Sec. IV C). Averaging over the stars, 
then, we will assign to the galaxy a distributed source 
density, capable of injecting into space protons, a par- 
ticles, and other nuclei with energies far above the few 
kilovolts of the auroral streams, though still low com- 
pared to cosmic rays, or perhaps reaching at most a few 
Bev per nucleon. These emitted particles diffuse 
throughout the galactic disk, gaining and losing energy 
until they finally escape from the region of the plasma 
clouds, or rarely until they change their nuclear identity 
by a nuclear collision with the protons of space. 

Let us write p for the number of particles per unit 
volume, at position r and time ¢, which have under- 
gone between n and n+-dn collisions since their ejection 
from a source with energy Uo. Then the familiar scalar 
flux of particles per cm? and per second, useful 
in all nearly isotropic transport problems, is just 
¢=p(r,t,n,U)o(n,Uo), where v is the velocity of the 
particles. The so-called “differential energy spectrum” 
of primary cosmic rays, j, gives the number of cosmic- 
ray particles per unit area, per unit solid angle, per 
second, and per unit energy interval. It is related to 
the flux g by the equation 


j(E)= (1/49) pdn/dE. (10) 


E=U-—1 is the kinetic energy of a particle measured 
in units of its rest energy. 

Following the familiar methods’ of neutron diffusion 
and age theory, we obtain the differential equation 
expressing the conservation of particles: 


Op X 


a 3 


1d¢ 


Vp—-———+S(r,Ur)8(n). (11) 
hon I 


Here \ is the transport mean free path for collisions 
with the clouds, and / the mean free path against 
nuclear collisions. We have written the source density 
function S(r,t,Uo) for the number of particles injected 
per second per unit volume with initial energy between 


* See the very valuable review by L. Biermann, Ann. Rev. Nuclear 
Sci. 2, 335 (1953). 

7 See, for example, S. Glasstone and M. Edlund, The Elements 
of Nuclear Reactor Theory (D. Van Nostrand Company, Inc., 
New York, 1952), Chap. VI. 
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U> and Uo+dU >. The Dirac delta function indicates 
that the injection is, of course, with n=0. For each Up, 
then, Eq. (8) gives a connection between U and n. By 
adding up the injections at all energies, one gets the 
complete spectrum. We shall generally neglect the 
initial spread of the injection spectrum. 


B. Solution of the Diffusion Equation 


It is enough to treat the stationary case, with 
dp/dt=0, and S constant in time. For any finite n, we 
have 

r 1dg ¢ 
-V29—- — 
3 hon | 


(12) 


Considering Eq. (11) in the neighborhood of n=0, we 
have 


¢(1,1,0,Uo)=AS(8,t,U 0). (13) 
No other boundary condition in the variable n is needed 
except the finiteness of ¢ for all m. The boundary con- 
dition to be set in ordinary space is less formal. It de- 
pends upon the reflectivity of the boundaries of the 
diffusing region. We shall set g=0 at the extrapolated 
boundaries,’ i.e., we shall assume no reflection. This 
assumption will be discussed later in detail (see Sec. 
IV B). Here we only remark that a moderate amount of 
reflection would not substantially alter the present 
treatment. Only a practically total reflection from the 
galactic boundaries would invalidate our conclusions. 

For our problem it is convenient to introduce cylin- 
drical coordinates with the origin at the center of the 
galactic disk and the equatorial plane coincident with 
the median plane. We denote the distance above the 
equatorial plane by z and the distance from the polar 
axis by R. We assume axial symmetry and symmetry 
about the equatorial plane as well. 

One can solve Eq. (12) by the familiar method of 
series expansion into normal modes. For our geometry, 
this corresponds to an expansion into a Fourier series 
with respect to z and into a series of Bessel functions 
with respect to R. It turns out that the solution, or 
more specifically the functional dependence of g on n 
at the location of the solar system, is not affected to any 
appreciable degree by the actual value of the galactic 
radius, Ro. This is easily understandable on physical 
grounds because 4«R, and therefore the leakage 
through the cylindrical surface at R= Rp is negligible 
compared with the leakage through the plane surfaces 
at s= +h. For this reason we can ignore the boundary 
condition g=0 at R=», i.e., we can consider the 
galaxy as having infinite lateral extension. 

As a special and particularly simple case, we assume 
that the cosmic-ray sources are distributed uniformly 
in the radial direction, and symmetrically with respect 
to the equatorial plane. The problem then becomes uni- 
dimensional and the general solution of Eq. (12) 
obeying the boundary conditions g=0 at s= +h can be 
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written as a Fourier series: 
¢(2,n)= >> A; cosl (i—})a2/h]exp(—n/N,), (14) 
i-1 


where NV; is given by the equation 
1 -#(i—4)? XA 
Pic aiammaerermae ao (15) 
N; 

In particular, 


(16) 


The coefficients A; are determined by Eq. (13) which, 
in this case, becomes 


XS(2)=¥ A, cosl (i—4)x2/h], (17) 


Tbus the coefficients A; are the Fourier coefficients of 
the source function multiplied ‘vy X. 

It is easy to modify the solution to allow for a possible 
variation of \ with n. It is necessary only to replace An 
and )\*n where they occur in the exponential of Eq. (14) 
by the integrals fo" \(n’)dn’ and fo" \*(n’)dn’, respec- 
tively. The second integral is almost the “age,” 7, in 
Fermi’s theory of slowing-down: 


3r= f d?(n’)dn’. 
0 


If we define the integral flux ®(r,n) as 


#(r,n)= f o(s,n')dn’, 


we obtain from Eq. (14): 


(2,0)= 5 NA, cosl (i—4)ns/h], (19) 


Notice that @(z,) is the flux of particles at z which have 
undergone more than m accelerating collisions with the 
magnetic clouds of the galaxy, and (2,0) is the total 
flux of particles. From Eqs. (3), (19), and (17) we 
obtain the following expression for the mean path L of 
cosmic-ray particles in the galaxy: 


+h 


L= ie 6 (2,0)de / 
—h —h 


ah x AN / y Ai(é—9). (20) 


S(z)dz 


Unless the higher modes are important (i.e., unless the 
source strength varies rapidly in the z direction) L is of 
the order of magnitude of AN; and is, therefore, 
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given by 

wr 1 

=. (21) 
12h? 1 


1 1 


= = 
—_— = a. 


L XN, 


As discussed in Sec. I B, the mass spectrum of cosmic 
rays requires that L</. Thus Z must be of the order of 
magnitude of 12h?/x*\. This means physically, of 
course, that the mean life of cosmic-ray particles in the 
galaxy is primarily determined by the leakage through 
the two planes of the galactic disk. From the upper 
limit of L (4X 10° l.y.) one finds a corresponding lower 
limit of A: A>} Ly. We have also seen that isotropy 
considerations set a lower limit of about 10° l.y. to L. 
The corresponding upper limit of X is 10 l.y. 

If only the fundamental mode is present, the exact evaluation 
of 8 becomes straightforward. The net flux of outgoing particles 


through the plane z=z, may be computed from Eq. (1) together 
with the expression for the source function: 


S(z) = So cos(wz/2h), 
or from the equation: 
v,-V; = (= P } 
3\ ds /t=2s 
together with the expression for @: 
(2,0) =ASoN;1 cos(xz/2h). 
In either way one obtains (neglecting nuclear absorption) : 
W2—V = (2/2) hSo sin(wz,/2h). 
On the other hand, Eq. (2) gives 
Vi t+V2= (6)?/2*r) So cos(x2,/2h). 

Therefore, from Eq. (5): 

5= (24d/3h) tan(w2,/2h) ~2*dz,/3/". (25) 
It happens that Eq. (25) is equivalent to Eq. (7), giving an 
approximate, but more general expression for 6. It may be pointed 
out that Eq. (25) applies not only to the asymmetry of the total 


flux ©, but to that of the differential flux g as well. In the latter 
case it remains valid also when d is a function of n. 


(23) 


(24) 


It is interesting to observe that another quite different 
and perhaps more plausible geometry for the galactic 
diffusing material will give nearly the same results as 
the disk described in detail here. The alternative is the 
confinement of the diffusion within a single spiral arm 
of the galaxy. Such an arm has a height 2h, of course, 
a width perhaps 3h, or 4h, and a length comparable 
to Ro. The curvature can be neglected and the problem 
treated as diffusion in a long rectangular prism. Differ- 
ent eigenfunctions are appropriate, but the general 
features of the problem are the same, and the funda- 
mental length is nearly the same as that given by 
Eq. (21). The additional leakage through the vertical 
bounding planes is only a correction to the already 
arge leakage through the top and bottom as before. 
Whether the fine structure of the galactic magnetic 
field shows the gaps between spiral arms as markedly 
as does the gas itself is not known. Since the qualitative 
results will be quite the same, we shall discuss the some- 
what more evident case of disk diffusion in detail, but 
we do not by any means wish to obscure the possibility 
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that the single-arm geometry, or some intermediate 
case, may in fact be the real solution. 


C. Location of the Sources 


In the previous section we have assumed that the 
sources are distributed uniformly in the plane of the 
galaxy (although they are not necessarily uniform per- 
pendicularly to this plane). In order to investigate 
whether or not the details of the source distribution are 
important we consider next a source function of the 
following type: 

S(r)=So cos(4z/2h) exp(— R?/2D*), 


ie., we assume that the source has a gaussian distri- 
bution with a rms spread D in the R direction, and is 
distributed according to the fundamental Fourier mode 
in the z direction. By integral expansion into Bessel 
functions, or by direct substitution into the diffusion 
Eq. (12) one finds the solution corresponding to the 
source function (26) for a galaxy of infinite radial 
dimensions: 


(26) 


"2 6Dp* 
¢=ASo cos( -) ee 
2h? 6D°+4d*n 


3R? n 
xexp| — oe | (27) 
6D°+4\'n NN, 


We now further assume that D&R, i.e., that the 
dimensions of the source are small compared with the 
distance from the point of observation to the center of 
the source. The integral of Eq. (27) with respect to 
can be expressed, after a suitable transformation, in 
terms of the Hankel function of zeroth order, Hy, so 
that the total flux of particles at R and z may be 
written as 


©(R,z,0) = const cos(r2/2h)iHyo™(2ia). (28) 
In the above equation, which is exact in the limit 
D/R-0, 
eR 


. ee 


4h 


rR 


wat oP 

4h mN 
Figure 1 shows a graph of Ho” versus a. For a>1 
Eq. (28) becomes approximately 


(R,2,0) ~ const X cos(#z/2h) 
X (2h/#R)§ exp(—xR/2h). (30) 


One should note that, since we are considering a 
galaxy of infinite lateral extension, the line R=0 
merely represents the axis of symmetry of the assumed 
source, so that the above equations apply to a source 
located anywhere in the galaxy at a distance R from 
the solar system. It is also plain that the results obtained 
do not essentially depend upon the particular form of 
the source density here used for calculation, provided 


(29) 


=] 
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Fic, 1. The Hankel function, i“ (2ia), of zeroth order plotted 
versus a= R/4h, Ho describes the dependence of the total flux 
of cosmic-ray particles, #(R,z,0), on the radial distance, R, from 
the center of a concentrated source. 


the radial dimensions of the source are small compared 
with R, 

From Eq. (30) one sees that at distances larger than 
the thickness of the galaxy the contribution of a given 
source decreases rapidly with distance, the reduction 
factor being approximately exp(—R/2h). It is thus 
difficult to escape the conclusion that the bulk of the 
cosmic rays—those with energies between 2 Bev and 
10 Bev—are locally generated, in our galactic neighbor- 
hood, mostly within a few thousand light years from 
the sun. Any appreciable contribution to the total flux 
from sources further away than several times the thick- 
ness of the galactic disk would imply an extremely 
uneven distribution of the sources in the galaxy. It 
would also require an excessively large energy output 
from these sources. In particular, it seems difficult to 
assume, as it has been sometimes speculated, that most 
cosmic rays come from the dense concentration of stars 
at the center of the galaxy, 30 000 light years from the 
solar system. In our model the reduction factor for a 
source located at this distance relative to a local source 
is, approximately, 10-”! 

The above conclusions apply, as we have pointed 
out, to the bulk of the observed cosmic radiation. The 
high-energy end of the spectrum (large m) and the low- 
energy end of the spectrum (small m) require special 
consideration. 

Equation (27) shows that g does not decrease sig- 
nificantly with increasing R until R becomes larger 
than \\/n. If n is sufficiently large as to make \\/n>>h, 


sources located at distances large compared with the 
thickness of the galactic disk may become as effective 
as local sources. One can easily see the physical reason 
for this result by considering that a particle arriving 
upon the earth after a large number of collisions has 
had approximately equivalent opportunities to escape 
from the galaxy whether it has begun its random walk 
near the earth or a considerable distance away. 

To discuss the case of small m, consider again Eq. (27). 
If \\/n is small compared with h, then g decreases 
rapidly with increasing R even for distances small 
compared with the thickness of the galactic disk. There- 
fore, the observed flux depends critically on the details 
of the source distribution in the neighborhood of 
the sun. 

One arrives at a similar conclusion considering the 
results of the preceding section relative to a source 
distribution depending only on z. For n>N,, i.e., 
n>>h?/d [see Eq. (16) ],*the higher modes of the Fourier 
expansion of ¢ are negligible; ie., g has the same 
exponential dependence on n, exp(—n/N;), irrespective 
of the source distribution. However, for n<Nj, the 
higher modes may be important and, therefore, the 
functional dependence of ¢g on m varies with the source 
distribution. 

Note that the conclusions reached in this section are 
valid under any galactic theory of cosmic rays postu- 
lating a three-dimensional random-walk type of propa- 
gation through galactic space. In particular, distant 
sources, such as those situated at the center of the 
galaxy, could be important only if cosmic rays were 
confined to the galaxy for times long compared with h/c 
by a high reflectivity at the galactic boundary, rather 
than by frequent random changes in their direction of 
motion within the galaxy. 


Ill. COMPARISON WITH EXPERIMENTS 
A. The High-Energy Spectrum. Injection Energies 


We have seen in the preceding section that for values 
of n larger than f?/d? (but not exceedingly large) the 
function ¢ is determined almost entirely by the average 
strength of cosmic-ray sources in the galactic neighbor- 
hood of the sun. In a theory which at best, can only 
account for the main features of the observed phe- 
nomena, we are therefore free to choose any reasonably 
smooth distribution of sources in the galactic disk. 
For ease of calculation, we shall assume that the source 
is distributed according to the fundamental mode in the 
z direction and is constant in the R direction: 


S= So cos(r2z/2h). 
In this case the solution of the diffusion equation is 
¢=AS» cos(wz/2h) exp(—n/N,), 
and the integral flux is 


(31) 


(32) 


}(z,n)= 3 ¢(2,n’)dn’ 
” | Sal cos(rz/2h) exp(—n/N)). 


(33) 
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The collision number n and the energy U are connected 
by Eq. (8). Let us first neglect the ionization loss and 
examine later whether or not this neglect is justified. 
We obtain 

U=Uce™"; n=aln(U/U >). (34) 


From Eqs. (10), (33), and (34) we then compute the 
integral spectrum of cosmic rays, J (£), i.e., the number 
of particles per unit area, per unit solid angle and per 
unit time, with kinetic energy greater than E: 


bad 1 
(E)= f j(R)4B!=—4n()) 
E 


1 1 Us Vani 
=—)\S)N; cos( =) ( ) . (35) 
4n 2h 1+£ 


This is the well-known power law of Fermi’s theory. 
Figure 2, taken from a paper by Barrett et al.,* 
summarizes our present information on the values of 
J(E) at various energies from 14 Bev to about 2 10° 
Bev. The experimental data refer to all cosmic-ray 
particles. Little is known on the relative proportion of 
protons and heavier particles at the highest energies. 
It is, however, reasonable to assume that protons are 
greatly predominant here, as they are in the lower 
energy range. In what follows we shall discuss the data 
as if they applied entirely to protons. Note that the 
point at 14 Bev represents the vertical intensity at the 
geomagnetic equator, where the geomagnetic cutoff for 
protons is at 14 Bev kinetic energy. The other points 
result from observations of high-energy nuclear inter- 
actions in photoemulsions and from underground ex- 
periments on mesons. Data obtained from observations 
on air showers are also indicated (dashed lines). The 
measurements are not very accurate, but the range of 
energies is very great. Over this whole range the experi- 
mental data can be fitted to a power law of (1+-Z) with 


exponent 
—1/aN\= — (1.50.2). (36) 


The error refers to the uncertainty in the fit of the 
experimental data to an assumed power law; there is, 
of course, no assurance that this law is accurately 
verified. 

Neglecting nuclear collisions, we can evaluate N, in 
terms of \ and hk from Eq. (16): 


N= 121? /w'd? = I?/d?. (37) 


TABLE II. Critical kinetic energies of cosmic-ray particles. 








Cosmic-ray particle: Proton a particle CNO group Fe group 





Average atomic number 1 2 7 15 
Critical kinetic energy 
(measured in Mev) 0.9 3.8 65 320 











* Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 
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Fic. 2. The integral intensity of primary cosmic rays, J (2), at 
kinetic energies from 14 Bev to 2510" Bev. The experimental 
data indicated by squares are taken from a paper by Barrett e¢ al. 
(see reference 8). The point at 14 Bev corresponds to the vertical 
integral intensity at the geomagnetic equator. The band between 
the two dashed lines indicates results deduced from the observa- 
tions on air showers. The solid line represents the theoretical 
expression J(EZ)= const X (14+). 


We then obtain from Eq. (36) the following relation: 
a=0.602/h?, (38) 


If we consider the limits on A discussed in Sec. II B and 
the fact that, on astronomical grounds, it is difficult to 
assign too large a value for a or too small a value for X, 
we arrive at the following thoroughly tentative set of 
values 


A=1 light year; a~6X10~’. (39) 


In Secs. IV A and IV D we discuss the plausibility of 
these assumptions. Now we must examine the conse- 
quences of the neglect of the ionization-loss term in the 
integration of Eq. (8). The actual ionization losses are 
rather uncertain. The loss rate in a completely ionized 
plasma is a good deal larger than that in un-ionized 
material essentially because of the greater value of the 
maximum impact parameter for effective collisions. 
But the division of the actual path traversed into 
plasma and un-ionized matter is not very well known. 
Most of the volume of the galactic disk is un-ionized. 
Taking for simplicity the loss rate in un-ionized hydro- 
gen, we can compute the critical energies for injection 
of different nuclei from Eqs. (9) and (38). The results 
are given in Table II. Even if these energies are some- 
what increased by the higher plasma losses, they are 
still very small compared to the mean cosmic-ray 
energies of 10 Bev or so. Thus the neglect of the ioniza- 
tion loss is justified. 

From Eq. (34) and from the value of a given above 
we may compute the values of n corresponding to the 
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two limits of the spectrum here under consideration 
(we assume a kinetic injection energy small compared 
to the rest energy). We obtain for kinetic energies of 
about 14 Bev, n~4X10°, and for kinetic energies of 
about 2X 10° Bev, n~ 24 10°. Since h?/d?= 10°, we see 
that the conditions specified at the beginning of this 
section are fulfilled. 


B. The Low-Energy Spectrum 


The study of the latitude effect has provided data on 
the energy spectra of protons and of heavier particles 
at energies below 10 Bev. Some of these data are sum- 
marized in Fig. 3 (a) and (b). The points for the heavy 
particles are taken from a paper by Kaplan, Peters, 
Reynolds, and Ritson.’ The curve for the total number 
of particles is that suggested by Barrett et aJ.* on the 
basis of Winkler’s measurements. The curve for protons 
has been obtained by subtraction of the numbers of 
heavy particles from the total numbers of particles. The 
dashed lines are drawn according to a power law of the 
type J= const X (14+ £)"*. 

It is necessary to emphasize the fact that most of 
the experimental! results on the latitude effect are rot 
very accurate. They are also difficult to interpret be- 
cause the theory of geomagnetic phenomena is far from 
complete. However, it appears that while the data 
relating to the heavier components do not deviate 
significantly from the theoretical power law, the more 
accurate data relating to protons are in definite dis- 
agreement with it. Indeed, at energies around 0.1 Bev, 
the theoretical expression predicts about two or three 
times as many particles as are actually observed. 


More recent results of Neher ef al.® and of Van Allen” confirm 
this conclusion. Neher, working with ionization chambers at an 
atmospheric depth of 15 g cm™, finds an increase of only 1 percent 
in the cosmic-ray intensity between the geomagnetic latitudes 
of 56° to 66°. The corresponding kinetic cut-off energies for 
vertical protons are 0.8 Bev and 0.140 Bev, and according to 
the 1.5 power law, the increase should amount to approximately 
a factor of two. In a series of rocket experiments, Van Allen found 
that lowering the cut-off energy from 0.59 Bev to 0.018 Bev 
increased the intensity by only 1449 percent as against a theo- 
retical increase of about a factor of two. In both cases, the observed 
increases are hardly outside the experimental errors and, even if 
real, can be explained by the opening of the shadow cone as one 
proceeds toward higher latitudes. (Note that both Neher and 
Van Allen measured the omnidirectional intensity rather than 
the vertical intensity, which makes the interpretation of the results 
subject to greater uncertainty.) 


In conclusion, there seems to be little doubt that, in 
the low-energy region, the proton spectrum becomes 
much flatter than the theory predicts. It is, however, 
impossible to say at the present time whether or not 
there exists an actual “cutoff,” ie., whether or not 
particles below a certain limiting energy (of the order 
of 0.8 Bev for protons) are totally absent from the 


Neher, “Peterson, and Stern, Phys. Rev. 90, 655 (1953). 
. A. Van Allen, “The cosmic- ray intensity above the 
here near the geomagnetic pole,” Department of Physics, 
aumoaphre es of Iowa, January, 1953 (unpublished). 
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Fic. 3. The integral intensity of primary cosmic rays at energies 
less than 14 Bev per nucleon. (a) The upper solid curve is that 
suggested by Barrett et al. (see reference 8), and refers to all 
particles. The lower solid curve, deduced from the former by 
subtraction of the heavy particles, refers to protons. The circles 
and the triangles represent experimental determinations by 
Winkler and Pomeranz, as summarized by Puppi in Chapter VI 

. G. Wilson, Progress of Cosmic Ray Physics (North-Holland 

ublishing Company, Amsterdam, 1952). The dots represent 
nbs by Van Allen (see reference 10). The dashed line 
is drawn according to a power law of the type J = const X (1+Z£)74 
and is the continuation of the curve in Fig. 2. (b) The experimental 
points refer to measurements by Kaplon ef al. (see reference 2), 
on the heavy components of the primary radiation. The d 
lines are drawn according to the power law J =const X (14+£)74. 


primary spectrum. It is also uncertain whether or not 
the spectra of the heavier components exhibit a devia- 
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tion from the theoretical power law similar to that of 
the proton spectrum. 

It has been suggested that the depletion of the low- 
energy end of the proton spectrum may not be a 
property of the primary beam but may be due to a 
shielding effect by local magnetic fields, such as a 
magnetic field of the sun." The astronomical data, 
however, do not seem to support this view.” On the 
other hand, the simple diffusion model predicts, if 
anything, a deviation from the power law in the direc- 
tion opposite to that observed. At low energies the 
ionization loss is not negligible and, in fact, the frac- 
tional energy gain per collisions will go to zero at the 
critical energy for injection, E,. This effect would tend 
to increase the flux at low energies [see Eq. (10) ]. Of 
course, in the absence of a detailed theory of the 
collisions between the particles and the magnetic ele- 
ments, one cannot be sure that the simple equation 
dU/dn=aU—B with a=const will hold down to the 
lowest energies. 

One should also remark that, at energies slightly 
above the injection energy, the flux ought to be in- 
creased by particles injected above the critical energy 
and arriving without much acceleration. It is, of course, 
clear that if the source did not emit particles of energy 
less than Eo(Eo> E.), no particles of energy less than Eo 
would be found in the incoming radiation. Such an 
assumption, however, appears rather artificial. 

In the absence of any other plausible interpretation 
of the low-energy end of the spectrum, it is perhaps 
interesting to note that the theory here under dis- 
cussion can explain the observed features at the price, 
however, of introducing another ad hoc hypothesis. 
This hypothesis is that the source density is weaker 
than average in the neighborhood of the sun. If the sun 
is between two spiral arms, or within a gap even inside 
a main arm of the spiral, such an assumption would be 
reasonable. Formally, we could use as source density a 
function of the type 


S=So cos(w2z/2h)[1—« exp(— R?/2A*)], (40) 


where we have chosen as central axis (R=0) a line 
passing through the sun and perpendicular to the 
galactic plane. The corresponding solution of the diffu- 
sion equation is [compare Eq. (27) ] 


sl o(-$) 
a cost - ex anu ene 
eas ee ae 


eF 3 FR 
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(42) 


F=3A?/2)’. 
At the position of the solar system (R=0) the integral 


where 


1 L. Janossy, Z. Physik 104, 430 (1937). 
For a discussion of this question see also H. Alfvén, Arkiv 
Fysik 4, 407 (1952). 
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where 


is the exponential integral. From this equation together 
with Eq. (34) one computes the integral spectrum. This 
can be easily fitted to the experimental data by proper 
choice of the parameter (1—e), which measures the 
fractional source strength in our locality, and A, which 
gives the size of the local gap in the source distribution. 
If the sources are stars of some special type (like the 
T-Tauri stars suggested, wholly speculatively, in Sec. 
IV C) such a local gap might well be found astronomi- 
cally. Only better experimental data will decide whether 
or not it is possible to fit the observations exactly with 
such a theory. It is at least satisfactory to see that Eq. 
(43) vegins to give a deviation from the simple power 
law at an energy Ug such that n(U4)~F. This implies 
[see Eqs. (34), (38), and (42)] that A~A[In(U4/U») }}. 
Therefore, the size of the region of weak source would 
be of the order of 4 and vary quite slowly with U4. 

An alternative interpretation for the small number of 
low-energy particles is the assumption of a source of 
limited dimensions, situated some distance from the sun. 
But there is no plausible location for such a source 
apart perhaps from the galactic nucleus itself, which the 
intensity arguments of Sec. II C make very unsatis- 
factory. A local weakening of the source density is much 
more plausible than a relatively concentrated source 
somewhere a fraction of the galactic radius away from 
the sun. 


C. Y. Fan," in his account of the energy spectrum on Fermi’s 
hypothesis derived the shape of the energy spectrum much as we 
have done here, though he neglected leakage. He ascribed the 
low-energy deviations to a finite distance from the source, just 
as we have done. He succeeded in fitting the whole spectrum 
by assuming a source in the dense Population II stars of the 
galactic nucleus and a spherical distribution of the diffusing 
magnetic field with dimensions of the order of Ro. He was required 
to postulate large injection energies and predicted for the heavy 
components an energy spectrum much steeper than for protons. 
We regard his results as sharply contradicted by cosmic-ray 
evidence alone, without reference to astrophysical plausibility. 


C. Absence of Primary Electrons and Photons 


It has been quite well established that the number of 
electrons and photons above 1 Bev arriving on the 
earth is less than 1 percent of the total particle flux." 

Electrons in the primary beam can have two origins: 
initial injection, together with the protons and the 


4C. Y. Fan, Phys. Rev. 82, 211 (1951). 
4 Critchfield, Ney, and Oleska, Phys. Rev. 85, 461 (1952). 





450 


heavier components, or subsequent collisions of nucleons 
in space, producing mesons or neutrons. It has been 
estimated’® that a few percent of the energy lost in 
collisions will appear in the form of electrons and 
photons resulting from the decay of mesons and neu- 
trons. Since in our picture the total number of nuclear 
collisions suffered in space is quite small, we can expect 
from this source a negligible contribution to the elec- 
tronic component. Indeed, the absence of electrons and 
photons re-enforces the nuclear mass distribution (the 
presence of the Fe group, doubtfully the absence of Li, 
Be, and B) in giving evidence that little matter has been 
traversed by the primary beam. 

What of the possibility of electron injection? Our 
picture predicts that /ofal energies are multiplied in the 
collisions with magnetic turbulence elements. If the 
electron spectrum at injection is like that of the heavy 
particles in the kinetic energy scale, then the final elec- 
tron spectrum will be similar to the final proton 
spectrum, but with the energy scale reduced. 

If the injection energy is, say, of the order of 10’ ev, 
the reduction factor will be of the order of 100 and thus 
the electrons wiil be confined to very low energies. Such 
a similarity between the electron and the proton kinetic 
energies at injection would result from a single, more or 
less linear acceleration by a motional or induced emf. 
On the other hand, an injection mechanism which 
involves a cyclic or spiraling type of acceleration tends 
to produce electrons and protons with approximately 
the same momentum. In this case the reduction factor 
in the energy scale of the final spectrum is of the order 
of 10 and it may be necessary to postulate some mecha- 
nism to degrade the electron energy at a fast rate 
during propagation in space. Collisions with photons 
and radiation by deflection in magnetic fields have been 
suggested as possible processes leading to such energy 
losses. 

In conclusion, unless electrons are in fact eliminated 
by some special mechanism, the theory suggests the 
existence of a primary electron component of intensity 
similar to that of the main beam, though of greatly 
reduced energy. A search for these electrons at high 
latitudes may be worthwhile. 


D. Deviations from the Power Law at 
Extremely High Energies 


For various reasons, one might expect deviations 
from the power-law energy spectrum at sufficiently high 
energies. 

1. As the energy increases, the maximum distance at 
which sources are effective increases as well (see Sec. 
II C). When this distance becomes of the order of 
magnitude of the galactic radius, the assumption of an 
infinite uniform distribution of cosmic-ray sources in 
directions parallel to the galactic plane is obviously no 


16 See Phyllis Greifinger, Ph.D. thesis, Cornell University, 
Ithaca, New York, 1954 (unpublished). 
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longer justified. Indeed, there are no appreciable sources 
at R> Ro; moreover, near the center of the galaxy the 
strength of cosmic-ray sources may be far different 
from that in the neighborhood of the solar system. The 
maximum distance, R, at which the contribution of a 
source is important is related to the number of colli- 
sions, nm, by the equation: \\/n~R. If we take for R 
half the galactic radius (R=2.5X 10‘ Ly.), we obtain 
for n a value of the order of 6X 10°. This corresponds to 
an energy of the order of Ue*"~ Ue*. We see that the 
cut-off energy set by the finite extent of the source is so 
high as to be practically meaningless. 

2. Another conceivable cause for a cut-off is a time 
effect. Very high energy rays must have started a long 
time ago; on the present theory, the age of a particle 
is An/v, or about 10°XIn(U/U») years. If the spiral 
arms evolve in times of the order of a few rotations, 
say 10° years, we could expect a cutoff for In(U/U¢) 
«10°, Indeed, before the evolution of the spiral arms 
the rays may not have been contained in the galaxy to 
undergo acceleration. Here, too, however, the cut-off 
energy lies meaninglessly high. 

3. The strict power-law for the energy spectrum 
follows from the assumption that the transport mean 
free path \ and the fractional energy gain per collision, , 
a, are independent of energy. At a sufficiently high 
energy, fixed by the strength and size of the scattering 
magnetic elements, \ must increase and therefore the 
spectrum should fall off more rapidly, unless this effect 
is compensated by a large change in a. 

Our experimental knowledge of the high-energy spec- 
trum is not precise enough to exclude the possibility 
that \ may have already increased appreciably between 
10" and 10" ev. In any case, as we shall discuss in 
Sec. IV A, the energy E,,, at which the increase of \ 
begins, could not lie much beyond 10" ev. An increase 
of \ with energy should result not only in a departure 
from the power spectrum but also in a failure of 
isotropy. 

Let us examine this point in some detail. Neglecting nuclear 
collisions, the differential energy spectrum for variable \ and a is 
given by the equation 

; const 4 wm =e) (E’) dE’ 
i)" 7B) ° ay onl - iad, a(E’) Fl) “) 


On the other hand, the spatial asymmetry is given approximately 
by Eq. (25). One sees that the intensity at EZ depends on the 
integral 


i * \0(RdE'/a(E)E’, 


while the spatial asymmetry is proportional to the value of \ at 
the given energy E. 

Suppose first that a does not change much with energy. One 
will be able to observe a departure from isotropy before the 
intensity has dropped to an undetectable value if the increase 
of \ is sufficiently abrupt. To make a quantitative argument 
one should consider that the observations refer to integral rather 
than to differential intensities. For a power-law spectrum, the 
ratio, f, of integral intensities at the energies E and E,, is given 
by f= Ej(E)/Emj(Em). For a more rapidly decreasing spectrum, 
such as corresponds to an increasing A, f is smaller than the above 
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expression. Therefore, from Eq. (44): 


somo Jee te) 7-H BD 


where ~ is a number of the order of unity for any reasonable 
dependence of A on E. Let us assume that A is constant up to 
the energy E,=10'5 ev. With air-shower detectors it may be 
possible to measure intensities 10‘ times smaller than that ob- 
served at 10° ev. Setting, therefore, f=10~, the above equation 
yields 

(E—Em)/E<9ah*/§X*. (46) 


It does not seem likely that one can observe an anisotropy at 
these high energies unless \ is greater than 4/10 (for this value 
Eq. (25) gives 5=0.01; actually the anisotropy may be some- 
what greater as already indicated in Sec. I B). One thus obiains 


(E—Em)/E<10a/€. 


Even if one takes into account the uncertainty in &, one sees 
that \ would have to increase by a factor of 100 in an energy 
range of less than 1 percent, which is very unlikely. One could of 
course expect an observable anisotropy if a at 10° ev were much 
greater than at low energies, because then the required increase 
in \ would occur over a wider range of energies. Indeed, if we are 
willing to allow a large value of a at 10'* ev, we may assume that 
d and a@ have been increasing smoothly with energy in such a way 
as to keep the ratio \*/a roughly constant. In this way we even 
may expect at some high energy a measurable anisotropy without 
appreciable departure from the power-law spectrum. Actually it 
would seem likely that a increases with energy (see Sec. IV A) but 
hardly fast enough to hold the intensity at a detectable level by 
the time a pronounced anisotropy is present. The above con- 
clusions seem to be fairly independent of the details of the diffusion 
model. They suggest that the beam should remain essentially 
isotropic to the highest observable energies, if it is true (a) that 
the cosmic rays gain their energy through a gradual acceleration 
process, and (b) that the fractional energy gain per collision is not 
excessively large. 

An experimental investigation of the angular distribution at 
the highest energies is obviously very desirable. Should anisotropy 
be found, it would require a drastic revision of the model. More- 
over, it would furnish information on the geometry of the diffusing 
volume. 


IV. ASTROPHYSICAL IMPLICATIONS OF THE MODEL 


We shall now discuss in a perforce incomplete way 
the nature of the galactic magnetic field, and the 
astrophysical evidence bearing on the values of the 
parameters chosen to fit the cosmic-ray data. 


A. The Transport Mean Free Path 


One can construct without difficulty a model of a 
field in which, as required by our theory, the transport 
mean free path is constant up to a high limiting energy. 
As already mentioned, we picture the galactic space 
filled with wandering turbulent magnetic elements, each 
rather well separated from a background of lower field 
strength. The elements have a kind of hard core of 
higher gas densities and higher magnetic fields. Cosmic- 
ray particles wander from core to core in more or less 
straight-line paths; when they enter each core, they 
penetrate with a complex spiraling motion about the 
lines of force until they reflect from the region of strong 
field, and find their way out again. The mean free path 
will then depend primarily on the spacing of the cores, 
but not on the energy of the particle. This will remain 
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true until the energy becomes so high that the radius 
of curvature, Rg, is comparable to the dimensions of 
the core. At this energy, E,, the mean free path will 
increase and the power law will fail. 

If one assumes spacings of the order of one or several 
light years and cores of somewhat smaller dimensions, 
E,, corresponds to a radius of curvature, Rg, of the 
order of 1 l.y. One can make a rough estimate of the 
magnetic fields in clouds by assuming equipartition of 
energy between magnetic fields and turbulent motion. 
If one takes one atom per cm! in the cores, and velocities 
of the order of 10 km/sec, one obtains for the magnetic 
field a value of the order of 3X 10~* gauss.'* The corre- 
sponding value of E,, is about 10" ev. 

The picture of turbulence suggests that there are 
cores of different sizes and with different field strengths. 
As the energy increases a smaller and smaller fraction 
of the cores will remain able to scatter the particles. 
Thus, one should expect that beyond a certain energy, 
the mean free path will increase gradually, in a manner 
dependent on the distribution of the relevant properties 
of tke cores. 

From the crude argument of equipartition, one may 
expect that the cores of higher field strength will have 
higher average velocities. In Fermi’s model, a is pro- 
portional to the square of the velocity. Therefore, one 
may predict an increase with energy of the fractional 
energy gain per collision, a, because particles of higher 
energies scatter preferentially from cores of higher field 
strengths and therefore higher velocities. 


B. Reflectivity of Galactic Boundary 


Reasons have been given*-!’ to assign a very large re- 
flectivity to the boundary between the material of the 
galactic disk and the nearly field-free region outside. 
A reflectivity as great as 0.9 or 0.95 would have no 
important effect on our analysis but would require only 
a re-evaluation of such parameters as X, h, etc. Only a 
reflectivity so great that a thousand or more approaches 
to the boundary should be made before escape, would 
drastically alter this model. It seems rather unlikely 
that such a high reflectivity can be maintained since 
(1) the ionized material is very spottily distributed, 
(2) it occupies a small fraction of the total volume of 
the disk or arm, and (3) it may indeed possess many 
lines of force which do not close, but point outward 
into extra-galactic space. 

Another possible way of trapping cosmic-ray par- 
ticles should be considered. The galaxy as a whole may 
possess a general external magnetic field, extending 
with appreciable intensity to a distance of the order 
of Ro in all directions. This field, which may roughly 
resemble that of a dipole, will bend the trajectories of 


6 Neither the equipartition principle nor the values of density 
and velocity are reliable; but independent lines of evidence 
indicate galactic fields of this order of magnitude. See S. Chandra- 
sekhar and E. Fermi, aig ag . 118, 116 (1953). 

17 A. Unsiéld, Phys. Rev. 82, 857 (1951). 
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the escaping particles and may bring them back to the 
galaxy after they have reached a distance of the order 
of Ro. In the slowly varying field the particles describe 
complicated trajectories, so that the time of drift 7 is 
long compared with the time of flight along the direct 
path 7. Aifvén'* has shown that T and T> are related 
by the approximate equation 


T,/T = Rd (\nB)/dr, 


where B is the absolute value of the magnetic field, 
Rz is the radius of curvature, and 0B/dr is the deriva- 
tive of B in the direction perpendicular to the lines of 
force. In a dipole field, 8(InB)/dr is of the order of the 
inverse distance from the center of the dipole and thus 
in our case of the order of 1/Rpo. If the particles are to 
be held in the neighborhood of the galaxy, Ra/Ro must 
be small compared with one, say, of the order of ps at 
most. Since 7) is at least Ro/c, the above equation 
shows that 7 is greater than 10° years. But, unless the 
particles return to cross the galactic disk some 1000 
times in their life history, they will not greatly modify 
the characteristics of the diffusion process that we have 
postulated to account for the observed isotropy and 
intensity. This means that returning particles would 
have an average age in excess of 10° years, which is of 
the order of the age of the galaxy. Therefore, the 
properties of the galaxy in times far past are one of the 
factors that will determine the importance of an ex- 
ternal trapping field on cosmic rays now present. 


C. Mechanisms of Injection 


The strongly reduced energies of injections of the 
present theory make simpler the problem of the mecha- 
nism of injection. 

Acceleration of a fair sample of stellar atmosphere to 
energies of the order 100 Mev per nucleon seems a 
much more likely process than the production of par- 
ticles with a mean energy of 10 Bev, and a tail up to 
10" ev, Indeed, the ejection of protons up to a few Bev 
during periods of great solar activity is now fairly 
certain, and it seems very reasonable to expect a much 
more constant and widespread mechanism giving rise 
to protons of considerably smaller kinetic energy even 
in stars of the type of the sun. The effect of solar flares 
also suggests that such stars as the T-Tauri variable, 
which show continually irregular flare-like variations, 
may be especially effective sources of cosmic rays. 

Any electromagnetic mechanism for injection must 
avoid the heavy short-circuiting produced by an ionized 
plasma of considerable density.’* This argument sug- 
gests that a sunspot betatron mechanism, such as 
suggested originally by W. F. G. Swann and elaborated 


1H. Alfvén, Z. Physik 105, 319 (1937). 

” However, W. F. G. Swann has recently 
short-circuiting effect of ionized gases might 
estimated [Duke Conference on Cosmic Rays, December 1953 
(unpublished) J. 
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by Butler and Riddiford™ is not a very likely model if 
it is located deep in the stellar atmosphere. 

We add a purely nuclear argument. Since the primary 
beam contains heavy nuclei, the paths of acceleration 
cannot have traversed much matter. The sunspot 
process involves times of the order of 10° or 10* seconds 
and therefore distances of some 10* cm. Since the 
matter traversed must be less than a mean free path 
against nuclear collisions for a heavy nucleus, we require 
a density less than 10~" g cm~*., Such a density is not 
found below the outer chromosphere of the sun. Using 
the unjustifiable guide of energy equipartition, with 
densities of about 10-" g cm™ and velocities of stream- 
ing like those seen in sunspots (of the order of 100 
km/sec), we get a maximum value for B of about 10 
gauss. This seems to suggest that no mechanism which 
requires large fields for its action is likely to work with 
the matter densities required. 

No dearth of other suggestions exists, the most likely 
of which use the large spaces and low densities available 
not in the stellar atmosphere proper, but in the region 
of the corona or beyond. In particular, the potentials 
induced by moving magnetized prominence-like jets of 
matter suggested by Kiepenhauer” and Schliiter* may 
be important sources of cosmic-ray particles. The high 
energies required without a rapid acceleration in space 
would place severe demands on the structure of the jets. 
On the other hand, the production of the comparatively 
low energies required by the present theory can be 
explained without great effort. 

It is important to observe that the process considered 
here would also accelerate electrons. In the absence of 
strong magnetic fields it seems right to expect these 
electrons to enter the subsequent propagation as often 
as do protons. If there was no further acceleration in 
space, electrons and protons ought to arrive at the 
earth with comparable energies and intensities, unless 
some special process, such as those mentioned in Sec. 
III C, removes electrons very effectively during their 
propagation in the galaxy. The same conclusion applies 
to the case where particles are accelerated in space, but 
the rate of energy gain is so small as to require injection 
kinetic energies of the order of the rest energy of 
protons. 

The suggestion here made, that a small fraction of 
the stellar energy output—of the order of 10-*—goes 
into protons in the nuclear reaction range, and that 
this process occurs in regions far away from the regions 
of thermonuclear reaction, may be fruitful in other 
problems as well. F. Hoyle™ has already suggested that 
such atmospheric processes may produce nuclear re- 
actions enough to explain the presence in stars of such 
thermally perishable isotopes as deuterium. 


™ W. F. G. Swann, Phys. Rev. 43, 217 (1933); S. T. Butler and 
.. Riddiford, Phil. Mag. 43, 447 (1952). 

1K. O. Kiepenhauer, Phys. Rev. 79, 809 (1950). 

* A. Schltiter, Z. Naturforsch. 7a, 136 (1953). 

*% In conversation with E. E. Salpeter. 
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D. The Speed of the Magnetic Turbulence 
Elements 


Fermi’s original theory predicts a value of a equal to 
about 4V*/c*, where V is the rms random velocity of 
the magnetic clouds. The high rate of acceleration 
required by our model would then indicate rms velocities 
of about 120 km/sec. Such velocities are beyond the 
maximum of some 80 km/sec, seen by Adams; they 
are very much beyond his rms value of 30 km/sec and 
the even lower values, around 10 or 20 km/sec, favored 
in the later work. Moreover, the assumed small value 
of the transport mean free path (1 l.y.) goes against 
the general tendency to see rather larger clouds and a 
somewhat more uniform distribution of matter and of 
motion than this picture implies. 

Without minimizing this difficulty we wish to submit 
the following remarks: All the astronomical studies are 
based on absorption or emission processes in space. The 
microwave emission studies, in particular, detect only 
unionized clouds, and do not directly reveal the motion 
of the plasma. Studies of interstellar spectral absorption 
lines are necessarily biased in favor of (1) clouds at high 
densities and large diameters which give stronger ab- 
sorption, and (2) homogeneous motions, which lead to 
narrow and well-marked lines. Studies based on the 
residual polarization of starlight require dust, which 
probably accompanies rather dense accumulations of 
gas. Our clouds correspond to a relatively dilute 
swirling gas in which the denser and dusty clouds seen 
by the spectroscopists are drifting. The nature of 
turbulent motion in the plasma is not a problem beyond 
controversy, but a naive application of the Kolmogoroff 
spectrum of the homogeneous theory does imply that 
the more dilute clouds may have higher mean velocities. 
There may be some astrophysical evidence for this 
view.” 

Recently Chandrasekhar and Fermi” have presented 
a picture of the galactic magnetic field as being fairly 
smoothly oriented along the spiral arms. Their picture 
is based on the supposed dust-grain orientation derived 
from polarization measures. Fermi” has shown that 
such a uniform field allows much more rapid accelera- 

™W.S. Adams, Astrophys. J. 109, 354 (1949). 

% S, B. Pikelner, Doklady Akad. Nauk S.S.S.R. 88, 229 (1953). 

26S. Chandrasekhar and E. Fermi, Astrophys. J. 118, 113 


(1953). 
” FE. Fermi, lecture at the meeting of the American Astronomical 


Society at Boulder, Colorado, August, 1953 (unpublished). 
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tion than did his earlier picture of random collisions 
between particles and magnetic clouds. For the random 
case, it is only the excess of the head-on over the over- 
taking collisions which gives a net acceleration. But if 
the field is relatively smooth, a particle may be trapped 
along a line of force between two approaching clouds. 
These form “walls” between which (under certain con- 
ditions) repeated reflections will accelerate the particle 
until it gains enough energy so that it can break out of 
the trap. The velocities of the clouds do not determine 
the energy gain, but only the time required. This time 
can be a very small fraction of the history of the 
particle. 

Fermi’s new model accounts for the high rate of 
energy gain required by the cosmic-ray evidence, with- 
out postulating unobserved high velocities of the 
magnetic clouds. However, this model may be hard to 
reconcile with the high degree of isotropy of cosmic 
rays. Perhaps Fermi’s acceleration mechanism, which 
makes use of an over-all regular magnetic field, is 
superposed on space diffusion through locally turbulent 
fields. The meaning of our parameter a will change in 
this more detailed picture: it w*l cover an average of 
acceleration rates both over the random collisions with 
the small, turbulent magnetic clouds which govern the 
motion in space and over the few but very effective 
collisions in the regions of uniform field, which govern 
the change in energy. But the theory as developed 
here would not be affected in its formulation, For it is 
from cosmic-ray properties and the general geometry 
of the gas distribution in the galactic disk alone that 
our conclusions follow. 
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It is found in a rough approximation that meson photoproduction matrix elements can be expressed in 
terms of meson-nucleon scattering phase shifts and some energy-independent parameters, for photons in the 
laboratory of 200 to 500 Mev. The parameters are fitted to experiment in the lower portion of this energy 
region. It is then found that the higher-energy photoproduction data is consistent only with a /4, isotopic spin 
4, phase shift which passes through 90° at a scattering energy of about 180 Mev. It is indicated that the 


s-wave phase shifts remain small. 





INTRODUCTION 


SEMIPHENOMENOLOGICAL connection be- 

tween photoproduction of mesons and meson- 
nucleon scattering phase shifts is developed in the 
energy region E,(lab) 200-500 Mev. It is assumed that 
the photoproduction matrix element to a particular 
angular momentum isotopic spin state is the sum of a 
Born approximation term plus a term in which the 
photoproduced meson is scattered before leaving the 
nucleon. The Born approximation portion of the matrix 
element is calculated in the (relativistic) weak coupling 
limit of the symmetric pseudoscalar coupling theory. 
The coupling constant G*?/4x= 16 is selected beforehand 
to be in agreement with the (unrenormalized) Tamm- 
Dancoff theory of meson scattering.’ The other portion 
of the photoproduction matrix element will be expressed 
in terms of parameters which can be fitted to experiment 
in the low-energy region where fairly complete data on 
scattering and photoproduction are available. At higher 
energies, where scattering experiments have not as yet 
led to unique phase shifts, the behavior of the phase 
shifts can be determined from photoproduction data. 


PHOTOPRODUCTION MATRIX ELEMENTS 


Let |; m°'+ be the photoproduction matrix element to 
a state of orbital angular momentum /, total angular 
momentum j, and its projection m, with 0,4 being the 
type of meson produced from photons on protons, such 
that the differential cross section is 


gt 


d 
= X\| »» 4, m1, m (0,0) |*)- (1) 
2 m Li 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

! Dyson et al, (to be published); F. J. Dyson, in Proceedings of 
the Rochester Conference on High Energy Physics, December, 1952 
(Interscience Publications, New York, 1953); Sundaresan, Sal- 
peter, and Ross, Phys. Rev. 90, 372 (1953). 

t Note in proof.—General properties of the problem which are 
independent of this model are discussed by K. Aizu, P: ings 
of the International Conference on Theoretical Physics, Tokyo 
(Sept. 1953), and K. M. Watson, Phys. Rev. (to be published). 
A formal treatment of the model in question is being prepared 
by the author [for a brief discussion see M. Ross, Phys. Rev. 92, 
855 (1953)]. For earlier phenomenological work see K. A. Brueck- 
ner and K. M. Watson, Phys. Rev. 86, 923 (1952). 


in microbarns/sterad in the center-of-mass system, 
where we define 


u4,4=X"*, 


$ p3,4= —COsOXt — sinBe*x-, 


1 
bp, 4= V2 aa sinde**x-, 


dot. p= \/¥ sinde xt, 


Higher angular momentum states (/>1) are treated 
in a group as a function of 0, m, 7. Thus, 
De dim *b1j,m= LL Km, 09° (0)X*. (2) 
i>1,7 e 
To obtain the matrix elements /; ,, consider the wave 


function of the one-nucleon one-meson component of 
the final state to have the form 


sin (kr —}lr-+8) 
$1 ’ (3) 
kr 





L vr = 2 e*i! 
r roo rT 


with the @r a set of orthonormal angular momentum 
isotopic spin functions, where I’ represents the appro- 
priate quantum numbers. 6 is the scattering phase 
shift in the state I’, & is the center-of-mass momentum. 
The explicit dependence of the photoproduction on 
is given in Eq. (3). 

It is easily seen that 


fe 1 = sin(k’r—4lr) Rearsarsih ed 4) 
k E-E’ k’r =e kr 


where E is the energy of the system. Then we can write 
(for all r) 





v 


ae gee ge(E’)7 
v= f (=) dE’ e* cosd| b¢2— 2) — Jenner, 
& E-E' 
(5) 
where, from Eqs. (3) and (4), gz(E)=—2~' tané. The 
function gz(Z’) for E’* E determines the wave function 


at small distances. The quantity in the bracket is seen 
to be the I'th partial wave of the standing wave solution 
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of the Goldberger formalism.? When the matrix element 
is computed with Wr, the delta function term yields 
e*coséBg(E) while the other term is e cosd f dE’ (k’/k)* 
X Be(E’)ge(E’)/(E—E’), where Be(E’) is the Born 
approximation matrix element to the state with off 
the energy shell components indicated by E’#E. 
The photoproduction matrix element to a particular 
angular momentum isotopic spin state can then be 


written 
(Bze(E) cosi+A sind)e*, (6) 


k’ 2 a ") 
dE a cae E’ 
“ee — f (- nm). 


In order to calculate these matrix elements restrictive 
assumptions must be made. As stated we shall calculate 
the Born approximation in lowest-order perturbation 
theory. In this theory Bz is roughly independent of the 
energy E.* We shall assume this independence to be 
exact. In addition, it is assumed that ge(E’)/(E—E’), 
the scattered wave in the meson scattering problem, 
has the same shape, or relative dependence on the 
variable E—E’, independent of EZ. Only the magnitude 
is considered to depend on energy. The magnitude of g 
is assumed to behave as gz(Z),* i.e., as tand, so we have 
that A is roughly independent of £ and 6. It should be 
kept in mind that this is a crude approximation. 

The details of the calculation of photoproduction in 
the weak coupling limit can be found elsewhere.’ We 
shall merely state results here. In the problem at hand 
we require the photoproduction matrix elements Bg(Z) 
and an analysis into their s and p components. The fol- 
lowing notation is employed: h=c=1. Results are 
stated in the center-of-mass system, with the Z axis 
given by the incoming photon. Let ~=meson mass, 
M=nucleon mass, k=meson momentum, @=angle 
between k and Z, w= (k?+y*)!, e=(#+M")!, and 
E=w+e. The matrix elements to the plane-wave final 
state are functions of @ and are characterized by the 
projections of final spin and of total angular momentum, 
s and m; and by the isotopic spin state. The polarization 
of the initial photon is taken to be x+1y. 

In the symmetric pseudoscalar coupling theory® the 

2M. L. Goldberger, Phys. Rev. 84, 929 (1951). 

*See for example the total cross-section curve in G. Araki, 
Progr. Theoret. Phys. (Japan) 5, 570 (1951), or the do*/d0(90°} 
“ost. J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171 

1952 

‘Some indication that this may be reasonable comes from the 
the calculation of g in the Tamm-Dancoff approximation (refer- 
ence 1). Where it is found in those cases examined, that for E 
near threshold, ge(Z’) is fairly flat from say F'=E to E+Mé 
(where M is the nucleon mass), while it drops sharply as EZ’ 
decreases below E. 

5 Benoist-Gueutal, Prentki, and Ratier, Compt. rend. 230, 1146 
(1950); G. Araki, Progr. Theoret. Phys. Gapan) 5, 507 (1950); 
K. A. Brueckner, Phys. Rev. 79, 641 (1950); M. F. Kaplon, P’ hys. 
Rev. 83, 712 (1951). 

* We consider the interaction iGYvitabay. The coupling con- 
stant G is v2 times that usually employed in the char; > Sem 
The latter is used by Kaplon (reference 5), and Steinberger and 
Bishop (reference 3), among others. 


where 
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photoproduction proceeds in lowest order by the three 
diagrams of Fig. 1. The matrix elements associated with 
these diagrams are 


BO =C7M— 
—wtk cosd” 


a+b 
B® = —C/®@—_—_, 
e+k cosé 


B® =C7@—_ 


where 
Z me k(e+M) ) 1 
4 \202—M9)) E-M 


= k-o E-M a 
ou x’, sete ners ie +), 
‘ | 


— ++ 
e+M E+M 


a A(x [=] fee “), 


and the /’s denote the appropriate isotopic spin factors. 
If each J is written as the coefficient in the isotopic 
spin 4 state and the coefficient in the } state, respec- 
tively, then 


[= (—/§, 9); 1% = (V4, VD; [P= (6, 0). 


The matrix elements to final s and p states are’ 


Cc k v2 e—M 
y=—f-1 J-10=(ot ) 
2 e+M € 3 


E-M 
+] —| 


“[ro= (E- —( 
h=— PO ben J@ 1“) 
E+M 3v2é 

(E ao] 


E(e+M) 











—J® 


E-M ww yy 4k 
E+M e+M e+M 


(E—M)k 
+7 @)— | 
32 


4h 
= ro a ee LS | 
re vir E+M e+M/ 3(e+M) 


[®) «—M ) ‘ 
pra ia ait 
2v3 o ve 
’ The contribution from B® which is relatively small has been 
approximated for convenience. The first two terms in an expansion 


in powers of k/E are kept, with a consequent error of <5 percent 
in the B® contribution in the energy region under consideration. 





4(E—M) 
E+M 
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where 
1 (1—2*)dx py? k+w\ w 
sae f ——— = (=) n(—)-=] 
_1 ~wtk cosé k m k 
One can also calculate the wave function g, and thus 
the terms A in the photoproduction matrix elements in 
some approximation, from the meson theory. It is felt, 
however, that this is a reasonable place for a phe- 
nomenological viewpoint. The A’s are to be regarded 
as parameters determined experimentally. Let a, az, 
c, d be proportional to the parameters A in the 5, 
isotopic spin T=}; 55, T=4; pyy, T=4; Puy T= 49 
states, respectively. It is assumed for simplicity that 
the phase shifts in the other states are small enough so 
that the corresponding parameters in these states exert 
negligible influence. 
If the Born approximation from Eq. (8) at Z,(lab) 
= 310 Mev* is used, the photoproduction matrix ele- 
ments in this theory are 


yt =e! (— 1.27 cosd;+-a; sind) 
+e*—0.94 cosds+ (as/V2) sinds], 


s;°= e*1(+-0.90 cosd,— (a;/V2) sind;) 
+¢%3(— 1.32 cosd3+ a3 sind;), 


pit = —0.41—0.43 = —0.84, 

p= +0.29—0.62= —0.33, 
pit = —0.34+ 64% (—0.06 cosd+ (c/v2) sind), 
fi,y°= +0.244-€*(—0.09 cosd+c sind), 
pi,4t= —0.70+*(—0.52 cosd+ (d/v2) sind), 
pi. °= +0.50+e*(—0.73 cosé+d sind), 


As in the #, state for both isotopic spins, in the p, state 
the 7'= 4 phase shift is assumed to be sufficiently small 
to be neglected. The symbol 4 indicates the p,, T=} 
phase shift. In the s state 6,, 5; are for T=4, §, respec- 
tively. 


(2 


) ie] 
>< i 








Fic. 1, Lowest order diagrams for photoproduction. 


® Convenient formulas for the laboratory energies in which the 
initial proton is at rest, £,(lab), and in which the final nucleon 
is at rest, Z,(lab),’are E, (lab) = (u2+-#*)t—yp, E,(lab)= E, (lab) 
+u[1+ (u/2M)). 














| 
90° 135° 1g0° 
CM, ANGLE 





Fic. 2. High angular momentum contribution to Born 
approximation matrix elements. 


Those higher angular momentum matrix elements 
which are not trivially small are deduced from Eqs. (7), 
(8) and are expressed in terms of K», .°*+(@), as in Eq. 
(2). They are plotted in Fig. 2. The phase shifts in 
these states with />1 are assumed to be sufficiently 
small so that the Born approximation is valid.” 

We have some useful a priori knowledge of the 
parameters. Thus, an attractive phase shift will gener- 
ally increase the Born approximation matrix element 
to a given angular momentum isotopic spin state. The 
only deviations from this rule, that might be expected 
to occur, would be associated with competition of 
processes. Care must be exercised in the two , states 
where £2 and M1 interactions compete. It is found that 
4, a3, d should be negative, and c= —d/v3." 

The differential cross sections are calculated from 
Eq. (9) and Fig. 2, using Eq. (1). An example will be 
given here because of its particular importance. Thus, 


do® 1 3 
Fo OH Pa alt sphhit Pi +|sy|% (10) 


In this special case a convenient approximation can be 
made. The p44 contribution is found to be about 90 
percent of the r.h.s. of Eq. (10). Furthermore, it is 
easily shown that p*; y~sin(5+a) within about 1 per- 


*While neutral production can be expressed as A+B cosé 
+C sin”, it is seen that this will not be strictly true for positive 
mesons. At very small angles large deviations from this type of 
behavior can occur. 

% Errors introduced in neglecting any small phase shifts are 
small in photoproduction, though a small d wave phase shift may 
loom large in the analysis of a scattering distribution. 

” This relation holds between the matrix elements for a pure M1 
transition, while the relation 4,,;=V2?4,4 would hold for an E2 
transition. With a strong attractive interaction one ts the 
M1 transition to be strongly enhanced over the E2. The weak 
coupling x* matrix element in the p44 state happens to correspond 
to the interaction being stronger than M1, so that c has the 
opposite sign to the Born approximation. 


pPsientiiainge to 


ad 
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Fic. 3. Neutral photoproduction and the corresponding /}, 
T =} phase shift from Eq. (11). The experimental points (refer- 
ence 13) are at 90° in the laboratory, while the theoretical points 
are in the center of mass. 


cent. Then the simple relation, 


do® 
—(90°) ~sin?(5+<a), 


( 


0.50—0.73 
a= tan*( ee ~), 
d 


can be used to determine the p;, 7'=} phase shift with 
fair accuracy. 


COMPARISON WITH EXPERIMENT 


Using measured scattering phase shifts for E, (lab) 
<135 Mev" and fitting do®/dQ(90°) at E,(lab)= 285 
Mev (Fig. 3),"* dot/dQ(@) at 265 Mev (Fig. 4)'*"* and 


The scattering phase shifts used in the analysis are those of 
Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 faa 
and Bodansky, Sachs, and Steinberger, Phys. Rev. 90, 997 (1953). 

18 A complete survey of the r® experimental situation was not 
made. The first two of the following references were arbitrarily 
chosen for comparison. A. Silverman and M. Stearns, Phys. Rev. 
88, 1225 (1952); Walker, Oakley, and Tollestrup, Phys. Rev. 89, 
1301 (1953); Goldschmidt-Clermont, Osborne, and Scott, Phys. 
Rev. 89, 329 (1953); C. G. Andre, UCRL 2425 (1953). 

4 Preliminary results of P. D. Luckey and R. R. Wilson: r* 
photoproduction measurements up to 280 Mev. 

46 Preliminary results of Cal-Tech group (R. L. Walker et al.): 
x* photoproduction differential cross sections from 200 to 500 
Mev. Some r° differential cross sections at high energies have 
also been measured by this oup. 

‘6 A complete survey of the x* experimental situation was not 
made. References 14 and 15 were arbitrarily chosen for com- 
parison. Experimental work on +* photoproduction has also been 
done by Steinberger and Bishop (reference 3); White, Jakobson, 
and Schulz, Phys. Rev. 88, 836 (1952); Jarmie, Repp, and White, 
Phys. Rev. 91, 1023 (1953); Goldschmidt-Clermont, Osborne, 
and Winston, Phys. Rev. 91, 468 (1953); E. L. Goldwasser and 
G. Bernadini, Bull. Am. Phys. Soc., Vol. 29, No. 1, 18 (1954); 
G. Sargent Janes and W. L. Kraushaar, Phys. Rev. 93, 900 (1954). 
With reference to the first three experiments above (from Ber- 
keley), there has been some question of a difference in the calibra- 
tion used relative to that used at other laboratories. It is believed 
that there is no such difference here (within 5%) (private com- 
munication with R. S. White). 
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dat+/d2(90°) vs E (Fig. 5) up to 265 Mev, we obtain 
the parameters 


d=—4, a=3}°, c=2, a;—a,=1, 


(with the s-wave parameters especially rough). The x° 
angular distribution could also be helpful in deter- 
mining the parameters, unfortunately it is now known 
only roughly. In the neighborhood of 250-300 Mev it 
is seen that the quantity (approximately) 2as+-a, deter- 
mines the asymmetry or cos@ term in the r° angular 
distribution. If we assume arbitrarily that there are 
10 percent more x° forward of 90° than backward,} then 
(roughly) 
a= 1, a= —2. 

The p;, 7 =} phase shift predicted (above E= 135 Mev) 
in accordance with Eq. (11) is shown in Fig. 3. There 
are two types of behavior. If the maximum in the 
neutral meson photoproduction at 90° is as high as 
about 25 millibarns/sterad (upper curve), then the py 
phase shift can pass over 90° (case I). If the photo- 
production maximum is lower, then the p, phase shift 
decreases before reaching 90° (case II, lower curve). 
The experimental values for do®/d2(90°) are too rough, 
as yet, to determine the significant parameter d or to 
place the maximum with sufficient accuracy to dis- 
tinguish between the cases. 

It is seen that between E,(lab)=150 Mev and 210 
Mev, the detailed behavior of phase shift is not given 
by the measured values of do®/dQ(90°). In this region, 
in order to be definite, 8 was chosen to pass through 90° 
at 180 Mev and coté was required to vary smoothly 
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Fic. 4. Photoproduction of * at 265 Mev. 
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t Preliminary indications are that this is incorrect (L. S. 
Osborne, private communication). The results that follow will 
not, however, be too sensitive to this behavior. 
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Fic. 5. Photoproduction of r* at 90° in the center-of-mass system. 
(See reference 20.) 


with energy. What we shall call the resonance (the 
passing through 90° by the phase shift) could occur 
anywhere from say 165-195 Mev and could be con- 
siderably narrower or broader than that shown, without 
straining the fit to the existing r° data. 

The most sensitive test of whether this resonance 
occurs (case I) or whether the phase shift remains be- 
low 90° (case II) is given by dot+/dQ at higher energies. 
Since the w~ scattering data” at these energies ante- 
dates the photoproduction experiments we shall use the 
former to determine the s-wave phase shifts involved 
in the latter. The determination of the phase shifts from 
the scattering data is easy, and in its essentials quite 
unambiguous, now that the p;, 7'= # phase shift is given 
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Fic. 6. Photoproduction of x* at 310 Mev. 
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1” Fermi, Glicksman, Martin, and Nagle, Phys. Rev. 92, 161 
(1953). 


| Consider only s and p waves; then the scattering 
cross section is 
da/d2= A+B cos0+C cos’, 


where 
A/= |dps—@p1 | Sf |a,|%, 


B/K*=2 Rea,*(2ay3+41), 
C/3X*= | dp3|?+2 Reays*ap. 


The scattering amplitudes, a, .2;, for the each of the 
three processes, 


(a) xt+p—rt+), 
(b) 2 +p-2 +, 
(c) a +p—7+, 
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Fic. 7. Photoproduction of r* at 375 Mev. 





are defined in terms of the scattering amplitudes to the 
isotopic spin states (a, ;r=e" sind). These relations 
are 

(a) a1j= ij, Tm}; 

(b) ay=4$(ay, ry +201, 7-4), 

(ec) ayj= 4V2 (01, 7-4— 2y;, 7-4). 


For case I it is found that the s-wave phase shifts can 
remain small. We assume then, to simplify the problem 
further, that the s wave 7 =} phase shift is given by 
extrapolating from lower energy scattering work: 


,=0.40—0.52(k/u). (12) 


Table I gives the phase shifts chosen at 210 Mev to 
fit the x~ scattering data under these conditions. The 
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comparison with the data is given in Table II. Also 
shown in Table I are the phase shifts used to calculate 
the photoproduction cross sections at E£, (lab) = 310 Mev 
and 375 Mev. These curves are shown in Figs. 6, 7. 
The s-wave phase shifts associated with case II are 
taken, essentially, from Fermi and Metropolis.*-” 

The test between case I and case II is made in Fig. 7. 
The latter is quite unambiguously in disagreement with 
experiment, while the resonance case is in good agree- 
ment. It would be interesting to investigate the * 
photoproduction experimentally at very small angles 
to further test this theory. The extension of do+/dQ(90°) 
in accordance with this result is given in Fig. 5. The x° 
photoproduction cross section at 375 Mev is given in 
Table III. The experimental neutral meson data" is 
rough, but is in agreement with a very large sin*@ term. 
There is also an underermined amount of forward 
asymmetry. 

The x* total scattering cross section implied by the 
theory is shown in Fig. 8. Only the s and ; phase shifts 
are considered here. The experimental cross sections 


TABLE I. Phase shifts used for calculations with Ey >135 Mev.} 








Angular momentum isotopic spin state 
s % mm 
T=} } j } Hy 


E,=310 Mev* 10 —20 00 

E,=210 Mev” 20 —26 10 —10 
Case I 

E.,,=375 Mev® 10 
Case I 

E,=375 Mev 0 
Case IT 





—27 128 
— 60 45 








® Used in Fig. 6. 
» Used in Table II. 
¢ Used in Fig. 7 and Table III. 


are, as yet, as rough as the theory!§ It will be recalled 
that the peak can be narrower or broader and can be 
shifted 10 Mev or so in either direction. 


DISCUSSION 


Qualitatively, why does the photoproduction behave 
as it does? The Born approximation (weak coupling 
limit) for photoproduction of x* is plotted at 310 Mev in 
Fig. 6. It is essentially isotropic. This is mainly due to 


18 Uepaataned report. In more detail, they find the s;, T=4 


phase shift to be small and negative and the ~;, 7=4 phase shift 
to be about +30°. The latter would, it happens, have little effect 
if it were considered in the photoproduction curve Fig. 7. Other 

hase shift solutions have been found and studied by R. L. 

artin, Bull. Am. Phys. Soc. 29, No. 1, 28 (1954), and also 
by Glicksman, de Hoffmann and Metropolis (private communi- 
cation). 

19 Homa, Goldhaber, and Lederman, Phys. Rev. 93, 554 (1954); 

. C. L. Yuan and S. J. Lindenbaum, Phys. Rev. 93, 917 
(1954). 

§ This situation has changed with experiments reported by 
Grandey and Clark, Bull. Am. Phys. Soc. 29, No. 1, 29 (1954); 
and J. Ashkin e al. In addition, Yuan and Lindenbaum are 
repeating their experiment with improved accuracy (private 
communication). 


Tasxe II. ~ scattering from protons at 210 Mev, 
A+B cosé+C cos*@ millibarns/sterad. 








Process A B Cc 





Theory 
«-—>x~ Experiment* 


Theory 1.4 2.5 3.4 
Experiment* 0.84+0.70 1.94+0.73 5.5642.31 


Theory 1.1 1.4 2.7 


1.2 0.5 2.4 
1.56+0.34 0.504047 2.14+1.09 


x —r® 


at~et 








* See reference 17. 


the large s-state matrix element. Production to the high 
angular momentum states (/>1) consists of a low iso- 
topic background and a large bump at extreme forward 
angles arising through interference with the s state 
matrix element. The asymmetry associated with the 
interference between the relatively small p-state matrix 
elements and the s state is over shadowed by the high 
angular momentum effects, but it is seen{to be a small 
backward effect. The p; wave is too small_to cancel the 
effect of the ~, wave in this respect. In the Born ap- 
proximation the neutral photoproduction is negligibly 
small. 

When the meson is considered to interact with the 
nucleon in the final state there results a large increase 
in the p; matrix element. In the neighborhood of 300 
Mev the shape for x* and x” photoproduction approaches 
that for a pure M1 transition to the p; state (2+-3 sin’). 
For the r° the s state matrix element remains small. For 
the r+ the s state contribution is reduced as a result of 
repulsion in the 7= 4 state, which also helps to wash 
out the forward bump associated with high angular 
momenta. The p; m=4 matrix element essentially 
changes sign from the Born approximation as the M1 
interaction becomes dominant,” so that both p states 
yield a backward asymmetry in interference with the 
s state. At higher energies the s— interference which 
is essentially proportional to the cosine of the difference 
between the phases of the s and p state matrix elements, 
vanishes and then becomes forward when the p; phase 
shift passes through 90°. The forward bump reappears 
as the p, state reintroduces a large forward component 
with which the high angular momenta interfere. In 
case II, as a result of the strong repulsion in the T=}, 
s state, the phase of the s-state matrix element is 
primarily determined by the contribution of the T7=4 
component which has a small phase. Thus the difference 
between the phases of p, and s matrix elements remains 
less than 90° and the asymmetry remains as it was at 


TABLE III. Photoproduction of x° from photons, 
A+B cos0+C sin microbarns/sterad. 








Ey (lab) Mev 


265 
375, Case I 
375, Case II 
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Fic. 8. Total cross section for scattering of positive mesons 
from protons. Only py and s; phase shifts, taken from upper curve 
Fig. rs and from Eq. (12), are considered. For experimental work 
see reference 19. 


lower energies, in disagreement with experiment for 
positive mesons. 

There is a rough consistancy between this phe- 
nomenological theory and experiment. The limitations 
of the theory are also quite evident. In the region near 
310 Mev, where the assumption of energy independence 
should introduce only small errors, the agreement 
between theory and experiment is only within 10 or 20 
percent. Of course absolute errors of this order may be 
present in the data, but this seems an unlikely ex- 
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planation of some of the present difficulties. Improve- 
ment in the theory might be obtained by adjusting the 
coupling constant (i.e., see Fig. 5). Also the less im- 
portant angular momentum isotopic spin states could 
be considered more fully. It is further seen, for example 
in do+/dQ(90°) (Fig. 5), how the theory breaks down 
completely at the high and low ends of the energy 
region. That the matrix elements should decrease in 
this region is indicated by examination of the Born 
approximation term ;** and there is, perhaps, room for 
extension of the theory by making a detailed examina- 
tion of the energy dependence of the various terms. 
Rapid changes are not indicated, however, and it seems 
clear that unless fairly rapid change of parameters with 
energy should be predicted, very good agreement with 
experiment would not be obtained. As our Born 
approximation term. is only calculated in the weak 
coupling approximation, such difficulty is not surprising. 

The author would like to thank Professor H. A. 
Bethe for his interest in this work. 


In the spirit of the poet theory, the photoproduction 
reduces to the weak coupling limit as threshold is approached 
(see Fig. 4 with G*/4r=16). This is in accord with the idea of 
N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
The cross section do*t/dQ(90°)=6 at about E,(lab)=175 Mev, 
recently reported by Bernardini (reference 16), would be fitted 
in this theory by a coupling constant of about 14. 
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A Covariant Treatment of Meson-Nucleon Scattering 


Maurice M. Lévy 
Ecole Normale Supérieure, Paris, France 
(Received January 4, 1954) 


A covariant equation for the meson-nucleon system is presented, in which the renormalization of divergent 
processes is carried out to all orders. A closed expression is given for their contribution to the wave function 
after renormalization, while the contribution coming from finite processes still involves a series expansion. 
Exact formulas are derived for the scattering phase shifts. 


I. INTRODUCTION 


ECENT experiments on pion-nucleon scattering! 
have made apparent the inadequacy of the Born 
approximation for the calculation of this process and 
the necessity of a theoretical analysis based on more 


elaborate methods. 
Several attempts have been made’ to analyze the 


' Barnes, Angell, Perry, Miller, Ring, and Nelson, Phys. Rev. 
92, 1327 (1953); Bodansky, Sachs, and Steinberger, Phys. Rev. 
93, 918 (1954); Anderson, Fermi, Martin, and Nagle, Phys. Rev. 
91, 155 (1953). 

2G. F. Chew, Phys. Rev. 89, 591 (1953); J. S. Blair and G. F. 

*Chew, Phys. Rev. 90, 1065 (1953); S. Fubini, Nuovo cimento 
10, 564 (1953); Dyson, Schweber, and Vissher, Phys. Rev. 90, 
372 (1953); Sundaresan, Salpeter, and Ross, Phys. Rev. 90, 372 
(1953); N. Fukuda, Proceedings of the International Conference 
of Kyoto, September, 1953 (unpublished). 


data by means of the Tamm-Dancoff* nonadiabatic 
method, or an improved form of it.‘ Although this 
method seems to yield results which are in qualitative 
agreement with experiment, at least for the p wave, 
its defects are even more apparent here than in the 
treatment of nuclear forces.’ A rapid calculation shows 
indeed that, even for low-energy scattering, high mo- 
menta play a decisive role in intermediate states, and 
that, consequently, the convergence of the interaction 
expansion can be expected to be very poor. Moreover, 
the main contribution to the scattering cross sections 


*I. Tamm, J. Phys. U.S.S.R. 9, 449 (1945); S. M. Dancoff, 
Phys. Rev. 78, 382 (1950). 

‘F. J. Dyson, Phys. Rev. 91, 1543 (1953). 

*M. M. Lévy, Phys. Rev. 88, 72, 725 (1952); A. Klein, Phys. 
Rev. 90, 1101 (1953). 
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comes from radiative corrections which cannot be 
handled correctly within the framework of the Tamm- 
Dancoff method. 

These difficulties are partly removed if one uses, 
instead, a covariant nonadiabatic two-body integral 
equation, analogous to the one proposed by Salpeter 
and Bethe,* which can easily be extended to the present 
case. (As in Karplus ef al.,’ it will be called, in the fol- 
lowing, the M.N. equation.) However, as in the case 
of quantum electrodynamics, renormalization—that is, 
the unambiguous elimination of unobservable divergent 
quantities—has still to be performed on the integral 
equation, using the methods of Feynman* and Dyson.° 

In the present problem, however, special difficulties 
appear in the course of the renormalization process, 
which are essentially due to the fact that + mesons 
can play simultaneously the dual role of virtual field 
quanta and of real! interacting particles. Mathemati- 
cally, the difficulties arise through the fact that integral 
equations which possess perfectly finite kernels do not 


yield finite solutions, because they “nvolve summation - 


over a series of virtual processes, some of which include 
radiative effects. Partial solutions to these difficulties 
have been proposed by Karplus ef at.’ and Fubini.” In 
the treatment of these authors, however, renormaliza- 
tion is performed through a special device, the validity 
of which is limited to the lowest order, and it is not 
easily seen how the solution can be extended fo all 
orders. Moreover, they work in terms of the Feynman 
two-body kernel, which is really convenient only when 
total cross sections need to be computed. When a 
phase-shift analysis of the experimental data is neces- 
sary, it is much easier to work in terms of the M.N. 
“wave function,” as will be seen later. 

The purpose of the present paper is to provide a 
framework within which scattering phase shifts and 
cross sections can be computed to all orders without 
renormalization difficulties. All the infinite diagrams 
are separated out, and a closed expression is given for 
their contribution to the wave function after renor- 
malization. The calculation of the contribution coming 
from finite processes, however, still involves a series 
expansion, the convergence of which is not discussed 
here." 

The removal of divergences in the M.N. equation is 
most easily understood if, at first, only the two lowest- 
order diagrams (which are of the second order in the 
coupling constant) are included in the interaction 
kernel. This is done in Sec. II. The solution is presented, 
however, in such a form that the extension to all orders 
(Sec. Ii) is almost immediate. Exact expressions for 


SE. Salp ter and H. A. Bethe, Phys. Rev. 84, 1232 (1951); 
M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1 951 1). 

7 Karplus, Kivelson, and Martin, Phys. ’ Rev. 90, 1072 (1953). 

*R. P. Feynman, Phys. Rev. 76, 749. 769 (1949 ). 

°F, J. ‘Dyson, Phys. Rev. 75, 486, 1736 (1949), 

%”S. Fubini, Nuovo cimento 10, 851 (1953). 

1 See, however, the concluding remarks of Sec. V. 


Fic. 1. The two basic 
diagrams of meson-nucleon 
scattering to the second 
order in the coupling con- 
stant. 


the scattering phase-shifts are given in Sec. IV. In the 
handling of the M.N. ‘‘wave function,” a good deal is 
implicitly used of a covariant theory of scattering, which 
starts from a relativistic four-dimensional wave equa- 
tion, and is therefore the logical relativistic extension 
of the standard Faxén-Holtzmarck treatment" of the 
Schrédinger equation. This theory, which also yields 
a variational principle for the scattering phase-shifts, 
will be discussed in a subsequent paper. 

The application of the formal results contained in 
the present paper to the analysis of low- and high- 
energy pion-nucleon scattering data will be presented 
later. The connection between meson-nucleon scatter- 
ing and nuclear forces will also be discussed at that time. 


II. COVARIANT EQUATION TO THE LOWEST ORDER 
IN THE COUPLING CONSTANT 


In this section, only physical processes corresponding 
to an infinite number of iterations of the two basic 
diagrams of Fig. 1 will be considered. We shall call 
Ku(x,y) and Ky(x,y), respectively, the meson and 
nucleon propagation functions between two points x 
and y in space-time, their Fourier transforms being 
defined as follows: 


Ku(xy)= (2e)+ f Ku(p) explip(x—y) M'p, 
(1) 


Kw (x,y) = (2m)-* f K(f) explip(x—y) Ja". 


These definitions imply therefore the following con- 
nections with the well known Sy and A,r functions, as 
defined by Dyson * 


Ku(p)=}4e(p)= —i(P+u’)", 
Kw(p)= —4Sr(p)= —i(ivp+M)", 


where » and M are the meson and nucleon masses. The 
Feynman two-body kernel (see, for example, reference 
6) will be written as K(x,£; y,n). 

For the sake of definiteness, we shall assume that 
we are dealing with a symmetrical mixture of pseudo- 
scalar mesons with pseudoscalar coupling to the nu- 
cleons, writing therefore the interaction Hamiltonian as 


Hing=iGlyst wh oe, (2) 
where G is the coupling constant, ¥ and g, the nucleon 
and meson fields, respectively. The theory can be, how- 


See, for example, N. F, Mott and H. S. W. Massey, The 
Theory “of Atomic Collisions (Oxford University Press, London, 
1949), second edition, Chap. II. 
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ever, easily generalized to all “renormalizable” types 
of interaction. 


1. Unrenormalized Equations 


The integral equation for the Feynman two-body 
kernel corresponding to an infinite number of repeti- 
tions of Figs. 1(a) and 1(b) can be written as 


K (2,&:; yoni) = Ky (x,y) K a (&4s3) 


-i@ [Ky (,£’)K mw (&4,Eu' ve eK w(€',n’) 

X vor iK (n',m' 5 y,nj)d*e'dy! 
—i? f Ky (a8 )K uv EomyroriKw Ea) 

XvereK (n’,€:'; y,mj)d*e’dy’, (3) 


where the isotopic spin indices have been written as 
subscripts to the meson variables. Equation (3) con- 
tains implicitly divergent higher-order effects such as, 
for example, those described by the two reducible 
diagrams of Fig. 2. It leads to an unrenormalized equa- 
tion for the wave function W(x,£,) defined as follows: 


Wok) im [K(a&s ym)vabaloomddydn, (4) 
wa = @ 
where yo is the free wave function of the system, 


Volast=_ tim — f Kw (0,9)Ku(Gom) 


: X vaho(y,nj)dydn, 
and which can be written 


0 (x,€:) = Wo(x,&:) 


~i@ [ Ky (x,£°)K aw (&:,€4')voreK w (€',n’) 

X verb (n',mi’)d*t’d'y’ 
~iG f Ky (x,8)Ku(ane’oriK (Ei!) 

vere (n’,€1)d*e’d'y’. 


2. Separation of the Divergences 
We split the two-body kernel into two parts: 


K=K,+ Ki, (7) 


Fic. 2. Two reducible 
graphs of the meson-nucleon 
scattering matrix, which re- 
sult from the combination, 
in high orders, of diagrams 
(a) and (b) of Fig. 1 and 
include divergent effects. 








4A graph of the meson-nucleon scattering matrix is called 
irreducible if it is not possible to draw a line through it, cutting 
one nucleon line and one meson line only. Otherwise, it is called 
reducible. 
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where K;, contains only the convergent graphs which re- 
sult from the iteration of graph (1,6) alone (examples are 
given in Fig. 3). The equation for K, is simply obtained 
by suppressing the second term of the right-hand side 
of (3) and by writing K, instead of K: 


K.(x,&:; yn) = Kw (x,y) K u (Eins) 


—iG? Ku 8) Ku (Eom! reriKw (la) 
XvsteKo(n’,€1 ; yns)d*é’'dy’. (8) 


The kernel function X, contains all remaining divergent 
graphs, which essentially consist of three parts: a self- 
energy part which is an arbitrary combination of two 
types of diagrams, the general terms of which are 
represented in Figs. 4(a) and 4(b); and a vertex part 
on each side, belonging, respectively, to the general 
types described in Figs. 4(a) and 4(8). Ka(x,&;; y,n;) 
can therefore be written formally as 


Ke (2,64; 9) = 16 { Ky(x,2')Ku(tige’) 


tow 


KT 5 (Ee! 5 9) eK! (9,0) o's (i 5 2,9") 
X Kw (yy) K we (ni ny) d 4x’ d4x"'d4y'd*y"d4t'd‘y’. (9) 


Fic. 3. Two reducible 
graphs corresponding to 
convergent processes and 
resulting from the iteration 
of diagram (b) of Fig. 1. 








By using Eqs. (4), (7), (8), and (9), the wave function 
¥(x,,) can now be written 


¥(x,E:) =Patvr, (10) 


where y, is the finite solution of the convergent integral 
equation 


Wo (x,£;) =yo(x,é;) 3 ie { Ky (x, £’)K w (Ei,nx’) 


X v57 1K w (€',n')vsribo(n’,€:')d*t’dy’, (11) 


and yw, is defined by the expression 
Valast=—aG* f Ke ae) K u( ute) 


XT 5” (Ee’ 5 x’,y’) eK’ (y's (nr, ; 2”,y’”) 
Xvo(ym')d*x'dtx!dty'dty"d*t’dy’. (12) 
All the infinities are now concentrated in the vertex 
functions ';“ and I’; , and in the modified nucleon 


propagation function Ky’. Our remaining task is to 
calculate these functions in closed form in terms of 
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K, and y, and to renormalize them by means of the 
usual methods. 


3. Calculation and Renormalization of 
r;@ and r;® 
Let us write for p=a,8 
I's) (&;; &,y) = yb (x— £)8(y— E) + As™ (€;; x,y). 


Calculating the successive contributions of the graphs 
contained in A,;‘“’, one can write a power series ex- 
pansion in G*: 


As (E,3 2,9) = — iGren| Ky (2,8)K u(y) 


(13) 


~i@ [ Kv(8)K wenn’ roriK (&’,9’) 


X67 eK w (0, €)K (Er ys) ded‘! 


Sa jerk (E,y)yere, (14) 


and, by comparison with the corresponding expansion 
of K,(x,£;; y,nj), one obtains the following relation: 
As (&:; x,y) = — 1G 67K o(x,Xe 5 £91) 


XveriKw(é&y)yerr (15) 


Similarly, As is expressed in terms of Ky by the 
equation 


As® (i; x,y) = —1G*y57.K w(x, £) 


X ystiKo(E,x1; ¥,Ve)V¥eTe (16) 


In order to perform the renormalization of these two 
vertex operators, we introduce first their Fourier trans- 
forms, which can be written, for p=a,8, as 


As, « (p,q) = fas (&s; *,y) 


Xexp[ —ip(x— &)+ig(y—§) jdtxd*y. (17) 


The renormalized operators are then obtained by the 
usual method: 


As, *” (p,q) =As, i (p,g)—As, i” (Po,po), (18) 


where fo is the energy momentum of a free nucleon 
satisfying the relation (itypo+M)=0. In configuration 
space, Eq. (18) can be written as 


A,*® (&:; x,y) =A, (€:; x,y) 
—As, i (po,po)5(x— £)8(y— &), 


where Ag, ;‘°’(po,Po), for p=a,8, are two divergent con- 
stants which have to be calculated. Equation (17) gives 


(19) 


As: (po, Po) = fax (&5 x,y) 


XexpLipo(y—x) |dtxdty, (20) 


SCATTERING 
CS Fo eS 


vane Se 
Sey, gore, 
f Fas x 
} / 


oe /\ \ (5) 














Fic. 4. General form of the divergent self-energy and vertex 
— of diagrams corresponding to processes included in the 
ernel function Kg. 


and consequently 


Ag, i (po, po) = — iGPyara f Kelas E,yiys7iK wn (&,y) 


X yer. explipo(y—x) |d*yd‘x, 
(21) 


As, i® (po, Po) = — iGPyars { Ku (a8) vor.Kel és VsVe) 


X vse explipo(y—x) ]d*yd*x, 


These relations can be simplified by expressing them 
in energy-momentum space, where K, is defined by 
the equation 


K(x,8:5 nj) = (2e)-# f Ky (p,q; 9’) 


X5(p+q—p’—q’) expli(px+gt—p’y—q'n) ] 


Xd'pd'gd*p'dtg’. (22) 


The results are 


As, (Po,Po) = —iGPya(2)-tre f Ks” 


X (p,po— P; q,Po— Q)s7sK n (q)ysred'pd'g, 
(23) 


As, i” (po, Po) = —i@ysra(2ny-* f Ky (p)ystiKy* 


X (P,po— 5 7,Po— q)rsrid*pd'g. 


4. Calculation and Renormalization of Ky’ (x,y) 


The modified propagation function introduced in 
subsection (II,2) is, according to Dyson,’ the solution 
of an integral equation of the form 


Ky’ (x,y) = Kw (x,y)+ f Ky (x,2)F (z,2’) 
Kw’ (z',y)dzdz’, (24) 


where F(z,z’) contains only the irreducible self-energy 
graphs, namely those which cannot be split into two 
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parts by cutting only one nucleon line and no meson 
line. The series of self-energy processes, the general 
term of which is represented in Fig. 4(a), corresponds 
therefore to only one (irreducible) term in F, namely, 

FP; (z,2’) =— 1G’y57.K N (2,2 yore K w (24,2%'). (25) 


The processes which are represented by diagrams like 
Fig. (4b) are, on the contrary, all irreducible. Their 
contribution to F is consequently represented by a 
power series expansion in G’: 


F,(z,2’)= (—i@yrers [ Kw (2,£)K a (Zune) 
X -v571K w (En)yereK w(n,2')K a (€1,21' 67 dtd"y 
+(- i@)rans f Ky (2,£)K w (2ene)¥stmK w (En) 


X ver eK w (0, £57 K a (Ew stm’) 67 mK w (1 ,2’) 
Ku (bi ,20' yerd*éd*ndtt'd'y'+ ++. 


A rapid inspection of this expansion shows that it is 
directly related to Ky(2,2,; 2’,2;'), through the equation 


(26) 


Fy (2,2’) nao Here IGy sri Kv (2,24 ; 2’ ,&,') 
—Ky (2,2')K a (2x,21') bore. 


Combining (25) and (27) yields the relation 
F (2,2') = F + Fo= —iG*ye7.Ko(2,24; 2’ 21')¥et1- 


(27) 


(28) 


Expressing Eq. (24) in momentum space and using 
(22) and (28), we are led to a purely algebraic expres- 
sion for Ky’(p): 


Ky'(p)= Kw(p)/[1—2(p)Kw(p)], 


where we have introduced the notation 


(29) 


=(p)= —iPrars f Ks p45 40-0) 
Xysrid'gd'q’. (30) 


The only divergent quantity is evidently 2(p) which 
can be renormalized by the usual method (see refer- 
ence 9): 


2*(p)=Z(p)—2 (po) 


#3 (abet M)| in , (31) 


=P0 


a2 (p 
Pp 


ap, 


where po is again the energy-momentum of a free 
nucleon satisfying the relation: iypo+M=0. The re- 
normalized modified propagation function is then ob- 
tained by putting =*(p) instead of 2(p) in Eq. (29). 


5. Final Expression of ,(x,€;) 


Having obtained finite expressions for I's, ;, T's, « 
and Ky’, we are now in a position to calculate K, and 
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Wa. in a closed finite form in terms of K, and y: 
Kalastes ms) AG f Ky (a) Ku (Eom) 


X (vere 1—Aon® ]6(¢’—1')5("—n’) 
—I1Gy5tmK wy (En reteK om’ Em’ 5 EE ver a} 
x Kw’ (En )fyeriL1— Aor 3 (9&6 (E"" 9") 
—1Gyst Ko(n" ne” ; Bone yeti 
xX Kw (en! st} Ky (ny) Ku (E03) 
dig’. + -dhe!"dhy!-- dy’, (32) 


whefe we have put Ag,‘ (po,po)=ysAoi, for p=a,8. 
Equation (32) can be simplified by integrating over the 
6 functions and by making use of the integral equation 
(8) for K»y(x,£:; y,n;), as well as another one which is 
completely equivalent to (8), namely, 


Ky (x,&: H v.03) =Ky (x,y) K (i503) 
iG f Ko(x 8:3 &sme’veriKw(80!) 


Xve7eK wn (E',y)K a(n’ nj)dé'dn’. (33) 


The resulting expression for K, is given by 


Ka (x,&:; ni) = —i [Kuo t’,&4) 


—ANon™ Ky (x, 8’) K mu (&inEx’) Wrore 
x Ky’ ('n' yer Ko(n’ nv 5 y,ns) 
— Aor Kw (n'y) K a (ni' ny) Jdé’dn’. 


Making use of Eqs. (4) and (5), one obtains next an 
equation for Wa(x,é,) : 


(34) 


Wa(x,€;) ot ic? f Exes bE’) 


—Agn.™ Ky (x,¢’)K (Ei, Ee’) WysteK nv’ (é’,n’) 
X ver Lvo(n’ ni’) — Aor o(n' ni’) dé dn’. 


This expression, which is a kind of inhomogeneous 
term to be added to y in order to get the exact wave 
function y, is actually a “contact” term since, in the 
center-of-mass system, it only involves the value of 
¥» at the origin. This leads to a particularly simple ex- 
pression for the contribution of ¥,_ to the S-matrix ele- 
ments, as will be seen in Sec. IV. 


(35) 


Ill. RENORMALIZATION TO ALL ORDERS 


The treatment given in Sec. II can now be extended 
to the irreducible processes corresponding to all orders 
in G by very small modifications of the formalism. 
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Equations (7) and (10), through which the separation 
of divergences is performed, are still valid, and so are 
Eqs. (34) and (35) which express the renormalized 
functions K, and y, in terms of K, and y. The latter 
quantities, however, obey now more general integral 
equations of the form 


K,(x,&:; yn) ” Ky (x,y) Ku (&i,nj) 


+ [x (x,2)K w (€i,E4)J0(2,0%; 27) 


X Ko(2',51'; y,nj)deds'dgdy’, (36) 


and 


Vo(x,€:) =Wo(x,E)+ [Rs (x2) K we (Ei,5%) 


aS Wels’ f1')dads'dgdt’, (37) 
where /,(z,¢%; 2’,¢:’) is an interaction function which 
can be described by means of a series of graphs having 
the following properties: 


XK 1o(2,5%; 


(a) they are all irreducible (in the sense defined in 
reference 13) ; 

(b) they contain no vertex or self-energy parts ;" 

(c) they are all finite and lead individually to finite 
expressions for K, and y (we do not discuss here the 
convergence of /;,). 


T, can be expanded in a power series in G*: 
Typ=Th +1, + + T+, 


where J,“ is proportional to G*". J, corresponds to 
diagram 1(b) and has therefore the expression 


Ty = —1Gy57 Kn (2,6) 78 (2—2')8(5—$"). 
I, corresponds to only one fourth-order diagram, 
represented in Fig. 5(a), and is given by the relation 
Ty = (—iG@)*ystmK w (2,5 )y57 1K w (0,0) 
XyereK wy (5,2 )¥stmK at (2'my2m)- 


(38) 


(39) 


(40) 


I, corresponds to seven sixth-order diagrams, which 
are drawn in Fig. (56,c,d,a,8,7,5), etc. 

The above description makes it clear how the inter- 
action function J, has to be computed. The main point 
is that going to higher orders does not introduce any 
new divergence. All divergent processes have been, 
once and for all, separated out in K, and yq, and their 
renormalized contributions expressed in terms of the 
finite functions K, and wp». 

It is perhaps worth mentioning that we have been 
concerned, so far, only in the removal of the special 
types of divergences introduced by the combination, 
in higher orders, of graph 1(a) with the other graphs 
of the meson-nucleon scattering matrix. There remain, 
of course, all the “normal” types of divergences which 


“4 This means that they are also irreducible in the sense defined 
by Dyson (reference 9), whose definition is different from the one 
given in reference 13. 


x 
‘ \ 
tb) ‘ (c)'\ 
PS \ KK o Yap ‘ 7 


Fic. 5. Irreducible fourth- and sixth-order diagrams 
included in the interaction function J». 





can be handled by standard methods: namely, in the 
final expressions for K., Ks, Wa, and ws, all the Kw and 
Kw functions should be replaced by the exact modified 
propagation functions'® Ky’ and Kw’, and ys by the 
vertex operator I's. Finally, the contributions of proc- 
esses involving meson-meson scattering should be re- 
normalized by means of an additional nonlinear Ag**¢’ 
term in the interaction Hamiltonian'* and added to the 
function J, introduced in this section. 


IV. CALCULATION OF SCATTERING PHASE-SHIFTS 


The elements of the S matrix between two free states 
Wo(x,é;) and xo(x,€;) are related to the Feynman two- 
body kernel by the relation 


(hy’,kes',j]S—1| a ke,f)= lim f Zo(x,8))11 
bale + 0 


7-2 


tyty 
X (K (x,&;; mi) — Kw (x,y) K ue (&s,0))} 
Xvwho(y.nidxdydédn, 


where the initial and final states are defined by the 
equations 


¥0(x,£:) =o (ki, ke) exp[ikix+ ikot ], 
Xo (x,£;) vad xo” (ky’ ke’) exp[iky’x+ ike’ E ). 


Using Eqs. (4) and (5), putting S—1=R=R,+R, 
we can write (41) as follows: 


(41) 


(ky’,ks’,j|Relks,ks,s)= lim f Zo(x,8,) 
bade ++@ 


Xvwa(x,E;)dxdt, (43) 


(Kky’, ko’, j| Ro| ki,ke,i)= lim fxolzstv 
babe ~~ + © 


= X (Volx,8))—Volx,8)}dxdk, (44) 


6 This modified propagation function Kw’ (as well as the vertex 
operator Ts) 3 should not be confused with the functions Ky’, 
rs“ and P's which we have introduced in Sec. II. These func 
tions have been expressed, once and for all, in terms of the un- 
modified functions Ky, Kw and ys through Eqs. (13), (15), (16), 
(29), (30), and (36). 

1* A. Salam, Phys. Rev. 86, 731 (1952). 
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1. Expression of the R-Matrix Elements 


The matrix elements of R, defined by (43) can be 
expressed in terms of K, and ¥ by means of Eq. (35): 


(hyshs'j|Rel kik?) lim 1G? f gaCestva 
ate->+ @ 


X[Ko(x,;; £',E0’)— Aon Kw (x,€')K we (€:,€2’) J 
 yereK wy’ (E'yn' verbo (n’ ni’) — Aor bo(n’ mi’) |] 
Xdxdtdt'dn’. (45) 


This expression can be simplified further if one intro- 
duces the function %.(y,»;) defined by 


Zo(oon)= lim f Ko(*,E;vaKo(eyk); ynddxdt, (46) 
tate _ © 


which is aajoint to that particular “wave function” of 
the system which, after an infinite time, transforms into 
the final free state xo(y,»,). There exists obviously the 
relation 


Kolm) = lim J xleeonky (x,y) 
ade + @ 
X Ku (&),mi)d xd, 


and X»(y,,) satisfies the integral equation 


(47) 


Xo(y,n:) = Ko(,n:) + fxrrners a',¢1') 


Kw (2',y)K au (Si ni\dads'dgdg’, (48) 


which can be obtained from Eq. (36) by multiplying 
on the right by Xo(x,é,;), integrating over the space 
components of x and £ and letting the corresponding 
times go to infinity. Equation (45) becomes, then, 


(ky’,ke’,7| Ra| ki,ke,i) = — ic? f Caleb) 


—Nox™ Xo(E’,E0’) FreteK ww’ (€'n')vere 
< [o(n’ ni’) — Aor bo(n’,m') \dé’dn’. (49) 


It is now convenient to separate out the motion of 


the center of mass, by means of the transformation: 
X=ax+(1—a)é, 
s=x—§, 


(50) 


where the parameter a expresses the well-known am- 
biguity in defining relativistically the position of the 
center of mass. We can write" 


Vo (x,£)) = go (z) exp(iP,X,), (51) 


where 
P,= (PoP), P= kit ke, Po= Eeit+-whke, Ee = (kP2+M")!, 
2 whke= (ke*+-y*)!. 

Similarly, we have 


Xo(x,£,) = py (z) exp(—4P,’ ae 
1” H. Kita, Progr. Theoret. Phys. Japan 7, 217 (1952). 


(52) 
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with P,/= (Po’,P’), pP’= k,’+ k,’ and Po! = Exky’'+ wk’. 
The resulting expression of the R, matrix elements is 
therefore 


(ky, ke’,7| Ro! k;,k2,i) 
= — 1G (2r)L po (0) —Aor™ po (0) Wys7eK wv’ (P)ysr1 
XLeo (0)—Aor go (0) J6(P—P’)5(Po— Po’). (53) 


In the same way, the matrix elements of R, can be 
simplified to some extent by transforming them to the 
coordinate system (50). This gives: 


(ky’ ko’, 7| Rs | k,,k»,7) 
= (2n)'6(P—P’) lim {expli(Po— Po')TJ} 


x [50° (2,0)L en" (2,0)— 0 (2,0), (54) 


where po‘? (2,0) = xo(ky’, ke") expli(ky’—aP’)-z]. In the 
derivation of Eq. (54), the adiabatic decoupling of the 
meson and nucleon fields when time goes to infinity 
has been implicitly assumed, since the limiting process 
tz, 4-4-0 has been performed on the assumption 
that ¢,—t;—0. Using the same procedure as Kita,!” we 
introduce the definition 


(ky’, ke’, j| R)| k,k»,i) 


= [ky’,ke’,7| Ro| ki, ks, }6(P—P’)6(Po—Po’), (55) 


and obtain the relation 


64 (Po— Py’) [k,’,k2’,7| Rs | k,,k2,i}= (24}*xo* (ky’,k2’) 


x f Ces (2,0) — vo (2,0)] 


Xexp[—i(ki’—aP’)z]dz, (56) 


where the identity 
lim exp(iTx)6, (x) =6(x) 
To+0 
has been used. 
In the system where the center of mass is at rest 
(k,= —k,=k, k,’/= —k,’=k’), this gives simply 


5, (Po— Po’) {k’,— k’,j| Ro| k,— | ,¢} 
= (2r)*xo* (k’,—k’) 
X {0 (k’) — go (kk) (21)*5(k—k’)}, 
where y,“)(p) is the Fourier transform of gp»? (z,0) 
and go‘? (k) =o” (k,—k). 
Scattering phase-shifts can then easily be obtained 


by means of a partial wave analysis of Eqs. (53) and 
(57). 


(57) 


2. Introduction of Three-Dimensional Wave 
Functions and Connection with the 
Tamm-Dancoff Method 


The calculation of the R,-matrix elements by means 
of Eq. (53) implies the knowledge of both functions 
X»(y,n) and y,(x,é,). It is perhaps more convenient to 
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obtain the corresponding phase-shifts through a direct 
analysis of the asymptotic behavior of the function 
¥a(x,£;) for equal times of the interacting particles. 
The connection with calculations based on the Tamm- 
Dancoff method will, at the same time, become more 
apparent. 

Let us write, in the system of coordinates (50), 


Wa(x,£;)= ga"? (z) exp(iP,X,), (S58) 
and eliminate the X dependence by means of Eqs. (22) 
and (51). The resulting expression of gq‘" (z) is 

Ga” (2) = —1G* (2x) exp(—iaPz) [x (p)Kau‘ 


x (P— p)L Ro” (p; P)— Ao (i,k) fysteK ww’ (P)ysri 
XL eo (0)— Aor go (0) ] exp(ipz)d*p, (59) 


where the following definition has been introduced: 


(an) [ KG, P—p;9, P—q)d"q 

=Ky(p)Ku“(P—p)R,“?(p; P), (60) 
Ry“ (p; P) being a logarithmically divergent function 
which obeys the following integral equation: 


Ry) (p; P)=6)-iG(2n)-*yors f Ky (ut P—P) 


XystiKy(u)Ku™ (P—u)Ro“?(u; P)du. (61) 


Since, according to Eqs. (23) and (60), Ao®(i,7) 
can be written in the form 


Ao® (i,j) = —iG(2n)*4yur if Ky(u)ysr:Kn(w) 


XKu“(P—u)Ro*? (u; po)du, (62) 
it is easily seen that 
R69 = Ry — Ao 4,j), (63) 


which appears on the right-hand side of (59), is a 
finite quantity. We now introduce the Fourier trans- 
form of gq“ (z) through the equation 


©, (p) 
Xexp(ipz)dp, 


oa! () =expli(1—a) Ps] 2n)-* f 
(64) 
and consequently, 
, (p) = —iP’ Ky (p+ P) Ku (p)Ro*” (p+P; P) 
ysteKw (P)ysrid eo (0)—Aor® go (0) ]. (65) 
Let us now split #,(p) and % (p) (which is re- 


lated to yg,‘ (z) through an equation analogous to (64)), 
into their positive and negative energy components by 


means of the relations 
2 (D)=E wollen), gg 
$, (=z u,(p) (wy) *B, (p), 


where the Dirac-spinor ,(p), in which the index p 
takes the values 1 and 2, is defined by 

[iyp— ysE,(p)+M ]u,(p) =, 
with E,(p)= — E2(p)=£,. Let us similarly write 


go (0) => u, (k) (we) tC, ™. 


(67) 


(68) 


Equation (65) can then be expressed in the form 
GF, (p,po; Po) 
(w,?—pe)LE,(p)— Ppo— Po} 
where the function F,“ is defined by 
PF, (P,po; Po) =wphor? 5 m(p)Ra*” 
X (p,pot Po; 0,Po)veraKw’(0,Po) 
Xyoritty (k)B,*, (70) 


with po=—ips, the finite constant B,* being ex- 
pressed as 





A, (p, po) = on 


B= {i(ae)- E fur done) 
Xela By (Dipeldpdpo|—~Au'eC,, (71) 


In order to obtain the three-dimensional Fourier- 
component of the wave function corresponding to equal 
times of the particles, we must calculate the quantity: 


1 +20 
2rid _. 


While doing the integration over po, however, we 
can take advantage of the fact that we only need the 
asymptotic form of the Fourier-transform /,“(r) of 
a,‘”(p), so that only the poles exhibited on the right- 
hand side of (69)—and not those eventually existing in 
F,‘®—will contribute to the integral. The result is 


Ge,F, (p,—€ nap; Po) 
wpteLE,(p)—Po] | 


with ¢.=+1, ¢=—1, E,(p)=«,£,. Only the positive 
energy component (p=1) of a,“(p) does not vanish 
at infinity. Introducing polar coordinates (p,0,g) and 
(r,0,©) in momentum and configuration spaces, re- 
spectively, we can analyze a,“(p) and /,‘?(r) into 
partial waves: 


a, (p)= Do s,m (P) Vs. m(O,¢), 
AO N=Z frm (1) Vin (O.®). 


(73) 





a, (p)~ 
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where the sums on the right-hand sides involve also a 
summation over spin-eigenfunctions. We then get for 
the asymptotic form of f1, m“(r) 





i! iE JilPr)P 1, mm (P,— wy; Po) 
0 wWyptE,— Po 


Sim (1)~—E 
2x? 


Xp'dp, (75) 


where j:(x) = (#/2x)~*J44(x). Since the main contribu- 
tion to the asymptotic form comes from the pole p=k 
(defined by Po=wi+ Ex), we can write 


pines 
. fi 


é 4! Ewer ‘ 
fi, im" (1) ~—G* —F;, im!) (R,— we} Po) 
r Po 


* hEy, 
~—O——F ;, im (hk, — wn; Po)gilkr), 


Qn Ps 


(76) 


with g:(x)= (4/2x)*J_<144)(x). Because of the defini- 

tion of go“ (0) in Eq. (68), Eq. (76) leads to the fol- 

lowing expression for the contribution of ¥, to the 

phase shift : 

(~1)'G*k Exonk 1, un’ (Rk, — we; Po) 
Ar! 


Po (21+ 1)1C, 

The same method can be used to calculate the con- 
tribution of y, to the scattering phase shifts. In this 
case, however, the reduction of integral equation (37) 
to a three-dimensional form involves some manipula- 
tions, which can be based, for example, on the iteration 
method which has been worked out for the nuclear 
two-body problem® and extended to pion-nucleon scat- 
tering by Deser and Martin." 

A final remark should be made about the factor 
vsteK w’(0,Po)ysr: on the right-hand side of Eq. (70). 
If the K,“-” function which appears on the right-hand 
side of Eq. (30) were replaced by its zero-order approxi- 
mation Ky(q)Ku(p—q)éu:, this factor would just be 
the damping coefficient calculated by Brueckner, Gell- 
Mann, and Goldberger."® However, since the exact 
kernel does probably not have the same dependence on 
momenta and isotopic spin, the resulting effect might 
well be entirely different. The results of the present 
section provide, in fact, a method to ascertain to what 
extent the damping effects predicted by Wentzel” are 
actually present in pion-nucleon scattering. 


tand ym‘? (a) = (77) 


V. CONCLUDING REMARKS 


It might appear, at first sight, rather surprising that 
meson-nucleon scattering can be formulated covari- 
antly in a much more compact form than other two- 
body problems. The main reason is probably that the 
meson-nucleon system is not properly a two-body sys- 
tem, but should be more appropriately described as a 
“radiative one-body system.”’ It is this reason which 

1S, Deser and P. C. Martin, Phys. Rev. 90, 1075 (1953). 

 Brueckner, Gell-Mann, and Goldberger, Phys. Rev. 90, 476 


(1953). 
™ G. Wentzel, Phys. Rev. 86, 802 (1952). 
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makes the writer feel that it might be possible to for- 
mulate the problem in an even more compact way than 
has been done in the present paper. There might exist, 
for example, an integral equation for the finite inter- 
action function J, introduced in Sec. III, which would 
enable one to solve the problem in a completely closed 
form. So far, however, only integral equations which 
take into account parts of the diagrams contained in J, 
have been obtained. 

Another problem is, of course, to determine to what 
extent the predictions of the theory agree with experi- 
ment. This problem is partly related to the preceding 
one, since the convergence of the series of diagrams 
described by J, for any physically acceptable value of 
G might well be doubtful. The agreement with experi- 
ment also depends on the compared magnitude of the 
“damping” or “resonance” effects (depending on their 
siga) in the contributions of ¥, and y to the scattering 
phase shifts. It is likely that the influence of renor- 
malization, which leads to a completely different treat- 
ment of these two parts of the wave function, will be 
felt there very strongly. 

The author is indebted to Professor R. E. Marshak 
for many stimulating discussions. 

Additional note: After the completion of this work, we have 
received, through a private communication, a summary of the 


results obtained by D. Ito and H. Tanaka, which are similar to 
those of S. Fubini (reference 10). 


Note added in proof—In order to take properly into 
account the difficulties of overlapping divergences, the 
renormalization prescriptions (18) and (31) have to be 
replaced, respectively, by the following: 


T A] (p,q) 
I's fo Gece > (a) 
1+Aoi” 


» (b) 


P=P0 


a 
D"(p) =Z1(p) — Zi (po) — (9 p| —20(9) 
ap 


where > :() is defined by the equation 
2(?) 
1+An+Ao 


These prescriptions preserve the main conclusion of the 
present paper, namely that the vertex operators I's(p) 
and the modified propagation function Ky’(p) can be 
renormalized in closed form and expressed in terms of 
the finite functions y, and K». Some of the equations 
of Sec. IV have to be modified accordingly. For example, 
Eq. (53) becomes 

ps (0) 
(ky’,ky’,j | R, | k;,ks,j) shies 1G (2x)'—_—— 

1+Ao. 


$s (0) 
Arena Pyrer~—— e P’)5(Po— Po’). 


Ao 





2i(p)= (c) 


Proofs of prescriptions (a), (b), and (c) will be given 
in a subsequent note. 








PHYSICAL REVIEW 


VOLUME 94, 


NUMBER 2 APRIL 15, 1954 


The Continuous Spectrum Approximation in Quantum Statistics 
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A class O of systems of noninteracting quantum-mechanical particles is defined, so that it is often justifiable 
to approximate a given system of particles as a system of class O. A “limit L’’ is defined as the limiting case 
which arises of the number of particles N and the volume V of the system are both allowed to tend to 
infinity so as to keep the ratio N/V a finite and nonzero constant. It is shown that if one wishes to calculate 
the mean value of an extensive variable, as averaged over a canonical or over a grand canonical ensemble, 
for a system of class O in the limit Z, one can apply the continuous spectrum approximation directly to 
the particle quantum states (excepting, possibly, the states which belong to the lowest energy level) without 


using a limiting process. 


Y the continuous spectrum approximation in 
quantum statistics we usually mean that a summa- 
tion over quantum states is replaced by a corresponding 
integration, using a suitable continuous density-of-states 
function, which gives the number of quantum states 
per unit energy interval as a function of energy. If 
such a density-of-states function is known, this proce- 
dure is very easily handled, and it therefore often 
represents the most direct attack on a given problem. 
But the results obtained in this way are not exact if a 
part of the spectrum, or the whole spectrum, is discrete. 
This detracts from the merit of the procedure. We shall 
show, however, that 


the results obtained by the continuous spectrum 
approximation often apply with sufficient 
accuracy to a certain limiting case. (1) 


We first elucidate what limiting case is referred to in 
(1). This denotes the “limit Z” in which the total 
number of particles N, as averaged over a grand 
canonical ensemble, and the volume V of each system 
of the ensemble are each allowed to tend to infinity so 
as to keep the ratio N/V a finite and nonzero constant. 

We elucidate next what is meant by the word “often” 
in (1). It indicates that attention is confined here to a 
certain “class O” of systems. This is the class of all 
systems of noninteracting quantum-mechanical par- 
ticles, such that each satisfies the following require- 
ments: (i) There is an infinity of particle quantum 
states whose particle energies are E,, E2,---+; the 
labeling of the states is arranged so that E;< Ej, for 
all 7; (ii) Z; is finite if 7 is finite; (iii) all energy levels 
with finite 7 behave like E;=E,+6,V~ for large 
volumes V, where 0; is independent of the volume, and 
E> is the value to which all those Z,’s tend in the 
limit Z for which 7 is finite; (iv) for large volumes 
there exists a finite positive integer M, such that a 
continuous spectrum approximation is valid for j7>M, 
and the jth quantum state is give by E;= Eo+cV~*j" 
for j7>M. The quantities c, 6, r are positive constants, 
and j is a continuous index for j7>M. M must exceed 


* On leave of absence from the University of Aberdeen, Aber- 
deen, Scotland. 


the degeneracy w:, of the lowest particle energy level 
E, for the system of interest when its volume is finite. 
Under (iv) one might equivalently specify the density- 
of-states function: 


1/V%\"r 
N(e)= -(—) (e— Eo) /—1, (2) 
TX\¢ 


It is known! that for particles in a w-dimensional 
rectangular box, these assumptions are a good approxi- 
mation, provided one chooses 


2 r(1+4w) 7 We 
I= Tr=—, c-- | —, (w=1, 2,---) (3) 
Zers 2rm 


We shall find it convenient to divide the energy 
spectrum of a particle in a system of class O into three 
groups of quantum states: group (A) contains the 
states belonging to the lowest energy level 2,; group 
(B) contains the other quantum states up to, and 
including, the Mth quantum state; group (C) contains 
the remaining quantum states (for which j>M). 

In order to prove our assertion (1), we now consider 
a system of class O in the limit Z. Let F be an extensive 
property of the system, F(E,) the contribution to F 
which is made by a particle in the jth quantum state. 
We shall assume that F(E,) is nonnegative. It will 
also be assumed to be finite, provided the system is of 
finite size, and provided also j is finite. The mean value 
of F, as averaged over a grand canonical ensemble and 
expressed per unit volume of the system of interest, is 
(a+ E/kT is the usual chemical potential) 

P F(E;)/V 


V ‘Fexp[{ (Ej— Eo)/kT—a +1 


The summation is over all particle quantum states, and 
the top sign applies to fermions, the bottom sign to 
bosons. Equation (4) is exact;? the introduction of Eo 
represents a slight generalization of the usual formulas. 

We must now consider three cases. (a) In the case of 
fermions each term on the right-hand side of (4) is 


(4) 





! This is a simple generalization of the usual results. 
2R. C. Tolman, Principles of Statistical Mechanics (Oxford 
University Press, London, 1938), p. 512. 
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finite if j is finite, whatever the temperature. By 
assumption (iii) and the finiteness of M, the first M 
terms on the right-hand side of (4) can therefore be 
neglected in the limit LZ. (b) In the case of a Bose- 
Einstein gas above its condensation temperature the 
same considerations apply since a<(E,—E)/kT in 
this case. The condensation temperature, if it exists, is 
here defined as that temperature 7, such that the 
fraction of the mean total number of particles which is, 
in the limit Z, in the lowest energy level, is zero for 
T>T-., and positive for T7<T,.* (c) In the case of a 
Bose-Einstein gas below its condensation temperature, 
it is known’ that 0<@=7<1, and that a< (E,—E»)/kT. 
Hence, 


F(E,) 
Vs Vexpl (£,—E)/kT-a]—1 
F(E;)/V 

juo +1 exp[ (Ej;—Zo)/kT—a ]— 1 
For each term on the right-hand side of (5), 
To thi ALS FEDMV 

~ exp[(Ej;—Eo)/kT—a]—1— exp[(Ej— Es)/kT]— ty 
If 7 is finite, the right-hand side of (6) becomes, for 


large enough volumes, in virtue of assumptions (ii) 
and (iii), 








(S) 





F(E;) kTV* 


Vi bj—by 


and tends to zero in the limit LZ (since <1). It follows 
by (6) that each term on the right-hand side of (5) tends 
to zero in the limit L, provided its value of j is finite. 
By assumption (i) this leaves an infinity of terms which 
have not been proved to vanish. Combining the results 
obtained, it has been shown that the states of the group 
(B) of quantum states can be neglected on the right- 
hand side of (4) in the limit Z in all three cases, and, in 
addition, the states of group (A) can be neglected in 
cases (a) and (b). By assumptions (i) and (iv) this 
still leaves an infinity of quantum states in group (C), 
which contribute 

i 7” F(E)N(E)dE (7) 

VS ey,, expl (E—Eo)/kT—a ]+1 
to the right-hand side of (4). In all important cases 
6=r and N(£) is then by Eq. (2) proportional to the 
volume. (7) is therefore nonzero in the limit LZ, and 
(4) becomes 


F 
iim(—) = lim 
V 





wiF(£,)/V 
exp{ (E:— Ea)/4T—a]4-1 
©  F(E)N'(E)dE 
J. exp[ (E—Ey)/kT—aJ+1. 








*P. T. Landsberg, Proc. Cambridge Phil. Soc. 50, 65 (1954). 
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We have here put N’(Z)=N(E£)/V. The first term 
need be retained only for a Bose-Einstein gas below its 
condensation temperature 7,, when its value can easily 
be shown to be? [F(E))N/V ][1—(T7/T.)"*]. The last 
term in (8) is just what one would have obtained if one 
had applied the continuous spectrum approximation to 
the whole of the particle energy spectrum in the first 
place. 

Our result will now be stated. Let the value of an 
extensive variable, which is exhibited by a system of 
class O and which is positive and finite for finite systems, 
be averaged over a grand canonical ensemble, using 
two different methods. In method I finite systems are 
treated, using the continuous spectrum approximation 
for the whole spectrum of particle quantum states, and 
the density of states function appropriate for high 
quantum numbers. In method II the continuous 
spectrum approximation is used for the states of group 
(C), but otherwise the average is calculated exactly for 
the limit Z. Our theorern then states that both methods 
yield the same result, provided only that in the case 
of a Bose-Einstein gas at, or below its condensation 
temperature, the lowest energy level is treated sep- 
arately, and £, is replaced by Zo, in method I. 

If the averaging procedure is based on a canonical 
ensemble, an identical theorem holds, except that an 
additional approximation must be stipulated for method 
I. It consists in approximating the ratio 7(N+1, 7)/ 
n(N,j) by unity. i(NV,7) denotes here the mean occupa- 
tion number of the jth particle quantum state as 
averaged over a canonical ensemble, when the total 
number of particles in the system is V. A proof of this 
second theorem follows directly from the first theorem 
and the relation between the grand canonical ensemble 
and the canonical ensemble, which has been discussed 
elsewhere.‘ 

Lastly, as a special case of a theorem proved recently,‘ 
we have a third theorem which states that in method II 
the same result is obtained whether one averages over a 
canonical or a grand canonical ensemble. This is a 
consequence of the fact that the mean occupation 
numbers are the same in the limit Z. It follows that the 
four methods of calculating the mean value of an 
extensive variable, which are the subject of the first 
two theorems, all lead to the same result. 

We wish to call attention to three significant points. 
In the first place the assumptions of method I are just 
those which are often made. Method II is sufficiently 
exact for systems of class O, and our theorem therefore 
enables one to interpret the results of method I as 
sufficiently exact limiting values. The quantity of 
great mathematical importance is then seen to be the 
density of quantum states in group (C), i.e., for high 
quantum numbers. Secondly, while method II is 
sufficiently exact, an approximation occurs in setting 
up the problem, for the whole energy spectrum of the 


4P. T. Landsberg, Phys. Rev. 93, 1170 (1954). 
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(finite) system of interest is in fact discrete. One must 
therefore choose both V and M large enough to validate 
the treatment of the system of interest as a system of 
class O. Lastly, the theorems have the property of 
being independent of the precise value of M. This means 
that the group (B) of states, which has been shown to 
have no effect on the mean values of extensive variables, 
can be chosen to be as large as is compatible with the 
finiteness of M. The reason for this result can be 
explained as follows: as the volume and the total 
number of particles in the system are both increased, 
the number of quantum states which contribute 
materially to the average value F of an extensive 
variable increases up. to and beyond any given finite 
integer. The neglect of a finite number of quantum 
states represents therefore a negligible error, provided 
only the occupation number of each state increases 
sufficiently slowly as the average total number of 
particles, N, is increased. As has been seen, 7i;/V does 
in fact tend to aero in the limit Z for all states of group 
(B). For this reason, in the limit Z, almost the whole 
contribution to F can be regarded as coming from those 
states for which the continuous spectrum approximation 
is satisfactory when the system is finite. 

We have previously explained’ why similar results 
are obtained in the limit Z for the condensation temper- 
ature and the mean occupation number of a perfect 
Bose-Einstein gas above or below its condensation 
temperature in the following four cases: when the 
analysis is based on a grand canonical ensemble (for a 
system of class O in the limit Z), when it is based on a 
canonical ensemble (again for a system of class O in 
the limit Z), or when the continuous spectrum approxi- 
mation is used in either of the two procedures which 
we have here called ‘Method I.” These results follow 
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from the general theorems we have proved above. 
They are therefore characteristic of the quantum 
statistics of perfect gases in general, and are not 
peculiar only to Bose-Einstein systems. It will be shown 
elsewhere that these theorems can be used to give a 
restricted quantum statistical proof of the third law of 
thermodynamics. 

The four methods of calculation which we have dis- 
cussed can be carried through independently of the 
method of steepest descents. ‘This is desirable, since the 
validity of this method, as usually formulated, is doubt- 
ful for a Bose gas at low temperatures. We showed in 
a previous paper’ that in this case (i) the first order 
correction term is to the mean occupation numbers do 
not diverge (contrary to what was previously believed), 
and (ii) to the first order correction terms in the usual 
method of steepest descents the partition function Zy 
does not diverge.’ However, both the main term and 
the first order correction term to logZy diverge, though 
in such a manner that their sum is again finite. We did 
not emphasize in our previous paper, but wish to do 
so here in order to remove all possibility of misunder- 
standing, that in order to assess the reliability of the 
usual way of applying the method of steepest descents 
to a Bose gas at low temperatures, the findings (i) and 
(ii), which have just been mentioned, force one to carry 
out a more general investigation of the higher order 
correction terms to logZy and to the mean occupation 
numbers. Only then can one be sure if and why the 
method fails in this case, and how it can be improved. 
The results which have been established in this paper, 
are independent of the outcome of such an investigation. 


5 Our statement on p. 74 of reference 3, “None of the first order 
correction terms diverges” should be amended in this sense. I am 
grateful to Dr. R. B. Dingle for drawing my attention to this point. 


NUMBER 2 APRIL 15, 


The Classical Equations of Motion of Point Particles in Neutral Meson Fields 


Freperic R. CROWNFIELD, Jr.,* AND Peter Havas 
Department of Physics, Lehigh University, Bethlehem, Pennsylvania 
(Received August 10, 1953; revised manuscript received December 21, 1953) 


The special relativistic equations of motion of point particles interacting with neutral scalar or vector 
meson fields are redetermined by applying a method originally developed by Infeld and Wallace for the 
electromagnetic case, which is based on the linearized equations of general relativity. This method, which 
is free of ambiguity, leads to the equations obtained previously by several authors by the method originated 
by Dirac in electrodynamics, but differs from some of the results of Majumdar and Apte, who used a simpli- 
fied version of the Infeld-Wallace method, which did not have recourse to general relativity. 


I, INTRODUCTION 


ROM considerations of classical special relativity 

as well as of quantum theory it appears to be 
advantageous to treat elementary particles as mathe- 
* Holder for part of this work of a George Gowen Hood Fellow- 


ship, which is gratefully acknowledged. Present address: Dae: 
ment of Physics, North Carolina State College, Raleigh, North 


Carolina. 


matical points. Several methods have recently been 
suggested to avoid the infinities associated with point 
singularities in classical field theory, and to derive the 
equations of motion of such singularities from field 
theoretical considerations. 

The method originally developed by Dirac’ in 


1P. A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 
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electrodynamics requires that the conservation laws for 
energy and momentum valid for the field alone should 
persist in the presence of singularities, This method 
has been applied to the motion of simple poles of 
neutral vector and scalar meson fields by Bhabha? and 
Harish-Chandra* using retarded fields. The equations 
of motion for these cases using half-retarded, half- 
advanced fields were given in a recent paper,‘ which 
also contains references to further developments of this 
method and an action-at-a-distance formulation of the 
theory. 

Dirac’s method does not determine the equations of 
motion unambiguously. In the first place, the require- 
ment of conservation laws does not determine the 
form of the energy-momentum vector of the particle 
uniquely; the equations given in the above references 
are only the simplest of several possible enes. Second, 
as exemplified by the case of fields of zero rest mass,® 
the field alone may obey more conservation laws than 
we can expect for the system of particle and field; there 
is, however, no mathematical reason to require one 
rather than another such conservation law to persist 
for the system. 

A possible way to remove these ambiguities is to 
require the equations of motion of the special theory of 
relativity to fit within the framework of general rela- 
tivity. One method of obtaining such equations, based 
on the work of Mathisson,® has been indicated by 
Lubanski.’ Another method, suggested by the work of 
Einstein, Infeld, and Hoffmann,* has been developed 
by Infeld and Wallace.* 

This method (hereafter called the complete IW 
method) was applied by these authors to the electro- 
magnetic case. They also described a related method 
(hereafter called the simplified IW method), which is 
based on the conservation laws rather than on general 
relativity, and which thus again does not determine 
the equations of motion uniquely. This simplified 
method was used by Majumdar and Apte” to calculate 
the equations of motion of simple poles of neutral 
meson fields. They obtained results which in the 
retarded vector case are in agreement with those of 
Bhabha ;? in the retarded scalar case they do not agree 
with those of Harish-Chandra,* however. 

The present study was undertaken to obtain an 
unambiguous answer to the problem of the correct 
form of the field theoretical equations of motion of 


*H. J. Bhabha, Proc. Roy. Soc. (London) A172, 384 (1939). 

* Harish-Chandra, Proc. Roy. Soc. (London) A185, 269 (1946). 

‘P. Havas, Phys. Rev. 87, 309 (1952). 

‘J. A. McLennan, Jr., and P. Havas, Phys. Rev. 87, 898 
(1952); P. Havas, Phys. Rev. 87, 898 (1952). 

*M. Mathisson, Acta Phys. Polon. 6, 167 (1937). 

7 J. Lubanski, Acta Phys. Polon. 6, 356 (1937). 

* Einstein, Infeld, and Hoffmann, Ann. Math. 39, 65 (1938); 
A. Einstein and L. Infeld, Ann. Math. 41, 455 (1940); A. Einstein 
and L. Infeld, Can. J. Math. 1, 209 (1949). 

*L. Infeld and P. R. Wallace, Phys. Rev. 57, 797 (1940); 
hereafter referred to as IW. 

” R. C. Majumdar and A. S. Apte, Phys. Rev. 74, 538 (1948); 
hereafter referred to as MA. 
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point particles in neutral meson fields. For this purpose 
we simplified and applied the complete IW method. 
The results obtained are in agreement with those 
obtained by the method of Dirac? in all cases. 
Il. THE METHOD OF INFELD AND WALLACE 

We consider a four-dimensional space with coordi- 
nates x,, where xo is the time coordinate. Greek indices 
take the values 0, 1, 2, 3 and Latin indices the values 
1, 2, 3. A repeated index denotes summation over its 
range, and we use u to denote + (u,u“)!. The velocity 
of light is taken as unity. The metric tensor of flat 


space is given by 
Su=0 if pv, go=—gu=—S2=—fs=1. (1) 
We consider a field whose energy-momentum tensor 
T,, satisfies the equation 
OT ,,,/dx,=0, (2) 
except at singularities in the field. If ®,, and ®o are 
functions satisfying the equations 
0*®,,/Ix,0x'= OT mo/ Oxo, PD, /dx,0x°= OT 0/ Oxo, 
we can write for Eq. (2) 
OT nn/OX%n— O,,/Ox,0x"=0, 
OT on/OXn— OD, /dx,0x*= 0. 
The volume integrals of these expressions vanish if the 
volume does not include any field singularities; if S is 
the surface bounding such a volume, we obtain by 
Gauss’s law 


(3) 


(4) 


J (Tan d®,,/dx")N"dS=0, 
8 


(5) 
sj (Ton — OD,/dx")N"dS = 0, 
8 


where N” is the mth direction cosine of the normal to 
dS. By a proper choice of the functions #,, and bp, 
which are each arbitrary to within a solution of La- 
place’s equation, the integrals in (5) may be equated 
to zero even if one singularity is enclosed by the surface. 
In the following it is understood that in all surface 
integrals considered S§ does in fact enclose a singularity. 

Equations (5) are the equations of motion of the 
simplified IW method. The method is ambiguous be- 
cause it includes no rules for choosing the arbitrary 
harmonic functions, except for the requirement that 
only three of the Eqs. (5) should be independent, as 
this is sufficient to determine the motion. 

The complete IW method is based on the linearized 
field equations of general relativity (which are obtained 
from the complete field equations by neglecting non- 
linear gravitational terms). Interactions of the gravi- 
tational and nongravitational fields are also neglected; 
this is equivalent to using the metric tensor (1) of flat 
space in the calculation of 7,,. The resulting equations 
provide a simple way of introducing a scheme which 
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includes all of the requirements of special relativity, 
while insuring that the special relativistic results are 
consistent with general relativity. The linearized 
equations obtained are™ 


Oy p»/0X,0x" = —2T ,», (6) 


where ,, is a tensor which is related to the deviation 
of the metric from that for flat space, and which is 
subject to the coordinate conditions 


OY u»/O%,= 0. (7) 
Combining Eqs. (6) and (7) we get 


OY un Oy yo Wun OV us 
~ 2T pn=— ; a 
Ox,90%° = AX Ax” Ox, \ Ox" Ox" 


The right-hand side of Eq. (8) is the divergence of a 
skew-symmetric expression, taken with respect to one 
of the indices in which it is skew-symmetric. According 
to a well-known lemma’ the surface integral of such an 
expression over a closed surface vanishes. Thus 


f 0 (“2 OV us 

gs OX, \ Ox* ox” 
PY un Oy 40 

f( - + 21 p,)WedS=0 (10) 
g\0%0x% dAxodx” 


Equations (10) are the equations of motion of the 
complete method of IW. In order to find their exact 
form for a particular field, we have to consider Eqs. (6) 
and (7). We shall show, however, that for the purpose 
of obtaining the equations of motion it is not necessary 
to solve these equations completely. We shall also find 
that the requirement that the solutions to Eq. (6) 
satisfy Eq. (7) and reduce to those for a mass point if 
the “mesic charge’’ of the particle is put equal to zero, 
determines the equations of motion unambiguously. 


Ill. THE MESON FIELDS 


We first list the meson field equations and some of 
their solutions; for a more detailed discussion, see 
reference 4 and the references listed there. 

The field equations are” 


F,= —dU/ax*, —8F,/dx,+x°U =4ep, (11s) 
G,»= OU ,/dx"— OU ,/ Ox", OG y,/I%,+727U,=4rj,. (11v) 


Here F, and G,, are the field strength components for 
the scalar and the vector field with potentials U and U,, 
respectively. x is a parameter, which in quantized 
theory is related to the rest mass yw of the mesons 
associated with the field by x=yuc/h. p and j, are the 
charge density and four-current density of mesic charge. 


1! See, P. G. Bergmann, Introduction to the Theory of 
Relativity ‘(Prentice- Hall, Inc., New York, 1942), Chapter XI. 

# In the following, corresponding equations for the scalar and 
vector fields are written with the same number, but with the 
suffix s and », respectively. 





yw "dS=0, (9) 
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In this paper, we are concerned only with simple poles 
in the meson fields. For a particle which is a simple 
pole with mesic charge g, and whose coordinates and 
four-velocity are z, and »2,, respectively, p and j, are 
given by 


p=g f 5(xo—20)5 (%1—2)5(%2—%2)5(x3—23)dr, (12s) 


2 


femal 2dr 2)8(01—2)8(er— 280m, (12v) 


eo 


where 6 is Dirac’s delta function, and r the proper time 


of the particle. 
Particular solutions to the field equations (11) are 


given “i 


rv] 
sefetee” —-ef ~J (xs)dr, (13s) 
K (-r) 


1 
ithaca tay ) tex “Ju(xs)dr 


x(t) ~— (er) 


at] 
+4ex f “Ii(xs)dr, (14s) 


v,(,7) ry, 
ome — ex f ~Jalxs)de, (13v) 


K(,7 ro 


(a7) “ v, 
me )-tex f ~Jaletide 


k(aT7) s 


at v, 
+hex f —Ji(xs)dr, (14v) 
er «6S 


0»(-7) 


eymU,=4 ( 
“ x(,7) 


where s,=2%,—2%,(7) and x=5,0. gr and ,r are the 
proper times at the advanced and retarded points, 
respectively. These are given by s,s*=0 with s9<0 
and >0, respectively. J; is the Bessel function of order 
1. The retarded and symmetric solutions (13) and (14), 
which are analogous to the corresponding solutions to 
Maxwell’s equations, differ by the radiation potential, 
which is finite at the particle, together with all its 
derivatives. The first term of (13) or (14) is a solution 
to (11) with x=0; Eqs. (1lv) then reduce to the 
electromagnetic field equations. The terms in (13) and 
(14) which are independent of x may be written: 


o 1 Ye 

Um gS 

8 (—2)!de™ 

o 1 Ge 
re U’= . 2U*— 
iba otaiind (21-1)! dr 
1 Yee 
(v7), 


ptt) a 


(15s) 


sym 


(’**), (16s) 


=% > (15v) 


t= (2J—2)! dr? 


1 ? 
o. > cient 
8S (1d 


yt), (16v) 


ret P= symU 
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where r= (—s,s*)', The expressions (15) and (16) may 
be obtained in several ways; one of these is described 
in the appendix, and another has been suggested by 
Page and Adams.” 

When the field strengths are calculated from (13) 
and (14) by differentiation, the parts (15) and (16) 
give rise to terms independent of x. The integrals con- 
tribute terms of two kinds. Those arising from the 








Su(er) Spor) 
oyml p= sym’ .°+ whet toe sis )+iee f 


«(,7) (a7) 


Nant $4(+7)  spJal(xs) 
rol’, ~~ roth y°+ ext y+ text y -et f 


K(,T aa 


dr, 


Su (-7)0, (-r) 
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ors J se) text f SpJ 2(xs) 


$¥(7) Uy (rr) 





eym@ py = symO pr’ + Garr toe si 


K(,7) K(,7) 


avs 
+e f 


Sy (+r), (7) 


Su(+7)0,(-7) 





ret ur = a CP oxtGpet inv( 7 

x(,7) x(+7) 
where the superscript o denotes that part of the fields 
that arises from (15) or (16), and Jz is the Bessel 
function of order 2. The expressions (17) and (18) may 
then be used to calculate the energy-momentum tensors, 
which are given by 


407 y= FF, h8u(FF*—x°U?), 
4T y= Gy? y+ bBurGpeG"? 
+77U ,,U,—4x"g,.U U*. (19v) 


IV. THE SIMPLIFIED METHOD OF INFELD AND 
WALLACE AND THE CALCULATIONS OF 
MAJUMDAR AND APTE 

The simplified method of IW® has been applied to 
the neutral meson fields by MA.” By choosing the 
harmonic functions in (5) to be 

Dp, = Moln/1, Po=mo/r, (20) 
in both the vector and scalar cases, they obtain the 
equations of motion 
d(mov,)/dr = gF*(g,,—0,2,), (21s) 
d(mov,)/dr=gG,,v’, (21v) 
where /, and G,, are those parts of the fields (17) 
or (18) which are finite and continuous at the particle; 
they are evaluated at the position of the singularity. In 
the retarded case, Eq. (21v) is identical with that ob- 
tained by Bhabha,’ but Eq. (21s) does not agree with 
that obtained by Harish-Chandra*® applying Dirac’s 
method, 


(19s) 


d[ (mo—gU) 0, /dr=gF,,. (22s) 
Similar remarks apply to the symmetric case.‘ 


31. Page and N. I. Adams, Jr., Electrodynamics (D. Van 
Nostrand Company, Inc., New York, 1940), Chapter IV. 


*F £0 SV y 
here: —J2(xs)dr, 
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differentiation at the limits, which are discontinuous at 
the particle, cannot contribute to the equations of 
motion, as will be shown in Sec. V. The remaining 
terms, obtained by differentiation under the integral 
sign, are finite and continuous at the particle and thus 
behave just like an external field. The total field is 
given by 


(17s) 


~dr, 
3? bee ae 


(18s) 


)-t (are eo $(a7) (07) 


K(¢T) Wes 


(47) 
Vy— SV ° $,Vy— SV 
ok YEE f —tecconoiglogs ide AAT) 


32 Pi 3 


(18v) 
ve s? 





"Although Dirac’s method does not lead unambigu- 
ously to Eq. (22s), it does require that the equations 
of motion have the form 


dP,/dr=gP,, (23s) 


where P, is some function of 7, and is thus incompatible 
with the result (21s). 

On the other hand, Eq. (22s) is compatible with the 
simplified IW method; it follows from Eqs. (5) by the 
choice 
(24s) 


instead of (20) for the arbitrary harmonic functions. 


?,,= (mo—gU) vm /t, B= (mo—gU)/r, 


V. THE COMPLETE METHOD OF INFELD AND 
WALLACE FOR MESON FIELDS 


The explicit determination of the equations of motion 
from Eq. (10) of the complete Infeld-Wallace method 
can be considerably simplified by an investigation of 
the way in which various terms can contribute to the 
results. For this discussion it is convenient to use the 
“special coordinate system” in which the particle is 
instantaneously at rest at the origin (z,= %=0, v9= 1) 
and to take the surface of integration in (10) to be a 
sphere with the particle at its center. 

The parts of the fields given by Eqs. (15) or (16) can 
be expressed as sums of terms of the form 


Uk XkoXkg* * *Xky 


Sf (7). (25) 


r?@ 

4 MA state that Eq. (21s) is “practically the same” as Eq. 
(22s), “provided we absorb the term proportional to acceleration 
in the definition of the inertial mass.” This, however, is not 
possible, as then the rest mass would no longer be constant. 
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The remaining terms in the field quantities can be 
expressed in the same form by using their Taylor 
expansions about the location of the particle, as they 
are finite at the origin. As the energy-momentum 
tensors are quadratic in the field quantities, they also 
may be written as sums of terms of the form (25). 

We say that a term like (25) behaves like r?~*; in 
order to contribute an expression to the integrals in 
(10), taken over a sphere, which is independent of the 
surface of integration, such a term must behave like r~*. 
In addition, a term which before multiplication by the 
direction cosine N"=x"/r has p even will vanish by 
symmetry upon integration. 

As noted before, the radiation field is finite at the 
particle, and thus the singularities of expression (16) 
are the same as those of (15). For each undifferentiated 
term in (15) we have p—q=2/—3 and q odd. Differ- 
entiation of an expression of the form (25) with respect 
to the proper time either leaves p and g unchanged 
and increases the order of a time differentiation, or 
decreases p—g by one and introduces a factor m%, q 
changing by two. To obtain a nonvanishing expression 
for the field strengths in the special coordinate system 
the potentials can contain at most one factor ,; there- 
fore we have to remove all but at most one % by differ- 
entiation. Thus the 2/—2 differentiations of a term of 
(15) can decrease p—g by at most /—1 (/>1) and the 
resultant p—gq will equal at least ]—2. Thus the most 
singular term of the potentials has p-g=—1 and 
arises from the first two terms of the series in (15). 
Therefore the terms in U? of the scalar case (19s) 
could only contribute through products of such terms. 
For these products, however, p equals zero and thus 
the integral vanishes. 

Differentiation with respect to the space coordinates 
of the field point decreases p—q by one and time 
differentiation either leaves p—g unchanged or intro- 
duces a factor 7%, g remaining odd. Therefore the most 
singular part of the field strengths has p—g= —2 (with 
p and g odd), The only terms in 7,, which can con- 
tribute directly to the equations of motion are products 
of this part and the finite, continuous parts of the field 
strengths Ff, or G,,, evaluated at the position of the 
particle. Its products with the finite, discontinuous 
parts of the field strengths vanish on integration, as 
these parts have p—q at least zero and p can be seen 
to be odd. Similarly all other terms in 7,, with p—q 
= —2 can easily be seen to have even p and thus vanish 
on integration. Thus we have 


4ST nn~— (8/2?) (XmP nt nF mn Smntel*), 

4 Ton~— (6/1) (anF ota), 
4eToo~(g/r*) (xxF*+-a,0' Po), 

4 Tnn~— (6/1) (dim On0+3nOno— Bmnt*Get) 
4axT on™ (g/r*) (xxv*G a0), 

4nT o~(g/r*) (x*Gio), 


(26s) 


(26v) 
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where we use ~ to mean that we have omitted some 
terms which cannot contribute to the integration. 
However, we have kept some terms which vanish at 
the origin, as they may be needed in considering the 
coordinate conditions. 

We next consider the way in which the 7,, can 
contribute to the equations of motion via the y,,. We 


shall write 
Yu= Fue tT ys, (27) 


where we use ¥,, for the solution of the homogeneous 
equations corresponding to Eq. (6) and I,, for a 
particular solution of (6). Applying the method of the 
appendix to Eq. (6) we find that the I’,, behave like 


PT t+ P(T ,)/dr+:::. (28) 


It then follows from the previous considerations that 
the T',, do not contain any singularities which could 
contribute to the equations of motion. 

The solutions to the homogeneous equation corre- 
sponding to Eq. (6) are 


2 


4 sym »= ; ne am —--—---(A © ili . 
TaymYu x (21—2)! dr? “ ) 


(29) 


« 2 @t-! 
4 re a dn, m ee TS tapers Cepia te to (A wrt 2 . 
T rer’) ym x (21— 1)!dr2— ry ) 


(30) 


Here A,, is a symmetric tensor, which is a function of 
the proper time only. We take the retarded solution if 
we use retarded expressions for the meson fields, and 
correspondingly for the symmetric field. The solutions 
(29) and (30) correspond to a simple pole in the gravi- 
tational field, i.e., a mass point. The only terms in (29) 
or (30) which can contribute to the integration and 
their second derivatives required in (10) are 


4h ypy~2Ay,/?, 

417 8°¥ mn/ Ox ~ — 2A mnxd*/r, 

49°F on/Ox00~ —2A onrnd*/r', 

48°F mo/O%002"~2A mox,/?, 

48°F 00/Ax0dx"~2A oor, /?’, 
where the dots denote differentiation with respect to 
the proper time. All other terms will give terms in the 
integrand which either have q— p# 2, or which contain 
a factor v,, and hence vanish in the special coordinate 
system. 

Using fir *x,N ndS = — (44/3) gun, we obtain for the 
equations of motion in the special coordinate system, 
using Eqs. (10), (26), and (31), 

—4A ynt"—Ayot+gh,=0, 


— 4A yni®— A ot gGyo= 0. 


(31) 


(32s) 
(32v) 


These equations, together with the requirements that 
the y,» must satisfy the coordinate conditions (7) and 
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must reduce to those for a mass point when g=0, 
determine the A,, completely. 
For the coordinate conditions, 


equation 
F (0% 
Ga)-4 
Ox,0x" \ dx, 


which follows from the field equations (6) and the 
conservation law (2), except at the singularity. The 
OY »»/0x, are thus solutions to the homogeneous wave 
equation except at the singularity. Finite terms in these 
expressions may be represented by their generalized 
Fourier expansions in terms of solutions to the homo- 
geneous equation, and hence can be subtracted out by 
suitable choice of such solutions. This will not affect 
the equations of motion since such solutions correspond 
to finite terms in the y,, which do not influence the 
equations of motion. By the method of the appendix, 
singular solutions to (33) are of the form (25) with q 
odd, since they are obtained by differentiation of 
1/r. But by our discussion of the manner in which a 
differentiation can affect such terms, they must corre- 
spond to terms in 7,, with g odd. These must have 
p—q=-—2 to contribute singular terms to (33), and 
thus are just the terms given in (26). 

The terms in I',, which can contribute to the co- 
ordinate conditions can again be obtained by the 
method of the appendix. We get 


4nT mn~ (6/1) (Xml ncn m—Smatal*), 
4a on~(g/r) (xnFot+av'P,,), 

4nT w~— (g/r) (pF *+-a,v'Po), 

4a mn™(g/r) (am OG no+XnGmo— RmnX*Gro), 
4nT on~(g/r) (xn0"G ao), 

4nT oo~— (g/r) (x*Gio). 


These are the solutions to the lowest approximation 
only; the higher approximations will give either terms 
with g—p<1, or terms with at least a factor v in the 
coordinate conditions. Omitting terms after differ- 


we consider the 


OT ys 
=0, 
Ox, 


(33) 


(34s) 


(34v) 
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Symmetric field case: 
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entiation of the 7,, and the I',, which are nonsingular, 
or which contain a factor »%, we obtain for the coordi- 


nate conditions in the special coordinate system 
—Aynt"/P—Ayo/r+gF,/1= 
—A put"/7— A yo/1+ 8G y0o/r=0. 
Combining Eqs. (36) and (32), we obtain 


- 
4f0- 2 hse, 

Pe ey 
and hence all the A,, except Aoo vanish in the special 
coordinate system. Thus A,, must be of the form 
M»,2,, where M is a scalar function of 7; in order that 
the solutions to the homogeneous gravitational equation 
reduce to those for a mass point when g=0, M must 


reduce to the rest mass mo in that case. 
In terms of M the equations of motion (32) become 


d(Mvm)/dr=gF,,, dM/dr=gFy, (38s) 
d(Mvm)/dr=gGmo, dM/dr= (38v) 


The fourth equation in each case determines M to 
within a constant; the value of this constant is deter- 
mined by the previous requirement that M reduce to 
mo when g=0. Thus we obtain 


(36s) 
(36v) 


(37) 


(39s) 
(39v) 


M= mo—gU, 
M=mp, 


without any ambiguity. The requirements of the 
complete IW method thus determine completely the 
equations of motion of a point particle which is a simple 
pole in both the mesic and the gravitational field; the 
appearance of the inertial terms in these equations is 
due to the equivalence of gravitational and inertial 
mass. 

Inserting the expressions (39) into Eqs. (38), using 
the fields given in Sec. III and dropping the restriction 
to the special coordinate system, we finally obtain the 
following equations of motion: 


r d 


1 
Ji (xsd = Lextl*+ 6 


se T 


(exe), (40s) 


mre s’u" 


—Jo(xs)dr = gextG",v" ; (40v) 


© oH d o1 d 
moor hernt f —Jo(xs)dr+ hg*x |» f “Ji(xs)dr |= foul 6 (ol) 
cay dr dr 
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VI. DISCUSSION 


Our equations of motion (40) and (41), obtained by 
the use of the complete IW method, agree with those 
obtained previously by Dirac’s method.*~ As in the 
case of the electromagnetic field treated by IW (which 
"are included in our calculations as the special case x=0 
of the vector meson field), no approximations were 
used beyond those of the linearized equations of general 
relativity and the neglect of gravitational-mesic inter- 
actions. It is this use of general relativity which allows 
us to avoid the ambiguity of other methods. In contrast 
to Dirac’s method, we also avoid the necessity of 
subtracting out infinite self-energy terms explicitly and 
of evaluating surface integrals in four dimensions; the 
evaluations of such integrals in three-dimensional space 
has been considerably simplified by extending the 
symmetry arguments of IW. 

The method used here can be extended without 
difficulty to the case of a particle which is a singularity 
of several noninteracting fields. The energy-inomentum 
tensor for noninteracting fields is simply the sum of 
those for the separate fields. Similarly I’,, is the sum of 
the I’,,’s for the separate fields, because the discussion 
of the coordinate condition can be carried through as 
before. As M must still reduce to mp if the constants 
describing the coupling between the particle and the 
different fields are set equal to zero, the terms which 
must be added to mp to get M for a combination of 
noninteracting fields are just the sum of the terms 
required for the separate fields. Thus, the rate of change 
of mov, for such a combination of fields is simply the 
sum of the rates of change due to the separate fields. 
Therefore the equations of motion of particles inter- 
acting with a combination of scalar and vector meson 
fields and of electromagnetic fields can be written down 
without further calculations. The resulting equations 
again agree with those obtained by Dirac’s method."® 

The authors are indebted to Dr. B. Kaufman for 
her valuable criticism of the manuscript. 


APPENDIX 


We discuss the solution of the inhomogeneous wave 


equation, 
0/dx,0x"= —p, (Al) 


by a method due to Infeld.’* ¢ and p may be scalars 
or components of vectors or tensors. We assume a 


‘6 Compare P. Havas, Phys. Rev. 7 882 (1954). 
6 L. Infeld, Phys. Rev. 53, 836 (1938). 


solution of the form 


(A2) 


=> oA*, 
k= 


where the parameter is introduced by using the 
auxiliary time w=». Substituting in (Al) one obtains 
by equating coefficients of \* 


0'go/dx,0x'=—p, p,/Ix,0x'= 0d, »/dw*. (A3) 


Assuming a solution of the form ¢,=d*f,/dw* (k not 
summed), and putting \=1, we obtain 


#fo/dx,Ox'=—p, OF f,/dx,0x*=frs (Ad) 


Thus the inhomogeneous wave equation may be re- 
placed by a set of Poisson equations. 

If the density function can be expressed as a sum of 
terms like (25) in the coordinates of the field point 
with respect to some origin (such as the location of the 
particle, as in the case of the 7,, in the gravitational 
field equations), the solutions behave like 


Yi 
r crim A p+: (AS) 


If we take p=0 except at a single point, and A(r)/r 
as the solution @» to the lowest approximation, we 
easily obtain the solution 


ge: 


sym?= e (Ar 
mm bet (21—2)1 drt? 


a-#) 4 


(A6) 


This expression is symmetric with respect to past and 
future. One needs only even-order derivatives, as (A4) 
relates only terms differing in order by two. We have 
replaced the derivatives with respect to x» by deriva- 
tives with respect to the proper time of the singularity ; 
these are written with ordinary d’s to remind us that 
we must consider the implicit dependence of the differ- 
entiated quantities on r due to the motion of the 
singularity. With respect to the coordinates of the field 
point the differentiation is partial, however. 

Another solution to the inhomogeneous wave equa- 
tion may be obtained by including odd-order derivatives 
by taking ¢,= —dA/dw. We then obtain the retarded 
solution given by 


1 Yo 


= symo— > (Ar***), (AZ) 


t=t (21—1)! dr%t 
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The application of Schwinger’s variational principle to scattering by a Yukawa potential is studied. 
A detailed comparison of the Born approximation, variational, and exact results is given in the energy 
region from 20 to 150 Mev for a potential strength and range appropriate to the *S neutron-proton inter- 
action. Comparison with the second Born approximation is also made, The utility of the variational principle 
is discussed and consideration is given to the high-energy limit. It is judged that for most potentials, the 
variational formulation without elaborate trial functions will be better than the Born approximation. 

The relation between the variational principles for the total scattering amplitude and for the phase 
shifts is analyzed. A new formulation intermediate between these two is presented as a compromise between 
the simplicity of the former and the accuracy of the latter. With the potential studied, use of this formulation 
leads to considerably better results for the total amplitude than does the original principle. 


I, INTRODUCTION 


N the simplest and most fundamental quantum- 

mechanical scattering problem, the scattering of a 
particle by a fixed potential, which also yields the 
scattering of one particle by another in the center-of- 
mass frame, there exists an important energy region 
where no entirely suitable methods are available for the 
calculation of differential cross sections. We refer of 
course to those intermediate energies for which expan- 
sion in partial waves requires the determination of 
numerous phase shifts, and for which on the other 
hand, such high-energy approximations as the Born 
approximation are inadequate for estimating these 
phase shifts and, therefore, for estimating unexpanded 
or closed form approximations to the differential cross 
section. Consequently in this intermediate energy range 
the computations are tedious even for the simplest 
potentials, involving as they do numerical integration 
of the radial differential equation for each of the 
numerous partial waves. Moreover the resultant cross 
sections vary with energy and other parameters in so 
complicated a fashion, and in a manner so tenuously 
related to the detailed shape of the potential, that such 
calculations are actually not very enlightening qualita- 
tively. The result is that the admittedly inadequate 
Born approximation, which has the virtue of simplicity, 
is frequently used in the hope that it can serve as a 
not entirely incorrect qualitative guide. 

For the case of neutron-proton scattering this inter- 
mediate energy region begins at a laboratory energy FE, 
of about 20 Mev, where the contributions of higher 
(than S$) partial waves become significant.! With a 
Yukawa well the validity of the Born approximation 
has seemed questionable at energies as high as 250 Mev 
“where the potential picture is getting to be quite far- 


* The preparation of this paper was sponsored (in part) by 
the U. S. Office of Naval Research. 

t Present address, University of California, Los Angeles, 
California. 

1G. Snow, Phys. Rev. 87, 21 (1952). 


fetched,” since the second Born approximation is 
significantly different from the first, even up to these 
energies.’ In the present paper we investigate the utility 
of Schwinger’s variational expression for the total 
scattering amplitude’ in bridging this gap for central 
field neutron-proton scattering with Yukawa wells, 
including exchange forces. The calculations have been 
performed for a potential (Voa/r)e"/* such that 
Vo=53.8 Mev and a= 1.35 10-" cm, corresponding to 
the 8S neutron-proton interaction. In subsequent sec- 
tions we describe in detail the comparison of the 
variational results for several varieties of trial functions 
with the “exact” differential cross sections obtained by 
numerical integration of Schrédinger’s equation,‘ and 
with the results in Born approximation.® Briefly we 
may state that the Born approximation turns out to be 
quite good, particularly in the absence of exchange 
forces. As described in detail below, with an improved 
formulation and appropriately chosen wave function, 
the variational method is superior to Born approxi- 
mation, rather more so when exchange forces are 
included. Naturally the variational results are achieved 
at the expense of considerably increased computational 
effort. It is our belief, to be elaborated in a later section, 
that the Yukawa case is especially and accidentally 
favorable for the Born approximation, while simultane- 
ously unfavorable for the variational principle. We feel 
therefore, although we are in no position to guarantee, 
that for other well shapes the Schwinger formulation 
usually will prove superior to Born approximation with 
relatively less complicated machinery and trial func- 
tions than those we have found necessary,* as confirmed 


?R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
3J. Schwinger, “Lectures on Nuclear Physics,” Harvard 
University, 1947 (unpublished). 

4 Futterman, Osborne, and Saxon (to be published). 

5 By Born approximation we mean always first Born approxi- 
mation, unless otherwise stated. 

*It must be remarked however that our choice of well shape, 
Yukawa, was motivated not merely by its obvious theoretical 
interest, but also by the fact that for the Yukawa well the integrals 
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by previously reported calculations of the total cross 
sections for a square well.’ 

Irrespective of the degree of generality of our partic- 
ular numerical results, our method of application of 
Schwinger’s variational principle has independent theo- 
retical interest. As originally introduced, this variational 
principle was written in two forms. In one, the usual 
expansion in spherical harmonics was made, leading to 
an infinite set of independent integral equations and 
thence to a corresponding sets of variational expressions 
for the phase shifts. In the other, the entire scattering 
amplitude was expressed in stationary form, thus giving 
the scattering cross section directly, without necessi- 
tating summing over the individual phase shifts. These 
two modes of expressing the variational principle are 
formally equivalent, of course. Regarded as the basis 
for approximate calculations, however, they have quite 
different attributes: The expansion is intrinsically more 
accurate, whereas a direct estimate of the entire scat- 
tering amplitude is intrinsically simpler. Our method 
has been to develop a formulation intermediate between 
Schwinger’s two alternatives by expanding in a finite 
set of “partial waves” using the eigenfunctions of finite 
rotation and reflection operators. This, we believe, 
represents a useful compromise between the require- 
ments of accuracy and simplicity. 

These introductory remarks are amplified in the 
following sections. 


II. THE VARIATIONAL PRINCIPLES 


In the coordinate system in which the center of mass 
is at rest, Schrédinger’s equation for two particles 
interacting according to the central potential V(r) can 
be written in the dimensionless form 


Vy (x) +Lh?+u(x) Jy (x) =0, (1) 


where x=r/a, with a being a characteristic length (say 
the range), associated with the potential, and where 


k= (2mE/h*)a?, u(x)=—(2m/h*)aV (ax), (2) 


with m the reduced mass, and £ the energy in the 
center-of-mass system. Derivations of the variational 
formulation can be found, both in terms of the phase 
shifts* and of the entire scattering amplitude.® For con- 


occurring in the variational principle can be evaluated in closed 
form for reasonable trial functions such as plane waves. The 
possibility of this evaluation appears to stem from the relativel 
simple form of the Fourier transform of the Yukawa potential. 
For other well shapes the variational principle need not yield 
closed form expressions for the scattering amplitude. In particular 
we have been unable to evaluate the integrals in cl form for 
square wells (except in the forward direction). Unless the integrals 
can be at least approximately evaluated in closed form, compu- 
tations using the Schwinger variational formulation can be so 
tedious as to offer insufficient or no advantage over exact numerical 
integration of the differential equation. L. Mower (Phys. Rev. 
89, 947 (1953)] lists some special cases for which the integrals 
can be evaluated in cl form. 

7 E. Gerjuoy and D. S. Saxon, Phys. Rev. 85, 939 (1952). 

8 The S wave shift has been discussed in detail in reference 3 
and in the more readily available article by J. M. Blatt and 
J. D. Jackson, Phys. Rev. 76, 18 (1949). A discussion for general 
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venience in describing our method, we very briefly 
recapitulate these derivations. 

We first obtain a stationary expression for the ampli- 
tude A(k-—k’) of a wave scattered in the direction k’, 
when the incident wave is in the direction k. For this 
purpose Eq. (1) is re-expressed as an integral equation 
incorporating the proper boundary conditions, namely, 


Ya (x)= ete f dv'G(xx/u(x’Wrlx), 3) 


where 
G(x,x’) = ettl®-8'1/4ar| x—x’|, (4) 


and where the subscript k on denotes the incident 
wave is in the direction k. Examination of the asymp- 
totic form of yx for Eq. (3) then yields the rigorous 
expression for the amplitude of the scattered wave in 
the direction k’, 


1 
A(k—k’) = — f dxe-**u(2)u(2)= B(k—k’). (5) 
4n 


From Eq. (5) the amplitude A(—k’——k) of the 
time reversed solution is 
1 
A (Wb) =— f de (a) 
dn 
= B(—k’——k). (6) 


Moreover, from Eq. (3) and the corresponding time 
reversed integral equation it is shown that 


1 
Ahk) = A(—k'--—k)=— f dab (x) (2)v-w (x) 
4 


1 
ui f f dxdx'y (x)u(x)G(x,x’)u(x’ v(x’) 


=C(k—k’). (7) 
Thereby it follows that 


A(k—k’) 
Btk—>k’)B(—k’—k) 
zs Ctk—k’) 


[fare forest 


= pes — ‘ 
f pe f f dxdx')y (x)u(x)Gu(x’W-u-(x’) 
(8) 


Finally it is observed that, regarded as a functional of 
vx and p_,, the expression on the right side of Eq. (8) 








L values has been given by B. P. Lippman and J. Schwinger, 
Phys. Rev. 79, 469 (1950) and F. Rohrlich and J. Eisenstein, 
Phys. Rev. 75, 705 (1949). 

(1948}" e.g., H. Levine and J. Schwinger, Phys. Rev. 74, 958 
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is stationary” with respect to arbitrary independent 
variations of y and y_, about their true values as 
determined by Eq. (3), and the corresponding equation 
for yx. Furthermore the right side of Eq. (8) is 
independent of the amplitudes of ¥, and y_y. 
Stationary expressions for the phase shifts are ob- 
tained in a similar fashion. The standard expansion in 
spherical harmonics leads to a set of independent 
differential equations for the partial waves ¥,(x), from 
which are constructed a set of integral equations 
incorporating the boundary conditions, namely, 


vale) julka)+ f da’aen(a!u(e’W(e’), (9) 


where 


gi(x,x’)=ikjr(kx<)hy™ (kes). (10) 


Here x< denotes the smaller, x» the larger, of x and x’; 
and j, and h,“ are the standard spherical Bessel and 
Hankel fuactions. It then follows that the phase shifts 


can be expressed in the form 
1 ) 
k(coté, —i) =——— -\f dxx?up :? 
i 0 
lf dsstjunb] 
0 
-f f dd’) (2)u(s)guu(e’ Wel) |= Oe (11) 
0 “9 


The expression on the right side of Eq. (11) is stationary 
with respect to arbitrary variation of pz, about its true 
value, as determined from Eq. (9), and is independent 


of the amplitude of yz. 

We now compare some of the features of the formally 
equivalent results expressed by Eqs. (8) and (11). We 
observe first, that Eq. (11) can be derived directly 
from Eq. (8). This is effected by expanding the unknown 
functions ¥, and ¥_,- in spherical harmonics. We write 


Vi = p» ar" 1(x) Y,."(6,9), (12) 
v= 2 Bi™1(x) Vr" 0,9). (13) 
Substituting in Eqs. (5)—(7) we find 

Btk—k’) = Pp» ap™(—4)”V 1" Ox-,bx-) 
xf dxx? jw) = rand my ae’ 


B(—k'>—k)= ¥ Br "V 1" Ox,ox) 
Lim 


x f dx? jimi 2) Bi™Aw™, (14) 
0 ™ 


Some discussion of the general formal requirements for 
constructing stationary expressions like Eq. (8) is given in E. 
Gerjuoy and D. S. Saxon, “Variational principles for the acoustic 
field” (to be published). 


E. GERJUOY AND D. S§S. 


SAXON 


1 oe 
C(k—k’)= + auein| — f dxx*up ,? 
Lim 4a 0 


1 . co] 
_-— f f dadx' x*x" 
4 0 0 


Xv (sma a) eum) 
=D ar"Br"Aix", 
Lym 


where the quantities A,,”, Aoi”, Asx™ are defined by 
Eq. (14). 

A(k-—k’), Eq. (8), is stationary with respect to 
arbitrary independent variations of ¥, and y_,-, which 
means, using Eqs. (12) and (13) in Eq. (8), that 
A(k-—k’) must be stationary with respect to arbitrary 
independent variations of the parameters a,” and 6,” 
about their correct valuex. We note that 


B, B, BB: 
8A (k—k’) = —8B,+—6B,-——C, (15) 
C Cc C 


where we have condensed the notation, with B, 

= B(k—k’), B.= B(—k’——k). Using Eq. (14) in Eq. 

(15), and equating to zero the coefficients of da," and 
68,™, we then obtain 

C Aay™ 

ayp"*=— = 

Bz As1™ 

C Ai™ 

B, Asi™ 


(16) 


BL™ (17) 


These variationally determined values of a,” and 8,", 
when substituted into Eq. (8), yield 


A (k-k’) = Y1(2L+1)Px(cosé) (1/01), 


where @ is the angle between k’ and k. Moreover we 
observe that Eq. (18) has been deduced without making 
use of any of the properties of ¥z(x). Hence, by virtue 
of Eq. (11), Eq. (18) is seen to be equivalent to the 
standard form" 


(18) 


1 
A (k—k’) = ORE u(2L-+ 1) (e*4—1)P1 (cos), (19) 
i 


where in Eq. (19) the phase shifts are now defined in 
terms of the unknown functions yz, by the stationary 
expression Eq. (11), and are of course identical with the 
exact phase shifts when y, are the correct radial 
functions. Thus in spite of their formal equivalence, 
there is considerable difference in the use of Eqs. (18) 


"LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 105. 
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and (11) as the basis for actual approximations to the 
cross section. Obviously, if the integrals can be evalu- 
ated in closed form for suitable trial functions, Eq. (8) 
is much more convenient than Eq. (11), which neces- 
sarily involves tedious sums over spherical harmonics. 
On the other hand, Eq. (11) is inherently more accurate 
than Eq. (8) in the sense of the variational principle, 
since Eq. (11) corresponds to the use of the “best” or 
variationally determined set of parameters a,”, 8,” in 
Eq. (8), for the particular set of radial trial functions 
¥1(x) which is being used. Or, to put it another way, 
use of, say, the incident plane wave as a trial function 
in Eq. (11), ie., using ¥z(x)=j1(kx), corresponds to 
using in Eq. (8) not the incident wave, but rather an 
expression in which the plane wave expansion coeffi- 
cients have been replaced by a corresponding set of 
variationally determined coefficients. 

At this point we interpolate a remark concerning the 
reliability of variational methods in general as applied 
to scattering problems. Inasmuch as no minimum 
principle has been established for these problems, one 
cannot guarantee that the use of a sequence of trial 
functions containing an increasing number of varia- 
tionally determined parameters will uniformly improve 
the estimated scattering amplitude or cross section.” 
What is desired is a trial function which approximates 
as closely as possible the correct wave function. When 
physical reasoning points to a certain trial function, 
this choice of trial function probably should be favored 
over a variationally determined trial function. In the 
absence of physical indications, however, it is reasonable 
to expect that a variationally determined trial function 
will not be a very bad choice, and that it is likely to be 
better to choose the parameters variationally than to 
choose them purely arbitrarily. It is in this sense that 
the variationally determined set of parameters a,™, 81™ 
are said to be the “‘best”’ set. 


Ill. PROJECTION OPERATOR FORMULATION 


We now seek a somewhat different expression of the 
variational principle which represents a compromise 
between the greater complexity of Eq. (11) and the 
lesser accuracy of Eq. (8). We proceed by analogy to 
the angular momentum eigenfunction expansion which 
leads from Eq. (8) to Eq. (11). Namely we expand ¥, 
in the eigenfunctions of operators which commute with 
the Hamiltonian but which are so chosen that they 
generate only a finite complete set. In particular, we 
shall choose the parity operator and some suitable 
finite rotation operator for this purpose. We first 
develop the properties of the associated projection 


2 Indeed one cannot even guarantee that for a given trial 
function the variational principle will increase the accuracy over 
less sophisticated ig oe pe techniques. Thus, for example, 
calculation of the Coulomb scattering cross section in Born 
approximation gives the correct cross section, as is well known, 
while use of the incident plane wave as a trial function in the 
variational principle does not. For further details see the discussion 


of this point in Sec. IV. 
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operators, in terms of which the desired expansion is 
conveniently obtained. 

Consider initially the parity operator P, eigenvalues 
+1. We denote the corresponding eigenfunctions by 
¥, and y_ and observe that 


P_=}(1—P), (21) 
are the corresponding projection operators since for 
any function y: 


Pip=h,, Pyp=y. (22) 


That is to say, 
PPy=Pyy, PPwy=—P_y. (23) 


Next, introduce the rotation operator R denoting 
rotation through the angle 2x/N about some arbitrary 
fixed axis. Then R* = 1 and the eigenvalues \, of R are 


ApeerrN, n=O, 1, ---,V—1. (24) 
The corresponding projection operators are 


1 N-1 
P,=— ¥ An*~?R?, 


N p= 


since 
RP,= Aula 


as is easily demonstrated. Also 


(27) 


N-1 
or P,=1. 
n= 


For any function y we define y, by 
Va= Py. (28) 


Then y, is an eigenfunction of R with the eigenvalue \,. 
In the preceding equations Ry(x) is understood to 
define a new function y¥/ (x) such that 


v (x)= Ry (x)= (Rx), (29) 


where Rx is the new vector (in some specified fixed 
coordinate system) into which x rotates under R. For 
any integral over all solid angles (along x), with ¢ and 
y¥ arbitrary functions, 


f $(x)[RV(x)]= f ¢(x)¥(Rx)= f (Rx) (x) 


- f [R-6(x) W(x). (30) 


Of course the second equality in Eq. (30) is a conse- 
quence of the introduction of new rotated polar and 
azimuth axes, or equivalently of the introduction of 
new primed variables of integration defined by x’ = Rx, 
x= Rx’. Thus Eq. (30) demonstrates that the defi- 
nition of Ry, Eq. (29), retains the orthogonality of R, 
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i.e., that 


R=R" (31) 


in integrals like those of Eq. (30). 


From Eg. (31), using relations like A,'=Ay_., 
R= R*-, it is simple to show ; 


P,= Py- ne (32) 


It is also true that if ¢, is an eigenfunction of R with 
eigenvalue X,,, 


1 w-1 1 yes 
Pron= gtx + i Ane™ “Pr On= ss p is eri(n-n ING, 


NV e=0 Nv 


=Ban'Pn, (33) 


and therefore, by Eq. (28), that 


PywPa=bawPn- (34) 


Hence if ¢, is any eigenfunction with eigenvalue X,, 
and Wy-_, is defined as in Eq. (28), then, by Eqs. (32) 
and (33), 


f Yura { [Pra 
= [UP xnb]= five. (35) 


Similarly, using Eq. (34), one obtains 


fon.= 0, m#N-—n (36) 


for any two eigenfunctions $m, ¢, with eigenvalues 
Am, An. It should be noted that in Eqs. (32)-(36) we 
have extended the definitions so that Aw=Ao= 1, whence 
also Py= Po, Yv=Yo, etc. 

We are now in a position to derive readily the desired 
variational expressions in terms of the simultaneous 
eigenfunctions of P and R, Such functions, we denote 
by @n,4. They satisfy the relations 


Pera, += tGn,4, Ron, 4= Ann. 4) (37) 


and can be constructed from any arbitrary function y 
via the defining equation 


PP w= Pp PsWWn,4- 
In analogy to Eqs. (12) and (13), we write 
Vi=> - An, ., *, 


nm tt 


(38) 


(39) 
VK - > > Bn, Pn, se 


n tw~+ 


where the superscripts indicate that ¢,,;* and @,,~*’ 
need not be the same functions. Corresponding to 


E. GERJUOY AND D. S. 
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Eq. (14), we have: 


1 
B(k—k’) => —ay, if due ™*u(a)bn 


ni dor 
=> An, iA n, i, 
n,é 


1 
B(-k’—+—k)=5 —#,, f dxe** *4(x)bn,-* 


n,i 40 
r => Bn iAni™, ’ 


1 
Chk’) =¥ an, Bv—n, |. -f db, tus) 0-» cr 
n,é T 


1 
_ — f duis’, i*(x)u(x) 
4nr 


XG(x,x’) u(x’ )ov—n, a] 
= On, Bn—n, iAn;i™. 


The expression for C(k—k’) in Eq. (40) is justified 
with the aid of Eqs. (32), (33), and (36), using obvious 
properties of the parity operator and noting that 
R(x)R(x’)G(x,x’) =G(x,x’), 
where R(x) rotates x only, all of which yields 
Py_n(x)G=N“D. p Aw—-n* PR? (x)G 

== NS 5 Awen¥-?R-?(x')G=P,(x’)G. (42) 
We require A (k—k’), Eq. (8), to be stationary with 
respect to arbitrary independent variations of the 


parameters a,,; and 8,,;. Then, using Eq. (15) we find 
that, for variationally determined values of a», ; and B,, ;, 


A(k—k’) => © A, (k-k’), 


n tmt 


A re i(k—k’) =A - {DA Na, j2/A i i, 


(41) 


(43) 


This derivation of Eq. (43) is wholly analogous to 
the derivation of Eq. (11) from Eq. (8), for arbitrary 
Wz in Eq. (12), via variation of a,” and 8,™. Alter- 
natively we can use the expansions Eq. (39) in Eq. (1) 
to obtain 

Vn, e* tL +u(x) hn, *=0, (44) 


and similarly for ¢,,,~*’. The function ¢,, ,* obeys the 
integral equation 


bn a*(x)= PaPyeit*4 f dx’G(x,x')u(x’)ona*(x’). (45) 


From Eq. (45) and the corresponding equation for 
on™, it is not difficult to determine that Eq. (43) is 
valid for the exact scattering amplitude, for which in 
fact 


An, (k-k’) = Ap, « (k-k’) 


= Ay-ni® (kk’) =A, (kk), (46) 
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when, in Eq. (40), @,:* and @,, ~* take on their true 
values, i.€., n,:* satisfies Eq. (45). Moreover, the 
expression for A »,;(k—>k’), Eq. (43) is stationary with 
respect to arbitrary variation of @p,;* and @,,~* about 
their true values. This second derivation of Eq. (43) 
is of course analogous to the customary derivation of 
Eq. (11) from Eq. (9). 

Equation (43) is the variational formulation we have 
been seeking. It can be expressed in a simpler form by 
the following device. We first specify that the functions 
gonz* and @p,,4~* are constructed from given trial 
functions ¥, and y_% by means of Eq. (38). We make 
the further restriction that ¥,(x) is a function only of 
the angle between k and x, i.e., that it does not depend 
on the azimuth of x about k. This condition is certainly 
satisfied for the true ¥.(x) which solves Eq. (3). 
Similarly, y_»-(x) is independent of the azimuth of x 
relative to —k’. This means that for any rotation R, 
in the notation of Eq. (41), 


R(K)R(x)¥u (x) =x (x), (47) 
and therefore just as Eq. (42) followed from Eq. (41) 
Pn(xWu(x) = Pr—n (k(x). (48) 
From Eq. (48), and also Eq. (42) we infer that 


1 
Ans=— f dxe~**’ -*4(x)[P,, (x) Ps (x)Wu(x)] 
4r 


= Py_n»(k) Ps (k)B(k—k’), 
49) 


1 
ii eau f dxe**u(x)[Py-n(x)Ps (xv (x)] 
4r 


1 
-— f dx Pa(x) Ps (x)e"*Ju(x)yw-(x) 
= Py_»(k) Ps (k)B(—k’>—k), 


and, by slightly more complicated manipulations, 
using Eq. (34) as well, that 


An 4 = Py_n(k) Ps (KC (kk), (SO) 


where B(k—k’), B(—k’——k), and C(k—-k’) are 
defined by Eqs. (5)-(7). 

Equations (49) and (50) make Eq. (43) particularly 
convenient, since they merely involve linear combi- 
nations of the same functions B and C which enter into 
the more familiar stationary expression Eq. (8). We 
further note that the extension of our result to the 
situation in which space exchange forces are involved 
is trivial, since space exchange merely introduces 
different interactions in even and odd states. The point 
here is of course that Eq. (43) is already decomposed 
into sums over even and odd states. Hence one need 
only use the corresponding even and odd interactions 
in computing the contribution of each to the total 
scattering amplitude.” Thus, for example, for the 


3 One could arrive at the same result by inserting different 
even and odd interactions u(x) in Eq. (44). 
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Serber type of exchange, wherein the interaction 
vanishes in odd states, Eq. (43) becomes simply 


A(kk’) =>, Ans (kok). (51) 


To this point, R has representated a rotation about 
a fixed but arbitrary axis. In the actual application of 
Eq. (43), together with Eqs. (49) and (50), it is neces- 
sary to make some definite choice of the orientation of 
this axis, with respect to k for instance. For the true 
solutions ¥, and y_, the results are entirely inde- 
pendent of the orientation of this axis of rotation. In 
this event, B(k—>k’) = B(—k-+—k) = C(k-k’) so that, 
using Eqs. (49) and (50) in Eq. (43), and noting that 
P, obviously sums to unity, as does Py_,, by Eq. (27), 
we have, for the true yy and y_», 


A(k—k’)= 5 Py_n(k)Pi(k)B(kk’) = B(k—k’), (52) 


and B(k—k’) does not involve R. 

When ¥ and y_, are merely some suitable trial 
functions however, the results using Eq. (43) do depend 
on the axis of rotation of R. As an illustration, if the 
axis of rotation is chosen to lie along k, the quantities 
B and C in Eqs. (49) and (50) are seen to be eigen- 
functions of R(k) with eigenvalue unity. Then only 
the terms with »=0 fail to vanish in Eq. (43), recalling 
Eq. (33), and we are left with the not unexpected 
result that with this choice of axis 


A (k-k’) = Ay (k-k’) + A_(k-#’), (53) 


where A, and A_, the even and odd parts of the 
scattering amplitude, are given by 


(Ps(k)B (kk) ICP 5k) B(—k—>—k)] 
Ps (k)C (k—k’) 





(54) 


+ 


On the other hand, suppose R corresponds to a rotation 
through an angle of $4 about an axis making equal 
direction cosines with the three rectangular axes. In 
other words, when operating on the coordinate axes, 
R causes a cyclic interchange of these axes. Thus, if 
(x,y,z) are the components of a vector, 


Rf (x,y,2) = f(2,x,y) ; 
R'=1, r,=el*™ n=O, 1, 2. 


Further, suppose we choose the z axis along k and take 
k’ to lie in the positive x half of the x-s plane, which 
in a rather complicated fashion specifies the orientation 
relative to k and k’ of the axis of rotation of R. With 
vx and y_y as previously restricted, i.e., with (x) 
independent of the azimuth of x about k, it is intuitively 
obvious, and can be proved formally directly from 
Eqs. (5)-(7) using Eqs. (31), (41), and (47), that 
B(k-—k’), B(—k’——k), and C(k—k’) are independent 
of the azimuth of k’ about k. Hence, insofar as rotations 
are concerned, these quantities can be written as 
f(k,k’)= {(), with @ the scattering angle. Then for the 


and (55) 
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present choice of coordinate axes and of R, R(k)f(@) 
=f(\4r—0|), R(k)f/O)=f(4n), P(k)f@=f(x—4), 


and we have 


2 
P,=% - etrinpitR? 
p= 


P(e) Ps (k) fO) = 31 fa @) +e 7" f.(|br—8]) 
+e**'"9 f, (x) ], n=(, 1,2 (56) 


f(0)=3U/O)+ f(r—9)]. 


Evidently, Eq. (56) combined with Eqs. (43), (49), 
and (50) generally does not yield the same result as 
Eq. (53). 


IV. APPLICATION TO THE YUKAWA POTENTIAL 
Procedure 


We now describe the specific calculations we have 
performed. We have used the interaction 


(57) 


with #o= 2.365, which corresponds to the Yukawa well 
depth and range quoted in Sec. I. Scattering amplitudes 
have been computed at values of k=0.6630, 1.048, 
1.406, 1.624, 1.816, corresponding to laboratory energies 
of 20, 50, 90, 120, 150 Mev. In the various variational 
formulations, the trial functions yy, and y_» are always 


V¥u(x)=exp(iKn-x), px (x)=exp(—iKn’-x), (58) 


where n is the unit vector along the incident wave 
vector k, and n’ is the unit vector along the direction 
of the scattered wave k’. Thus we use plane-wave trial 
functions, but do not necessarily equate the effective or 
average wave number K to the wave number & at in- 
finity. This special choice of trial function is physically 
reasonable and permits evaluation in closed form of 
the integrals which occur. In fact, with Eqs. (57) and 
(58), Eqs. (5) and (6) readily yield 


B(k—k’) ge: B(- k’—+—k) ” uog(K,k,8), 


u(x) = uge*/x, 


(S59) 
where 
g(K,k,0) = 1/(1+-#+K*—2kK cos6), (60) 


with @, the scattering angle, the angle between n and n’, 
The only complicated integral is the one containing 
the Green’s function in Eq. (7), which can be evaluated 
for arbitrary K by the same method as used by Jost 
and Pais’ and by Dalitz™ for the special case K=k, as 
well as by standard techniques, without introduction 
of auxiliary variables.'* It is found that 


C (k—k’) = wog(K,K,0) —1u0°G(K,k,6), (61) 


“4 R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 

16 After transformation to momentum space, with n’ as polar 
axis and the azimuth axis in the plane of n, n’, integration over 
azimuth and thence over the polar angle can be effected by 
successive use of formulas 300 and 195, of B. O. Peirce, A Short 
Table of Integrals (Ginn and Company, Boston, 1910). The 
resultant integral, though complicated in form, can be evaluated 
by closing the contour in the complex plane, taking care to 
avoid circling the branch points of the integrand. 
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where g is as in Eq. (60), and where 


G(K,k,0) = 





2K-V/S sin (6/2) 
K (1+ K?—&?) sin(6/2) 
Xx | tan-i( 
J/S 
i VS+ 2kK sin(6/2) 
2 PE /S—28K sin (0/2) 
S= (1+ K?+ k*)*— 42K? cos*(0/2). 








(62) 


In Eq. (62), »/S>0 and the arctangent lies between 
—x/2 and x/2. 

Perhaps the most consistent variational treatment 
would be to determine K variationally'® at each scat- 
tering angle. However, this would require much addi- 
tional numerical work, considerably more so than 
appears to be justifiable, see our remark at the end of 
Sec. II. Hence we have confined our calculations to the 
following three choices of the effective wave number K: 


(a) P=RP=K,2, 
(b) K*=h+}u= Ky, 
(c) K*=?+4m=K/?. 


The first is just the free-particle wave number, of 
course. The second is determined variationally from 
the requirement that the forward scattering cross 
section in the high-energy limit be stationary with 
respect to K. This is, at any rate, a high-energy vari- 
ational determination of K, and is obtained without 
excessive manipulation. To be specific, we insert Eqs. 
(59)-(62) in Eq. (8) with 0=0, let K*=#+-8, 8 finite, 
and equate to zero the derivative with respect to KX in 
the limit that k->. The resultant Eq. (63b) is the 
same as would be found from the more complicated 
formulation Eq. (43), since in the high-energy limit 
the quantities B and C have sharp peaks in the forward 
direction, and are small at other angles. Consequently 
in Py-»(k)Ps(k)B(k-—k’) for example, all terms in R 
and P are negligible compared to the term in R®P®, 
ie., in this limit, at this angle, Py—.(k)Ps(k) is 
replaceable by 1/2N, and Eq. (43) becomes identical 
with Eq. (8). Equation (63c) is determined from the 
condition 


(63) 


f dxu(x)e~*®-*(V?+- 2-+-u(x) Je *=0, (64) 


Equation (64) is an expression of the requirement that 
the trial function e*-*, which does not satisfy the 


The scattering amplitude is complex and with a single 
variational parameter, as with XK, in the present instance, it 
generally is not possible to cause the derivatives of the real and 
imaginary parts to vanish simultaneously. Thus it would be 
necessary to decide say that the magnitude of A(k-—k’) is to be 
made stationary, without regard to phase. 
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Schrédinger equation anywhere, at least satisfy the 
Schrédinger equation on an average weighted by the 
Yukawa potential, this weighted average favoring the 
region of space, where the integrands in B and C are 
significant.!” 

Three successively more complicated variational 
formulations have been employed, namely: 

I. Equation (8), of course with the trial functions of 
Eq. (58). 

II. Equation (43) in the form of Eqs. (53) and (54). 
This involves a decomposition into even and odd terms, 
and corresponds to using in Eq. (8) a trial function 
which is a linear combination of forward and backward 
traveling waves, with variationally determined ampli- 
tudes. 

III. Equation (43) combined with the results of Eqs. 
(49), (50), and (56). This involves a further decompo- 
sition into the eigenfunctions of the rotation operator 
R of Eq. (55), and corresponds to using in Eq. (8) a 
trial function which is a linear combination of waves 
traveling in both directions along three mutually 
perpendicular axes including the forward and backward 
directions, with variationally determined amplitudes. 
»As with K, so in formulation III the orientation 
angles of the axis of rotation of R should presumably 
be regarded as variational parameters, to be determined 
for fixed N and K so as to make the scattering amplitude 
stationary at each scattering angle. Again the extra 


work required does not seem worth while, and we have 


10r 


oo 





Fic. 1. Differential cross section at 20 Mev vs scattering angle. 
Curve A is the exact result, curve B the result according to 
variational formulation III, K= Ky. The circles and crosses are 
points computed respectively according to formulation I and II, 


= AK». 


17 Strictly speaking, Eqs. (63b) and (63c), which have been 
calculated on the assumption of ordinary forces, should be 
modified for exchange forces, but we shall not worry about this. 
They are merely reasonable guesses as to the best choice of K 
and, as will be seen, they do yield good estimates of the cross 
section when exchange forces are included. 





Fic. 2. Differential cross section at 90 Mev vs scattering angle. 
Curve A is the exact result, curve B the result according to 
variational formulation III, K=Ky. The crosses are points 
computed according to Born approximation. 


fixed the orientation of the rotation axis mainly for 
reasons of convenience, Since according to Eq. (52) 
the results are independent. of the orientation of the 
rotation axis when ¥, and ~_, are the true solutions, 
it is likely that the results will not depend strongly on 
the orientation of this axis provided the trial functions 
Eq. (58) are “reasonable.” In any event this choice of 
rotation axis leads to good results, which only should 
be improved by a better founded choice of axis. It may 
seem that the cross sections using variational formu- 
lation III will be azimuth dependent, since we have 
specifically assumed k’ lies in the x—s plane in deriving 
Eq. (56), and in fact formulation III does correspond 
to the use of an azimuth dependent trial function in 
Eq. (8). The dependence on azimuth is only apparent 
however. We always keep k’ in the positive x half of 
the x—z plane, or in other words, we change the axis of 
rotation of R, Eq. (58), as the azimuth of k’ changes, 
thereby retaining independence of the azimuth of k’ 
relative to k in our final answer. 


Variational and Born Results 


Our numerical results definitely show that the vari- 
ational formulation III is superior to the simpler 
formulations I and II, and that formulation II is itself 
an improvement over the more customary formulation 
I. By and large, the choice K=K, is the best of the 
three we have tried, although at lower energies K= K, 
may be superior. In Figs. 1-3 we have plotted the 
differential cross sections de computed according to 
formulation III, with K=K,, at energies of 20 Mev, 
90 Mev, and 150 Mev, including ordinary forces only, 
and, on the same graphs, display for comparison the 
exact differential cross sections‘ at the same energies. 
The differential cross sections, in these and subsequent 
figures, are given in the units a per steradian, where a 
is the length introduced in Eqs. (1) and (57). In Fig. 1 
we have plotted also the 0°, 90°, and 180° differential 
cross sections which are obtained from formulations I 
and II, with the same value of K= K,. With the simple 
formulation I the variational values are much too high 
at 0° and much too low at 180°. Formulation II mixes 
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Taste I. Differential cross sections vs energy and angle as calculated by different methods. 








Variational formulation I with Variational formulation II with Variational formulation III with 
effective wave number equal to effective wave number equal to effective wave number equal to 


Angle Ke Ke Ke Ka Ko Ke Ko 


0 8.61 9.36 3.73 6.12 6.70 3.79 4.64 
«/2 1.51 1.49 1.36 1.51 1.49 1.36 2.14 
™ 0,41 0.34 0,25 2.01 2.41 1.48 1.78 


4.38 6.05 6.39 4.13 
0.372 0.345 0.353 0.372 
0.064 0.525 0.591 0.467 


4.74 6.21 4.59 
0.137 0.125 0.137 
0,024 0.206 0.181 


4.90 6.11 4.80 
0.081 0.074 0.081 
0.014 0.118 0.108 


5.01 6.04 4.93 
0.054 0.049 0.054 
0.010 0.076 = 0.071 


z 





5.08 
0.659 
0.359 


7,19 
0.353 
0.067 


0 6.81 
«/2 0.345 
" 0.071 


£3 2e8 


-_ 
oS 
i) 


5.42 
0.283 
0.115 


6.50 
0.125 
0.023 


0 6.27 
a/2 0.121 
a 0.023 


S88 
—s 


5.54 
0.183 
0.067 


6.28 
0.074 
0.014 


6.14 
0.049 
0.009 


0 6.10 
x/2 0,072 
n 0.013 


SOM SOM SOM OeN 


Sa8 
orn 


5.31 
0.127 
0.048 


5.60 
0.097 
0.028 


5.60 
0.129 
0.044 


0 6.00 
a/2 0.048 
Pa 0.009 


150 











at 0° the 0° and 180° amplitudes of I, and similarly 
at 180°, with a consequent significant decrease in the 
variational estimate of do at 0°, and a corresponding 
increase at 180°. The 90° point of formulation I is of 
course unaltered since the odd part of the scattering 
amplitude vanishes at 90°. By introducing the addi- 
tional partial waves of formulation III we produce 
additional mixing at 90° and at other angles, and 
further improve the variational estimate of the angular 
distribution. In fact, in Fig. 1, the 90° value of formu- 
lation III is very nearly correct, but the variational 
estimate is still too high at low angles and too low at 
large angles. Presumably the introduction of more 
partial waves, with the more complicated mixing which 
would result, would produce further improvement in 
the differential cross section until finally we expand in 
the infinite set Y,” and attain the phase shift formu- 
lation of Eq. (11). 

The relative merits of these three variational formu- 
lations ¥are maintained at higher energies, but the 
differences between them become less marked in the 
forward peak, which makes the principal contribution 





+ 


Fic, 3. Differential cross section at 150 Mev vs years. angle. 


Curve A is the exact result, curve B the result according to 
variational formulation III, K=K». The crosses are points 
computed according to Born approximation, 


to the total cross section. This is so because, just as 
explained in the discussion of Eq. (63b), at angles near 
0° the large forward peak reduces the effectiveness of 
the mixing introduced by the projection operators. At 
wider angles the added partial waves of II and then 
III continue to improve the results. The correctness of 
these remarks and of the assertions in the preceding 
paragraph, can be gauged from Table I, which sum- 
marizes the 0°, 90°, and 180° results at the five energies 
for the three variational formulations and the three 
choices of K. Included also are the Born approximation 
results and the exact values. 

It can be seen from Table I that Born approximation 
yields a fair estimate of the differential cross sections, 
especially at higher energies. This is illustrated in Figs. 
2 and 3, in which we have plotted the 0°, 30°, 60°, 90°, 
and 180° Born approximation points. Variational 
formulation III with K=X, is superior to the Born 
approximation, but the difference is not marked. By 
150 Mev there is not much to choose between Born 
approximation and formulation III with K=K, or 
K= K,, while formulations I and II are inferior to Born 
approximation at all energies, for all three choices of K. 
This comparison of the Born approximation and the 
variational formulations is of particular interest in view 
of the considerably increased labor required to compute 
the differential cross sections for even the simplest 
variational formulation I. 

Examination of the usual criteria for the validity of 
the Born approximation, which may be written as 


UyKR*, to/k<1, (65) 


in our notation," shows that these are not satisfied even 
at 150 Mev where k=1.816, while w= 2.365, Conse- 


18 The second of Eq. (65) expresses the requirement that across 
the scattering region the phase difference between the actual and 
free p tion be small. D. Bohm, gontee Theory (Prentice- 
Hall, Inc., New York, 1951), pp. 553 ff. 
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quently, the good estimates of the differential cross 
sections yielded by the Born approximation seem rather 
accidental, and we anticipate that the phase of the 
complex scattering amplitude is not as happily esti- 
mated as is its magnitude." This is demonstrated in 
Figs. 4 and 5 in which the computed scattering ampli- 
tudes are drawn in the complex plane. In each Argand 
diagram the circle is drawn with a radius equal to the 
exact scattering amplitude. The Born amplitude lies 
always on the real axis, as it must for any potential, 
while the variational and exact amplitudes are complex. 
The variational amplitudes in both figures are computed 
using formulation III, with K=X;,. In Fig. 4 we show 
the forward scattering amplitudes at 20, 90, and 150 
Mey, and in Fig. 5 we plot the 90-Mev amplitudes at 
the angles x/2 and w. We observe that the phase of the 
exact scattering amplitude is in every case rather 
different from zero, and that this phase is much better 
estimated by the variational method than by the Born, 
although the magnitudes of the amplitudes are much 
the same, as we have already seen. We note also that 
the exact phase becomes smaller as the energy increases, 
and that the exact phase is larger at wide angles than 
at 0°. Similar figures at other energies share the same 
characteristics. 








Fic. 4. Argand diagrams of 
the complex scattering ampli- 
tude in the forward direction 
for various energies: (a) 20 
Mev, (b) 90 Mev, and (c) 150 
Mev. In each case the vector 
A represents the exact ampli- 
tude, B the amplitude from 
variational formulation III, 
K = Ky, and C the Born ampli- 
tude. The arcs are drawn with 
radius equal to A. 








Tt is reasonable to attribute the good estimates of the Born 
approximation to the similarity of the Yukawa to the Coulomb 
potential. For the latter, the Born approximation happens to give 
the correct cross section but does not give the essentially infinite 


oy os The validity of Born approximation for a Yukawa well 
as been discussed by Jost and Pais and by Dalitz in the references 
cited. Dalitz also considers the transition to the Coulomb limit. 


A 


(b) 


Fic. 5. Argand diagrams of the complex scattering amplitude 
at 90 Mev at scattering angles (a) @=/2 and (b) @=7. In each 
case the vector A represents the exact amplitude, B the amplitude 
from variational formulation III, K= K», and C the Born ampli- 
tude. The arcs are drawn with radius equal to A. 


At a scattering angle @ space exchange forces may be 
regarded as producing a mixture of the nonexchange 
amplitudes at @ and w—@. Since the Born amplitudes 
are always in phase, whereas the exact amplitudes have 
different phases at different scattering; angles, it is 
apparent that it generally is not possible to have equally 
good results with the Born approximation for all 
combinations of ordinary and exchange forces. In the 
Yukawa case we have been discussing therefore, where 
Born approximation gives such good results for ordinary 
forces, we expect rather poorer results when exchange 
forces are introduced. In Figs. 6 and 7 we have plotted 
the exact and variational results at 90 and 150 Mev 
for two special combinations of ordinary and exchange 
forces, namely Serber forces in which the well is multi- 
plied by P,, and “‘anti-Serber” forces in which the well 
is multiplied by P_. In the former case only the even 
waves contribute to the scattering, Eq. (51), while in 
the latter case we include correspondingly only the 
odd waves. We have used variational formulation III, 
with K=K,, and have plotted also the Born results 
at 0°, 30°, 60°, and 90°. Figures 6 and 7 may be com- 
pared with the corresponding Figs. 2 and 3. Evidently, 
both the Serber and anti-Serber Born differential cross 
sections are relatively less accurate than were the Born 
estimates for ordinary forces, whereas the variational 
calculation remains about equally good for all three 
different types of forces. In fact for the odd scattering 
the variational calculation is practically indistinguish- 
able from the exact at 90° and 150° Mev. Of course 
the variational calculation continues to give a good 
estimate of the phase as compared to the Born approxi- 
mation, as is illustrated in Fig. 8 for the even forward 
scattering amplitude at 20 Mev. Figure 8 is constructed 
in the same fashion as Figs. 4 and 5, with the Born 
phase real, as always. We also use Fig. 8 to supplement 
Fig. 1 by showing how the phase as well as the ampli- 
tude is improved by adding more partial waves, and 
also compare the three different choices of effective 
wave number K. To avoid excessive complication of 
the figure, only formulations IT and III are included in 
Fig. 8. We observe that both variational formulations 
and all choices of K give much better estimates of the 
phase than does Br rn approximation, even though the 
Born estimate of the magnitude of the amplitude is 
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Fic. 6. (a) Even scattering cross section at 90 Mev vs scattering 
angle. Curve A is the exact result, curve B the result according 
‘to variational formulation III, K=K». The crosses are points 
computed according to Born approximation. (b) Odd scattering 
cross section at 90 Mev vs scattering angle. The curve represents 
the exact results, the circles are points computed according to 
variational formulation III, K= >», and the crosses are points 
computed according to Born approximation. 


very good and certainly better than formulation II for 
K=K, and Ky. We see also that for the even scattering 
at 20 Mev, K=K, gives a better final estimate of the 
phase than does K=X;,. This is so for the even scat- 
tering at other energies as well, but the odd scattering 
phases definitely favor K=K,, the differing behavior 
of the even and odd waves being especially marked at 
low energies. These effects can be understood. Especially 
at low energies the even scattering, which includes S 
wave scattering, arises from a region of space on the 
average closer to the origin than does the odd scattering, 
for which the wave function vanishes at the origin. 
Thus the effective wave number KX for the even scat- 
tering is larger than for the odd scattering, especially 
at low energies. It is by considerations of this kind that 
a better choice of effective wave number can be made. 
For example, we have calculated the differential cross 
sections at 20 Mev, ordinary forces, formulation IIT 
for two modified choices of wave number, as follows. 
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The even waves are calculated both times with K=K,, 
but for the odd waves we calculate in one case with 
K=K,, and in the other case with K=K;. In Table II 
the results for these two modified choices are tabulated 
at 0°, 90°, and 180°, along with the exact values from 
Table I. The choice K=K, for the odd waves is seen 
to be superior, but both modifications are good. This 
use of different effective wave numbers for even and 
odd states does produce an over-all improvement, as 
may be seen by comparison of Table IT with the 20-Mev 
variational formulation ITI section of Table I. 


Utility of Variational Principle 


We may infer correctly from Fig. 8, which is quite 
typical, that the variational method, even in its least 
sophisticated formulation I, with K=K,=k, generally 
will give a better estimate of the phase of the scattering 
amplitude than does Born approximation. For example, 
at 20 Mev the correct phase angle, using ordinary 
forces, is 57°, while formulation I with K=& is 45°. 
Thus in a very real sense for an arbitrary potential, 
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Fic. 7. (a) Even scattering cross section at 150 Mev vs scattering 
angle. Curve A is the exact result, curve B the result according 
to variational formulation III, K=Ky,. The crosses are points 
computed according to Born approximation. (b) Odd scattering 
cross section at 150 Mev vs scattering angle. The curve represents 
the exact results, the circles are points computed according to 
variational formulation III, K=X;,, and ‘the crosses are points 
computed according to Born approximation. 
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the variational method is an improvement on Born 
approximation, in that the variational method gives an 
estimate of both the real and imaginary parts of the 
scattering amplitude. The Born, on the other hand, 
estimates merely the magnitude of the amplitude, or 
perhaps its real part (it is not altogether clear which). 
It happens in the Yukawa case that the first Born 
approximation is very close to the correct magnitude 
while simultaneously the second Born correction term 
is large. Since for cross sections we are interested only 
in the magnitude of the scattering amplitude, and not 
in its phase, the present case evidently is especially 
favorable to the Born approximation. 

At the same time, as we proceed to explain, it is 
unfavorable to the variational principle. Let us consider 
formulation I with K=&, i.e., with Born trial functions. 
Under these circumstances, by Eqs. (59) and (61), 


B= uog(k,k,0), C=uog(k,k,0)—ucrG(k,k,0), (66) 


where og(k,k,O) is precisely the Born approximation 
scattering amplitude. For the correct wave function B 
and C must be equal. Thus a measure of the closeness 
to the correct function of a given trial function is the 
difference between B and C. Now since G(k,k,0) is 


TABLE II. Differential cross sections at 20 Mev. 








Differential cross sections 


Variational formulation III 
Even waves: K =Ke 
Odd waves: K equal to 


Ka Ke 


4.45 4.28 
2.26 2.26 
1.95 





0 
«/2 
ea 1.92 








complex whereas g(k,k,0) is real, obviously B and C of 
Eq. (66) cannot be equal. In fact, as Jost and Pais* 
have shown, ™°G(k,k,0), which is precisely the second 
Born approximation correction to the scattering ampli- 
tude, is comparable to wog(k,k,0). Thus B and C in 
Eq. (66) are quite different, and the Born plane wave 
trial functions apparently are not close to the correct 
wave functions. To make B and C equal it is necessary 
to introduce a considerable modification of the trial 
function from the Born plane waves. On the other 
hand, such a modification in the direction of making B 
and C equal generally will change the magnitude of B, 
which in the present Yukawa case pulls the variational 
estimate of the differential cross section away from the 
very good Born value. To sum it up, when the magni- 
tude of the second Born correction term is large, we 
may expect to have to use a considerably different trial 
function than the Born plane wave in order to get a 
reasonably good estimate of the differential cross sec- 
tion. Under such circumstances, it is difficult to get 
good results with the variational principle since Born 
plane waves so often provide, as in the calculations we 
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Fic. 8. Argand diagram for the even complex scattering ampli- 
tude at 20 Mev in the forward direction. The arc is drawn with 
radius equal to the magnitude of the exact amplitude. 


are reporting, the only reasonable and tractable starting 
point. 

If the imaginary part of C is small for Born trial 
functions, B and C may be made fairly close by intro- 
ducing modifications to the trial function which keep B 
real. Moreover, since the differential cross section adds 
the real and imaginary parts in quadrature, it is clear 
that we can get a quite good variational estimate of 
the differential cross section in this way. When the 
imaginary part of C is appreciable however, we must 
somehow modify the trial function so that B is complex. 
In the Yukawa case we have been studying, the imagi- 
nary part of C which equals the imaginary part of 
uo'G(k,k,8) actually is large. Thus we see one obvious 
reason why the modification provided by formulation 
II, which keeps B real whatever the choice of K, is 
inferior to the more general projection operator formu- 
lation ITI, in which the imaginary factors e***‘/* ex- 
plicitly guarantee that B will be complex. As a matter 
of fact comparison of our numerical values in this 
formulation shows that the complex quantities B and 
C do turn out reasonably close to each other in formu- 
lation III. This suggests that for a potential for which 
exact differential cross sections are not available, the 
difference between B and C may prove useful as a 
measure of the rate of convergence of the variational 
method to the correct values.” 


™ Since B is proportional to the amplitude a of the trial function, 
and C is proportional to a’, it is clear that B—C or the relative 
difference (B—C)/C may be made as large or small as desired 
merely by an appropriate choice of a. Thus, with a sequence of 
trial functions this measure of the rate of convergence is meaning- 
ful only if the amplitudes of the functions are maintained relatively 
constant, by fixing the value at the origin for example, or better 
perhaps by fixing /dxy*uyp. 
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Second Born Approximation 


As a further indication of the performance of the 
variational principle we compare second Born approxi- 
mation with the variational results for the same trial 
function in Eq. (8), i.e., formulation I with K=k. We 
consider ordinary forces only so that the Born amplitude 
in this approximation is 


Aplk—k’) = uog (k,k,0) +-uPG(k,k,8), 
while the variational estimate is 
uog" (k,k,0) 
aay _ 
g (k,k,8) pon uoG (k,k,0) 


these expressions being essentially identical to terms of 
order 1%°G?/g* when the denominator is expanded in 
powers of #oG/g. In Table III are given the differential 


(67) 


Taste III. Differential cross sections in second 
Born approximations. 








Differential cross sections 


Variational Second 

formulation Born 
I with approxi- 
Kk mation 


8.61 
1.51 
0.41 


Expansion 
parameter 
uoG/g 


0.43+-0.57% 
0.69-+-0.98% 
0.89 + 1.334 


0.134-0.374 
0.34+ 1.20% 
0.42+ 1.664 


0.08 +-0.304 
0.25+1.214 
0.29+ 1.643 


Energy 


(Mev) Exact 


0 3.99 
20 n/2 2.28 
Ca 2.27 


Angle 








13.2 


6.27 
0.121 
0,023 


0 5.07 
n/2 0,309 
Fa 0.151 


6.00 
0.048 
0.009 


0 5.31 
«/2 0.127 
ia 0.048 








cross sections computed from Eqs. (67) and (68), at 
20, 90, and 150 Mev, at angles of 0°, 90°, 180°, with 
again the exact values for comparison. The variational 
entries are of course identical with those in the K=K, 
variational formulation I column of Table I. We also 
tabulate the expansion parameter uG/g which, for 
Born trial functions, is the fractional difference between 
B and C and is therefore a reasonable measure of the 
accuracy of the variational method, as well as of the 
convergence of the Born expansion. Evidently the 
variational estimates are better than the second Born 
except at those energies and angles where the expansion 
parameter is so large that both the Born and variational 
estimates are extremely poor and their comparison is 
essentially meaningless. The variational phase angles 
are similarly closer to the exact phases than are the 
second Born approximation phases. With an arbitrary 
potential, where the first Born approximation generally 
is not close to the magnitude of the correct scattering 
amplitude, this comparison of the second Born approxi- 
mation with the variational principle for the same trial 
function would be expected to be more indicative of 
the performance and utility of the variational method 


than comparison with first Born approximation, for 
moderate values of the expansion parameter. The 
results in Table III for the present Yukawa case suggest 
that with other potentials the variational method 
generally will indeed be an improvement on second 
Born approximation, and a@ fortiori on first Born 
approximation, even without improvement of the trial 
functions from first Born plane waves. 


High-Energy Limit 


In the foregoing discussion we have been thinking 
mainly of the intermediate energy region below those 
energies at which the usual criteria for the validity of 
the Born approximation are satisfied. For any presently 
reasonable potential purporting to describe neutron- 
proton scattering this region will be roughly the same 
20-150 Mev region we have been considering. As the 
high-energy Born limit is approached with such a 
potential, we might expect the second Born correction 
term to become negligible.” Similarly the exact scat- 
tering phases ought to approach the Born value of zero, 
a behavior illustrated in Fig. 4. Simultaneously, accord- 
ing to the remarks in the preceding paragraph, the 
variational method even with Born trial functions, 
should generally be better than the Born and become 
more and more accurate, except that at high enough 
energies both the Born and the variational principle 
should yield results indistinguishable from the exact 
values. 

For most potentials these expectations are fulfilled 
at zero scattering angle, as we can demonstrate. We 
employ the cross-section theorem, 


(69) 


4nr nr 
c= ms ImA (kk) = = ImA (0), 


where @ is the total cross section, and A(0) is the 
forward scattering amplitude. In the high-energy limit, 
om~xf| A (0)|?, where 0-~1/k is the width of the diffrac- 
tion peak, with & in units of the range of the potential. 
Then from Eq. (69) we obtain 


ImA(0) 1 
|A(0)| 4k 


which approaches zero as k->, since |A(0)| is quite 
generally bounded. 

At angles for which the differential cross section is 
not a violently fluctuating function of angle, it is not 
difficult to prove, using an extension of the cross section 
theorem, that the phase still tends to zero.” If the 


(70) 


™ In fact for our Yukawa case, examination of the high-energy 
limit of Eqs. (60) and (62) shows that Eq. (65) guarantees 
uoG/g1, except that outside of the forward peak, k sin@/2>>1, we 
require the somewhat stronger condition (u/k) log[ 4k sin?(@/2)] 
“1 to make the imaginary part of the ratio small. This extra 
condition probably is connected with the Coulomb-like nature of 
the scattering at wide angles or small impact parameters. 

= For the , aS well this prediction seems to be borne out 
by our results. 





INTERMEDIATE AND HIGH-ENERGY SCATTERING 


cross section does fluctuate violently, however, it 
appears that large phase shifts may be expected. Thus 
we may draw a distinction between the high-energy 
limits at angles within the main diffraction peak, 
k sin(0/2)<<1, and angles outside, k sin(@/2)>>1. Within 
the peak, for most potentials, the cross section varies 
smoothly and the phase approaches zero in the Born 
limit. Outside the peak, even though the usual criteria 
for the validity of Born approximation may be satisfied, 
the phases in the high-energy limit generally are zero 
only for those potentials for which the true cross 
sections at those angles do not fluctuate markedly. 
Moreover, when such fluctuations occur, the first Born 
approximation cross sections can be expected to exhibit 
similar but certainly not coincident fluctuations, show- 
ing that the magnitude as well as the phase of the 
scattering amplitude has been poorly estimated. Corre- 
spondingly, we anticipate that at high energies the 
variational principle will be quite generally useful 
within the main diffraction peak, but that its utility 
outside the peak will deperd on the potential. Where 
the cross sections fluctuate violently, the variational 
method probably will readily account for the qualitative 
wide angle behavior of the differential cross section, 
but will converge only slowly, i.e., will require trial 
functions very different from Born plane waves in order 
that further improvements in the trial functions change 
the results only slightly. Hence for such potentials it 


appears likely that at wide angles the variational 
method will be most useful and accurate at intermediate 
energies. 


Total Cross Sections 


We conclude by describing our results for the total 
cross sections. These have been computed by the vari- 
ational method using Eq. (69), for the various energies, 


TaBLe IV. Total cross sections vs energy. 








Total cross section 
Variational Variational 
formulation IT formulation IIT 
with effective with effective with effective 
Ener- Wave number wave number wave number 
gy K equal to K equal to K equal to 
(Mev) Ke c c ‘ ‘ Ka Ke Ke 


Variational 
formulation I 


Born Exact 





20 
50 
90 
120 
150 








variational formulations, and choices of effective wave 
number K. The values so obtained are tabulated in 
Table IV, in units of wa’, along with the exact and 
Born total cross sections. Naturally the Born total 
cross sections are computed by integrating the Born 
approximation differential cross sections, since for the 
Born amplitude Eq. (69) implies zero cross section, It 
is seen from Table IV that the variational forraulations 
give fair estimates of the total cross section in almost 
all cases. These results are about as accurate as those 
reported earlier for the square well.’ It is also seen 
from Table IV that, surprisingly enough, formulation 
II is usually superior to formulation III. We have no 
very good explanation of this unexpected result. As is 
apparent from inspection of the figures, however, total 
cross sections obtained by integration of the differential 
cross sections determined by variational principle III 
would give results in good agreement with the exact 
values at all energies and better than either formulation 
II or the Born total cross section. 

We should like to express our appreciation to Miss 
Patricia Childress of the National Bureau of Standards 
who performed most of the numerical computations 
reported above. 
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A Possible Relation between the Pseudoscalar ¢ Coupling 
and the Nuclear Spin-Orbit Coupling* 


E. J. Konoprnsk1 
Indiana University, Bloomington, Indiana 
(Received January 13, 1954) 


It is suggested that there is a direct proportionality between the nuclear spin-orbit energy and the size of 
the nuclear moments responsible for 6 decay via pseudoscalar coupling. On this assumption, the observed 
size of the spin orbit splitting is adequate to account for the large 8 moment needed for explaining the RaE 
spectrum, within the uncertainties in the knowledge of these phenomena. 





1 


REVIOUS evaluations' of the pseudoscalar (P) 

8 coupling, if correct, predict for it a negligible 
effectiveness: the corresponding nuclear moment is 
saved from vanishing only by relativistic effects, in- 
versely proportional to the large nucleon mass. On the 
other hand, an anomaly of long standing, the spectrum 
of RaE, appears to require for its explanation that the 
P coupling contribution be orders of magnitude larger. 

A similar contradiction of long standing exists in con- 
nection with the well-known spin-orbit couplings in 
nuclei, A large spin-orbit force seems essential for 
understanding the shell model. Moreover, its presence 
seems to be quite directly confirmed by the recent? 
measurements on the polarization of neutrons scattered 
by nuclei. A natural way’ for a spin-orbit force to arise, 
is as a relativistic correction to the main attractive 
potential. Again, this is an effect inversely proportional 
to the nucleon mass (squared) and expected to be much 
too small to account for the above observations. 

It will be pointed out here that there exists a possible 
basis for a close relationship between the two contradic- 
tions, one which seems to have escaped notice so far. 
On the basis to be suggested, both the RaE spectrum, 
and the spin-orbit force evidence, become measures of 
a single quantity: £, if —e-L is the spin-orbit energy. 

The point to be made here may be viewed as follows: 
The above-mentioned evaluations of the pseudoscalar 
8 moment rely on certain current phenomenological 
ideas concerning the nuclear Hamiltonian. However, the 
similarly phenomenological spin-orbit force has been 
ignored in those considerations. It will be assumed 
here that just this large spin-orbit energy magnitude 
furnishes the essential information for obtaining the 
8 moment. The latter then attains a magnitude ade- 
quate for explaining the RaE spectrum. 

A sufficiently large 8 moment has already been ob- 
tained from another point of view by Ruderman.‘ He 
goes back to the fundamental pion-field origins of the 

* Supported by a grant from the National Science Foundation. 

! Ahrens, Feenberg, and Primakoff, Phys. Rev. 87, 663 (1952); 
T. Ahrens, Phys. Rev. 90, 974 (1953); M. E. Rose and_H. K. 
Osborn, Phys. Rev. 93, 1315 (1954). a 

*H. Barschall, Phys. Rev. 93, 917 Hy 
*D. R. Inglis, Phys. Rev. 50, 783 (1936); W. H. Furry, Phys. 


Rev. 50, 784 (1936); G. Breit, Phys. Rev. 51, 248 (1937). 
4M. Ruderman, Phys. Rev. 89, 1227 (1953). 


nuclear forces. The results are beset by the usual un- 
certainties concerning the adequacy of first-order 
perturbation theory. Moreover, the same point of view 
has not so far accounted for the simpler phenomeno- 
logically established features of the nuclear Hamiltonian. 
Finally, of course, one expects to bring about complete 
consistency between the phenomenological picture and 
the meson field basis. The point to be made here indeed 
suggests that the explanation of the spin-orbit coupling 
should be looked for in the same basic mesonic processes 
which are held to account for the pseudoscalar 
8 moment. 


2. 


The most attractively simple attempt to account for 
the spin-orbit forces was made by Furry.* He assumed 
that the attractive nuclear potential, —U, fits into the 
Dirac Hamiltonian for a nucleon as a relativistic 
invariant :° 


H=a:p+A(M—U), (1) 
It follows directly that the “small” component of the 
energy eigenfunction is 


x= fo-p¥/2M, f=[1+(E-U)/2M}'=1, (2) 


where ¥ is the Pauli wave function (“large” component) 
and E+M is written for the energy eigenvalue. 
The nonrelativistic Hamiltonian E= H—M becomes 


E= fp/2M—U—ivf-p/2M+e-[vf/xp]/2M. (3) 
The last, spin-dependent, term in the energy becomes 
E,=e:(vUXp]/4M"f*. (4) 


One treats the nuclear potential as effectively central, 
U(r), in order to have conservation of the individual 
nucleon’s total angular momentum, as required by the 
shell model. Now VU = (U"/r)r and 


E,=—to-L, with §=—U'(r)/4M* fr. (5) 
This shows the advantage of Furry’s introduction of 
the nuclear potential as a relativistic scalar. It has led 


to a sign of EZ, opposite to what is obtained when the 
potential is treated as the fourth component of a four- 


5 We use units h=c=m=1 except where otherwise specified. 
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vector. The latter must be done for atomic electrons, 
which are subject to electrostatic force. In this way the 
inversion’ of the nuclear spin-orbit doublets relative to 
atomic ones emerges automatically. 

The spin-orbit energy coefficient ¢Jis usually* esti- 
mated as 

Eneor™ U/4M*R*= (1/114!) Mev, (6) 

where R=1.44!X10-" cm is the nuclear radius, and 
U is taken to be a nuclear potential depth ~20 Mev. 
Of course, the estimate U’~ — U/R is very questionable 
in view of the possible singularity of the force at an 
individual nucleon. It seems preferable to forego 
theoretical evaluation at this stage and use instead the 
figure roughly indicated by the evidence? 


Exp 1—2 Mev (7) 


for A ~ 100, even though this is 200 to 400 times larger 
than (6). Of course, this procedure is subject to the un- 
certainty of whether the spin-orbit effect has been 
traced to its true origin. 


3. 


We turn now to the problem of RaE. According to 
Petschek and Marshak’s analysis,® the spectrum is a 
resultant of contributions from both tensor (7°) and 
pseudoscalar 8 couplings. The 7 interaction works 
through the nuclear moment (e-r), while the pseudo- 
scalar contribution is determined by the size of (ifys). 
The observed spectrum shape is reproduced if the ratio, 

Gp Gi 
ava _& (By) 13, 8) 
Gr (o-t) 
is adopted. Here r is in units of h/mc. Gp and Gr are the 
pseudoscalar and tensor coupling constants respectively. 
Gp is unknown but cannot reasonably be expected to 
be larger than Gr by more than a factor 3 or so.’ 

For the nuclear moments, it is consistent with the 
shell model to use the single-nucleon state with respect 
to which RaE and its daughter nucleus differ (¥—y,). 
Then 


ibrs)= f dn Prdi= 1 f dU yeti f dry, (9) 


where, as in Sec. 2, W and x refer to the “large” and 
“small” components, respectively. According to (2), 


f dry j= f dr(fo- p¥,)'W,/2M 


a f dr¥,'o-pf¥,/2M 


= feed (yam) [ aev;e- (vf). (10) 


6 A. G. Petschek and R. E. Marshak, Phys. Rev. 85, 698 (1952). 

71Gp=+3Gr would fit the latest measurements of the y-decay 
spectrum, if only a scalar (S) contribution may exist, in addition, 
as required by the 8-decay data. 


Thus, 
igvs)= f dr¥'(e-WU/AM PY, 


: f dr¥'(U'/4MPa)e-r¥, 


= — (U/4M?R?)(o-r), (11) 
under the same assumptions as those leading to (5) and 
(6). Within the accuracy of these considerations the 
coefficient here is the same as £ of (6), hence 


T= §Gp/Gr. (12) 


This demonstrates the possible close relationship be- 
tween the 8 spectrum datum, I’, and the spin-orbit 
coefficient, £. 

If one now takes the “theoretical” estimate (6) for 
E, one predicts 


I's (1/175)Gp/Gr, (13) 
which, as in former evaluations, is much too small to 
account for the RaE spectrum. However, once the basis 
of comparison (12) is accepted, it becomes more 
reasonable to take £.x,* (2 to 4)mc* as in (7). Now, 


(14) 


which can no longer be said to disagree in order of 
magnitude with Marshak and Petschek’s value '~ 13, 
considering the many uncertainties involved (e.g., the 
unknown value of the spin-orbit coefficient in the 
neighborhood of A= 200; the finite de Broglie wave- 
length effect on I’; etc.). 

We note here the relationship of those considerations 
to such as those of Ahrens and Rose.' The contribution 
of the P coupling to 8 decay is more properly deter- 
mined by the nuclear matrix element (iSy;B) where 
B=y,'i8yw, is the electron-neutrino covariant. Then 
(9), (10), and (11) are replaced by 


I'= (2 to 4)Gp/Gr, 


ipysB)= f dr¥jte-W(fB)¥\/2M. (15) 


Ahrens and Rose consider the variation of B over the 
nucleus as the important effect, hence even obtain a 
somewhat differently shaped spectrum than that used 
by Marshak and Petschek. If this effect is the main one, 
then there is no basis (such as suggested here) for 
supposing the pseudoscalar 8 coupling to be other than 
negligible. The variation of the lepton waves (i.e., B) 
over the nucleus is just the phenomenon responsible 
for “forbiddenness” and puts the contribution into the 
“third-forbidden” class of magnitudes. The suggestion 
of the present work is that, instead, the fy B term of 
¥(/B) in (15), is negligible compared to BY /. 
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Luminescence of Beryllium Oxide* 


C, E, Manprvitte ano H. O. ALBRECHT 


Bartol Research Foundation of The Franklin Institute, 
Swarthmore, Pennsylvania 
(Received February 15, 1954) 


N the course of a survey of the luminescence of metallic oxides, 
some interesting properties of beryllium oxide have been 
noted. When irrauiated by alpha particles, an intense ultraviolet 
fluorescence was observed. From the spectral sensitivity of the 
detector, it was estimated that a considerable emission occurs at 
wavelengths of 2500A or less. 

Although earlier investigators have reported a visible blue 
luminescence from BeO under action of a vacuum discharge, ap- 
parently no mention has been made of the fact that the spectrum 
extends far into the ultraviolet. Under alpha irradiation, white 
powdered BeO yielded an emission band extending from above 
4000A into the ultraviolet to ~2000A. The spectrogram was 
obtained in a small Hilger quartz spectrograph. Bombardment of a 
combustion tube of sintered BeO gave the same result. BeO has 
been reacted with other materials, such as SiOz, to produce 
numerous phosphors but does not itself appear to have been 
studied in detail. A comparison of the intensity of the ultraviolet 
fluorescence of powdered BeO and of NaCl—Ag under alpha- 
particle excitation is shown in Table I. 

Nine different samples of BeO were obtained from eight 
different suppliers, and all exhibited a detectable long-period 
phosphorescence as well as energy storage at room temperature 
(20°C) when excited by cathode rays, x-rays, or ultraviolet light. 
Irradiation by alpha particles resulted principally in fluorescence. 
One sample of BeO, excited by cathode rays, decayed over a period 
of 400 minutes on a log! —log/ plot with a slope of —0.83. The 
decay of both visible and ultraviolet portions of the spectrum 
followed the same law. Spectrographic analyses showed that B, 
Mg, Al, Si, and Fe could be present as impurities. The afterglow 
which immediately followed excitation could be considerably 
enhanced in the case of the less pure samples by ignition at 
1400°C. Under cathode-ray excitation, this afterglow equaled in 
intensity that of the best samples of NaCl—Ag. The purest 
material was obtained from Johnson, Matthey, and Company, 
Ltd., and although it had good fluorescent response for alpha and 
beta particles, phosphoresced only faintly under irradiation by 
excitants of all types. Ignition of this particular material had 


Tas.e I. Ultraviolet fluorescence. 








Phosphor* 





NaCl +0.0008 percent AgC! 
NaCl +-0.004 percent AgC! 
NaCl +0.02 percent AgC! 
NaCl +0,10 percent AgCl 
NaCl+0.22 percent AgC! 
NaC! +-0,50 percent AgC! 
NaCl +1.00 percent AgC! 


BeO 
BeO (ignited) 











* AgCl concentrations in weight percent. 
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INTENSITY OF PHOTOSTIMULATED EMISSION 
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Fic. 1. Phatostimulated emission of x-rayed beryllium oxide. In Fig. 1(A), 
yhotostimulated emission occurs during one minute of stimulation and is 
ollowed by a post-stimulation afterglow. Figure 1(B) is a plot of the decay 
of the energy stored in x-rayed BeO. Excitation and all measurements car- 
ried out at room temperature (20°C). 


small effect upon the phosphorescence and energy storage. The 
alpha-particle-excited fluorescence of all samples seemed to remain 
unchanged by ignition. 

A sample of BeO obtained from Fisher Scientific Company, Inc., 
was ignited at 1400°C and irradiated by 20-kev x-rays and stored 
in darkness. After twenty-two hours, the excited phosphor was 
photostimulated by light from a tungsten lamp for one minute. 
The emission during stimulation and the post-stimulation after- 
glow are shown in Fig. 1(A). A similar specimen was x-rayed, and 
bursts of ultraviolet of duration six seconds were drawn from it by 
photostimulation at intervals of 24 to 48 hours over a period of 
thirty days. This photostimulated emission is approximately 
proportional to the amount of energy remaining stored in the 
beryllium oxide. These data are plotted in Fig. 1(B), where it is 
clear that a large fraction of the stored energy remained after 
thirty days—more than in any other phosphor studied in this 
laboratory. Under identical conditions of photostimulation, the 
emission from BeO was less than one percent of that from trans- 
parent samples of NaCl—Ag of the same area. However, the 
transmission of the powdered BeO is low, and only light released 
near the surface could be measured. 


* Assisted by the joint program of the U. S, Office of Naval Research and 
the U. S. Atomic Energy Commission. 


Restoration of F and V, Centers Following 
Low-Temperature Bleaching 
R. V. Hesketa anp E, E. SCHNEIDER* 


King's College, University of Durham, Newcastle upon Tyne, England 
(Received February 24, 1954) 


HE following observations were made in the course of ex- 
periments with single crystals of KCI colored at 113°K by 
180-kv x-rays. 

The freshly colored crystals contain a large fraction (up to 50 
percent) of unstable F centers which require a thermal activation 
of only 0.02 ev in order to decay, presumably by tunneling of 
electrons to neighboring positive hole centers, This is revealed by 
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Fic. 1. F and V: absorption during warming after optical 
bleaching at 113°K. 


a steep drop in the “F-absorption glow curve,” i.e., the curve 
giving the absorption in the maximum of the F band as a function 
of time or temperature during gradual warming of the crystals. 
The unstable centers are removed by raising the crystal to room 
temperature so that the absorption glow curve obtained after re- 
cooling to 113°K shows only a slight fall entirely explained by the 
broadening and shift of the maximum of the F band with rising 
temperature. 

Optical bleaching by F irradiation occurs at 113°K with a 
saturation value of 30 percent of the F centers bleached, and is 
followed by a partial recovery in the dark in which up to ¢ of the 
bleached F centers reappear within about 10 minutes. The effects 
are similar to those reported by Markham, Platt, and Mador! on 
x-rayed KBr at 78°K. But their explanation of the recovery in 
terms of a dissociation of F’ centers cannot apply in our case where 
F irradiation has been found to reduce and not to enhance the F’ 
band. Instead, we believe that the recovery is connected with a 
narrow (0.17 ev) absorption band at 8750A which we have found 
to appear during optical F bleaching. 

The result of main interest concerns a large-scale restoration 
phenomenon which occurs if the crystals are first bleached at 
113°K by F irradiation and then slowly warmed in the dark 
(2.3°K per min). The F-absorption glow curves observed under 
these conditions for a virgin crystal and a crystal recooled from 
room temperature (Fig. 1(a)) show a large peak around 175°K 
superimposed on the normal absorption glow curves discussed 
above. This means that F centers are temporarily recreated and 
subsequently bleached thermally. The thermal bleaching can be 
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Fic. 2, Restoration of optically bleached F centers by 
warming and recooling. 
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prevented and the restored absorption be arrested by rapid re- 
cooling from a temperature near the restoration peak (Fig. 2). It 
is seen that nearly all the optically bleached F centers can be re- 
gained by this procedure. 

Even more remarkable is the fact that simultaneously with the 
F centers, V; centers are recreated as revealed by a sharp peak in 
the absorption glow curve obtained by observing the absorption in 
the maximum of the V; band during warming. The curve shown in 
Fig. 1(b) refers to a crystal recooled from room temperature so 
that at the beginning of the experiment it did not contain any V, 
centers but only more stable higher V centers. The fact that the 
peak occurs slightly below that for the F centers and is very much 
sharper implies a very short lifetime of the restored V; centers in 
accordance with their low dissociation temperature of 128°K as 
observed by Dutton and Maurer.? It appears very significant that 
the height of the V; restoration peak, representing only a fraction 
of the total number of transient V; centers involved, is about 
twice as large as the height of the original V; band present in the 
crystals immediately after x-raying. 

In explanation of the effects described we offer the following 
tentative suggestions: Crystals x-rayed at low temperature contain 
a large number of positive holes in so far optically unidentiied V’, 
centers. Electrons released by F irradiation are trapped at these 
centers to form complex metastable centers (possibly associated 
with the peak at 8750A) which on breakup by thermal activation 
yield unstable F centers and V;, centers in close proximity to each 
other, 

* 1953-1954 at Duke University, Durham, North Carolina. 


1 Markham, Platt, and Mador, Phys. Rev. 92, 597 (1933). 
?D. Dutton and R. Maurer, Phys, Rev; 90, 126 (1953). 


Effect of Hydrostatic Pressure on the Super- 
conducting Transition of Tin and 
Thallium 
MiLan D, Fiske 
General Electric Research Laboratory, Schenectady, New York 
(Received February 19, 1954) 


HE dependence on pressure of the magnetic threshold field 

of superconductivity has been measured for tin and for 
thallium for pressures transmittable by liquid helium. The experi- 
mental technique consisted of measuring the difference of the 
threshold fields of two similar ellipsoidal single crystals at the 
same temperature. The pressure on one ellipsoid was held fixed 
while the pressure on the other was varied by means of tank 
helium gas. The transition was followed by means of 60-cycle ac 
susceptibility measurements. 

The summary of results to date on tin and thallium is given in 
Table I, which contains a review of previous determinations of the 
pressure coefficients. The values for tin marked by asterisks are 
deduced from data on wires in tension, in which the hydrostatic 
stress is one-third the tensile stress for isotropic materials, The 
rather good agreement among the tin data between the pressure 
coefficients directly measured in hydrostatic experiments and 
those deduced from wire straining suggests that in the latter the 
shear components have a small or negligible effect on the super- 
conducting transition in tin. This speculation is now being checked 
with a thin-walled tin cylinder stressed in pure shear, 

No ready explanation is at hand for reconciling the results of the 
present work on thallium and those of Kan, Lazarev, and 
Sudovstov! with those recently reported by Chester and Jones, 
differing as they do in both magnitude and sign. The technique 
employed by Chester and Jones results in massive plastic deforma- 
tion at room temperature while that used by Kan ef al, may 
produce some plastic deformation near the ice point. To examine 
the effects of mild plastic deformation, an ellipsoid was machined 
from a single crystal twisted 180° over the 1.2-cm length of the 
ellipsoid. The threshold curve and pressure coefficient for this 
sample were the same as for the undeformed crystal. 
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Bridgman’s phase diagram’ shows that only a thallium (h.c.p.) 
should be expected in these experiments. However, quenched 8 
thallium (f.c.c.) is stable at room temperature.‘ An elongated 


Tasie I. Summary of data on the effect of hydrostatic pressure on the 
superconducting transition of tin and thallium.* 








(AT./ AP) K108 
deg atmos 


Pressure ATs 
Authors (atmos) (°K) 





Sizoo and Onnes* 


Alekseyeveky4 . —5 
Kan, Lazarev, and Sudovstove —5.8 
Chester and Jones‘ 11 500 —4.3 
17 500 
60* 


—~4.5 
—5,5¢ 
<115 


Grenier, Spéndlin, and Squires 
—4.940.5 


Present work 
For thallium 
Kan, Lazarev, and Sudovstov® 


0. 

; 1, 

Chester and Jones J —0. 
1. 


Present work +0.2 








* Presented at t\e Third International Conference on Low Temyerature 
Physics and Chemistry, Houston, Texas, December 17, 1953, 
+ G, J. Sizoo and K. Onnes, Leiden Comm. No, 180b (1925). 
© Ag ares value deduced from tensile stress. 
. E, Alekseyevsky, J. xptl. Theoret. Phys, (U. S.S,R.) 10, 746 (1940). 
af oy Lazarev, and Sudovstov, Doklady Akad. Nauk, 69, 173 (1949). 
t Sec reference 2. 
* Grenier, Spéndlin, and Squire, Physica 19, 833 (1953). 
» See reference 1. 


specimen selected from particles produced by pouring molten 
thallium into liquid nitrogen had the same characteristics as 
previous samples. 

These measurements, which will be reported in detail later, are 
being continued on specimens for which the crystal structure is 
known, using apparatus permitting appreciable increased accuracy 
of determination of the pressure coefficients at zero pressure. 


2s (194 * ements and Sudovstov, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 
825 (19. 
ob y. Chester and G. O. Jones, Phil. vow, 44, 1281 (1953). 
Fey ag Phys, Rev. 48, 893 (1935). 


‘8. Sekito, Krist. 74, 189 (1930), 


Resistivity Changes in Copper, Silver, and Gold 
Produced by Deuteron Irradiation Near 10°K* 
H, G. Cooper, J. S. Kosnier, anp J. W. Marx 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received February 19, 1954) 


REVIOUS research!“ on various metals indicates that radia- 

tion damage introduced near liquid nitrogen temperature 

will anneal when held at the irradiation temperature. The present 

experiment was designed to obtain damaged specimens in which no 

thermally activated motion of the lattice defects occurs during 
irradiation. 

99.97 +0.02 percent pure wires of copper, silver, and gold were 
irradiated with 12-Mev deuterons. The wire diameters were 5 mils 
for the copper and silver and 4 mils for the gold. The maximum 
temperature during bombardment was 12°K for the first run and 


Tasie I, Radiation-induced resistivity increases, in units of 10~’ ohm cm, 
after a flux of 10"? deuterons/cm?. 








Point Copper Silver Gold 





A extrapolating 
initial 12°K slope 2.3 


B (observed 12°K value) 1.9 


f extrapolating 
initial 135°K slope 


D (observed 135°K value) 


2.6 3.8 
2.0 3.1 


0.9 1.4 2.6 
0.6 1.0 1.9 








THE EDITOR 


16°K for the second. Even though the temperature difference was 
small, the resistivity versus deuteron flux curves for the second run 
all lie slightly below those of the first. 

If the initial slope of the resistivity versus flux curves was valid 
up to large flux, the resistivity increases produced in copper, silver, 
and gold after 107 deuterons per cm? would be those given as 
point A in Table I. However a slight decrease in slope does occur 
and the observed increases are those denoted as point B. These 
changes are to be compared with the point C and D values ob- 
tained! with 12-Mev deuteron irradiation at 135°K, where point C 
represents the values obtained by extrapolating the initial slope to 
a flux of 10"? deuterons/cm* and point D the observed values for 
this flux. 

After bombardment the specimens were allowed to warm, first 
to liquid nitrogen temperature and then to room temperature. The 
warmup rate was between 15 and 30°C per hour. The annealing 
out of damage during warmup was obtained by using a similar 
unbombarded specimen in a Wheatstone bridge circuit* so that 
the resistivity introduced by thermal oscillations can be eliminated 
if the two specimens are at the same temperature. Corrections for 
temperature differences of specimen and dummy were obtained by 
comparison with warmups made before irradiation and after 
annealing to room temperature. 

On holding for 48 hours at or slightly below the bombardment 
temperature, no change in resistivity ‘i.c., to +0.1 percent) was 
observed. In copper and silver, abrupt drops in resistivity indi- 
cated that some rather unique annealing process occurred at about 
40°K and 30°K, respectively. In gold no large low-temperature 
drops were found. The first two rows in Table II indicate the 


TABLE II, Percentage of initial resistivity increase remaining after annealing 
to various temperatures. 








Annealing 


temperature Copper Silver 











magnitude of these processes and the third gives the percentage 
left after annealing to liquid nitrogen. Two possible processes that 
may explain these abrupt recoveries are the motion of interstitial 
atoms, which Huntington® calculated would have an activation 
energy in the range 0.07 to 0.24 ev, or the recombination of very 
close interstitial-vacancy pairs as suggested previously. * 

A gradual decrease occurs in all three materials during the 
warmup to 220°K and then a more rapid process becomes im- 
portant.'* The latter process is complete at about 255°K in 
copper, at approximately 240°K in silver, and at roughly 285°K in 
gold. The percentage remaining at both 220°K and 300°K is given 
in Table II. 

We would like to thank Dr. W. K. Jentschke and the cyclotron 
group as well as Dr. D. E. Mapother and the cryogenics group for 
aid and assistance. In addition we would like to thank Mr. Frank 
Witt for the cryostat design. 

* This work supported by the U. S. Atomic Energy Commission. 

1 Marx, Cooper, and Henderson, Phys. Rev. 88, 106 (1952). 


2A. W. Overhauser, Phys. Rev. 90, 393 (1953). 
+H. B. Huntington, Phys. Rev. 91, 1092 (1953). 


Line-Narrowing by Macroscopic Motion 
F. BLocu 
Stanford University, Stanford, California 
(Received February 19, 1954) 


HE investigation of nuclear magnetism often demands ex- 
tremely high resolution, A notable example is furnished by 

the structure in the groups of proton resonance lines discovered by 
Arnold and Packard.' The separation of the three components of 





LETTERS TO 


the CH; group in ethy] alcohol amounts to only about 6 cycles per 
second and requires for its resolution a homogeneity of the external 
field over the sample region to within about one milligauss. In a 
typical field of 7000 gauss this represents a resolution of one part 
in 7 millions which can be achieved with considerable care. 

It is tempting, however, still to increase the resolution at least 
tenfold in order to observe further interesting details. While it 
would seem very difficult to obtain a field of sufficient homogeneity, 
it is possible to reach this goal in a rather simple way, i.e., by 
providing a motion of the substance within the sample under 
investigation. 

The mechanism can be qualitatively understood by assuming 
that the external field varies over the sample by an amount of the 
order AH and that a given molecule participates in the macro- 
scopic motion of the substance in a manner such that, during each 
time interval of the order #, it is once exposed to the range of 
variation AH of the magnetic field. The more rapid the motion, 
i.e., the shorter the interval ¢, the more a nucleus in the molecule 
reacts as if it were exposed all the time to the average value of the 
field. It can be shown that the effect will start to become ap- 


preciable if 
t=29/(yA#), (1) 


where 7 is the gyromagnetic ratio of the nucleus under considera- 
tion. As an example we consider protons in an external field which 
varies over the sample by the amoun. AH=2X10™ gauss. To 
obtain an effective averaging of this field, one has to demand, 
according to Eq. (1), that the time ¢ be less than about ys sec. In 
a sample with linear dimensions of 4 cm this requires a speed 
somewhat higher than 10 cm/sec, which is certainly well within 
the realm of mechanical possibilities. 

It must be noted that formula (1) implies that every molecule in 
the substance experiences the full range of variation AH during the 
time interval ¢. Generally, however, the averaging process will take 
place for each molecule only over those regions of the sample 
through which it is carried in the course of its motion. As a result 
one will observe a partial narrowing of the line which, however, 
can be very appreciable under suitable circumstances. 

A more quantitative treatment of the effect is obtained from the 
phenomenological equations of nuclear induction.* Assuming, for 
example, that the motion within the substance has the effect of 
exposing a given molecule, after a mean time 0, to a randomly 
different field within the sample, one obtains for short 6 a reduction 
of the field inhomogeneity to an “effective value” 


(AB) ott ((4H)*)nd, (2) 


where ((4H)*)w is the mean square deviation of the field in the 
sample from its average value. Irrespective of the manner in 
which the external field varies over the sample, one obtains in this 
case a “Lorentzian” line with an “effective” transverse relaxation 


time 

(T2)ert™=1/(1/T2+-7 (SB) ott), (3) 
where 7; is the transverse relaxation time due to natural 
broadening. 

! This structure is distinguished from the one reported earlier by Arnold, 
Dharmatti, and Packard [J. Chem. Phys. 19, 507 (1951) ] where the OH, 
CHa, and CHs groups in ethyl alcohol were shown to lead to separate 
resonances. Higher resolution reveals that each of these resonances consists 
of a number of closely spaced lines. These more recent findings will soon be 


published. 
2F, Bloch, Phys. Rev. 70, 460 (1946). 


A Line-Narrowing Experiment 
W. A. ANDERSON AND J. T. ARNOLD 
Stanford University, Stanford, California 
(Received February 19, 1954) 

HE possibility of line narrowing by macroscopic motion of 
the material within a sample, described in the foregoing 
letter, has been experimentally established. A nuclear induction 
apparatus consisting of a 7000-gauss permanent magnet and the 
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Fic. 1, Line necsowing by rotation, The top figure is a phstowerh of a 


proton resonance from distilled water displayed on the cathode-ray screen. 
The beam was swept from right to left in about 30 seconds, A measure of the 
external field inhomogeneity is given by the width at half-maximum and 
was found to be 1.7 X10-* gauss. The bottom figure was obtained by 
rotating the spherical sample at a rate of about 25 times per second, but 
under otherwise identical conditions. The variation of the field between the 
two ends of this trace was determined by calibration to be 3.5 X10™* gauss, 
yielding for the width at half-maximum about 10~¢ gauss. This reduction in 
——— is accompanied by an increase of the height by a factor of 
about 7. 


associated radio-frequency components was used. The magnet was 
shimmed to give a homogeneity within about 10~ gauss over a 
spherical sample of ys-inch diameter. 

A simple and effective way to induce a macroscopic motion was 
found to be a rotation of the entire sample about an axis (y), 
coincident with the axis of the receiver coil. This method achieves a 
partial narrowing in the sense that it effects an averaging over the 
field around coaxial circles in the plane normal to this axis, It has 
been possible in this manner to narrow the line appreciably and 
thereby increase its height with rotational speeds in excess of about 
10 cycles per second. This is in agreement with the order of 
magnitude of the time #, referred to in the previous letter, The 
samples were enclosed in a shaft extending into the receiver coil. 
This shaft was driven by a small air turbine located above the 
head, 

The figure shows oscilloscope traces of proton resonance lines in 
distilled water with and without rotation of the sample. It is seen 
that the rotation of the sample results in a reduction of the half- 
width by a factor of about 17 and an increase of the maximum by 
a factor of 7. The fact that the areas under the two curves do not 
seem to agree is possibly due to partial saturation in the case of the 
narrower line. 

Since simple rotation averages only along coaxial circles, the 
best over-all homogeneity for the stationary samples will not 
necessarily represent the optimum field configuration under 
rotation. For example, in the best over-all field there may be a 
comparatively strong variation in the y direction over which no 
averaging takes place in the present arrangement. Thus the 
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relatively broad line in the figure does not represent the best 
resolution to be obtained without rotation. In fact, our magnet is 
capable of homogeneities over the sample within as little as } 
milligauss. 

With the enhanced resolution which has already been realized, 
we have investigated some interesting new features of the proton 
resonances in ethyl alcohol.'* The results of these and further 
studies will soon be published, together with a more detailed 
description of the apparatus. 

We wish to express our gratitude to Professor Bloch for the most 
helpful discussions concerning this work. 


1 Arnold, Dharmatti, and Packard, J. Chem. Phys. 19, $07 (1951). 
*J. T. Arnold and M. E, Packard, J. Chem, Phys. 19, 1608 (1951). 


Nuclear Spin of Am*** and Isotope Shift in 
the Americium Spectrum* 
Joun G, Conway anp RALPH D, MCLAUGHLIN 
Radiation Laboratory, University of California, Berkeley, California 
(Received February 23, 1954) 


ECENT advances in nuclear chemistry have made it possible 
to obtain relatively large amounts of Am*, The quantities 
available are of such size as to make the determination of nuclear 
spin feasible by spectroscopic methods, Two 30-microgram samples 
of americium were recently obtained for this purpose. One con- 
tained roughly 10 percent Am* and 90 percent Am*', and the 
other contained roughly 80 percent Am* and 20 percent Am™', 
The samples, which were received in an aqueous solution, were 
evaporated to dryness upon graphite electrodes which were 0.25 
inch in diameter, The sample excitation was performed by a direct 
current arc which was regulated to pass 15 amperes of current. The 


TABLE I, Isotope shifts in the americium spectrum, and wavelengths of the 
firet component in the flag pattern of Am™, 








Advas—241 (A) 


+0.022 
—0,017 


Anas (A) 
2815.17 
2888.46 
2909.72 
2911.06 
2938.96 
2957.13" 
2958.29 
2969.21 
2993.38 
3027.91 
3161,19* 
3204.05 
3225.27 
3257.93 
3258.62 
3282.48" 
3262.67* 
3451.99 
3473.16 
3496.48 
3926.07 
4372.35 
4441.43* 
4509.16 
4680.84* 
4699.46 
4786.64 
4871.93 











* Lines in which the first component is on the higher wavelength side of 
the pattern. 


spectrum was recorded in the second and third orders of a 21-foot, 
30 000 line per inch grating in a Paschen-Runge mount. An iron 
spectrum and an Am! spectrum were photographed for com- 
parison. 

Fred and Tomkins' have reported the hyperfine structure of 
Am"™' to be a flag pattern of six components with a spin of 5/2. No 
differences were observed in the hyperfine structure of Am* and 
Am™, Both structures form a flag pattern of six lines. Since Am** 
shows six hyperfine components, it must have a nuclear spin of 
5/2. There is no reason to doubt the validity of the assumption 
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that J is greater than J. Within 2 percent error the patterns of 
Am and Am™! have the same over-all width. This indicates that 
the nuclear magnetic moment must be equal in the two isotopes. 

The isotope shift between Am** and Am™! was also observed. 
Table I contains the wavelengths of the first component of the 
pattern of the hyperfine lines for Am** and the shift between 
Am* and Am*! of that component. 

We wish to thank Dr. E. K. Hulet and Dr. S. G. Thompson for 
providing us with the samples of americium and Professor F. A. 
Jenkins of the Physics Department, University of California, for 
the use of the spectrograph. 


* This work was performed under the auspices of the U. S. Atomic Energy 


Commission. 
1M. Fred and F. S. Tomkins, Phys. Rev. 89, 318 (1953). 
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Angular Distribution of Photcelectrons from 
Gamma Radiation of 0.4 and 1.3 Mev 
ARNE HEDGRAN AND S&LVE HULTBERG 


Nobel Institute of Physics, Stockholm, Sweden 
(Received March 2, 1954) 


HE knowledge of the angular distribution of photoelectrons 
and its energy dependence is of value especially for beta- 
spectrometric comparisons of gamma-ray intensities. At a gamma- 
ray energy of 2.6 Mev the angular distribution has been studied by 
Latyshev,' and the present paper gives the results of an experiment 
with the Au 0.41-Mev and the Co 1.33-Mev gamma rays. 
» ‘The investigation was carried out by using a large double- 
focusing spectrometer (o=50 cm) and with the setup shown in 
Fig. 1 A. 

The photoelectric converter was placed at the usual source 
position of the spectrometer, and the gamma source was fixed to 
an arm that could be moved horizontally around an axis through 
the converter center. The setup was constructed with a minimum 
of material around source and converter. The photoelectron peaks 
were recorded with the spectrometer for different angles 6 between 
arm and spectrometer axis. The height of the peak for an angle @ is 
simply proportional to the photo cross section for the corresponding 
unit solid angle. At larger @ the converter subtends a smaller solid 
angle to the source, but this effect is canceled by the fact that the 
gamma rays have to traverse more material in the converter. A 
correction has, however, to be applied because of the finite angular 
resolution which results from (1) geometry (the combined effect of 
finite spectrometer aperture, source size, and the finite solid angle 
under which the converter is irradiated) and (2) electron scattering 
in the converter. 

For the Co experiment a source of 500 mC with cylindrical 
shape (height and diameter 4 mm) was used. The converter was a 
circular 7 mg/cm? lead foil (®©=10 mm), source-converter distance 
was 45 mm, and the circular entrance aperture (®= 50 mm) was at 
a distance of 300 mm from the converter. The use of two G-M 
counters in coincidence and elaborate shielding reduced the 
background from the strong source to a satisfactory level. 

Figure 1 B shows the heights of photoelectron peaks with their 
estimated uncertainties for different 6. The angular resolution 
curve was calculated to be approximately a Gaussian with a full 
half-width of 21°, the contributions from geometry and scattering 
being about equal. By an unfolding procedure the experimental 
curve was corrected for angular resolution, giving as result the 
dotted curve, which should represent the true photoelectron 
distribution. 

For the Au™ experiment a sufficiently thin lead converter was 
not available, so a gold foil (1.7 mg/cm*) was used as converter. A 
400-mC source (diameter 5 mm, height 1 mm) enclosed in alumi- 
num was used, and the geometry was similar to that in the 
previous experiment. Figure 1 C shows the observed photoline 
peak heights plotted against @ (full line) and the corrected curve 





LETTERS TO 


(dotted line). The angular resolution curve had in this case a full 
half-width of about 20°. 

Sauter* has derived an expression for the angular distribution of 
photoelectrons at relativistic energies, but his result is questionable 
for photoeffect in heavy elements. The agreement between the 
present results and his formula seems, however, to be fairly good. 


Slit 
A Converter | 


at -—-—Spec.axis 


Source 





Fic. 1. A. Experimental setup (schematic). B, C. Angular distributions of 
photoelectrons from gamma radiations of 1.3 and 0.41 Mev, respectively. 


According to him the maxima in the distributions for 0.4 and 1.3 
Mev should occur for @= 28° and 12°, and we find them for @= 24° 
and 12°, respectively. 


1G. D. Latyshev, Revs. Modern Phys. 19, 132 (1947). 
*F, Sauter, Ann. Physik 9, 217 (1931). 


Production of Antiprotons in p-p Collisions 
Davin Fox* 
Depariment of Physics, University of California, Berkeley, California 
(Received January 15, 1954) 


HE cross section for the production of a proton pair by the 

collision of two protons has been calculated in the neighbor- 

hood of threshold, using the formalism suggested by Feynman 
for the solution of such problems.! 

The Feynman diagrams for the process are topologically similar 
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to those for the triple scattering of protons. In the latter case, 
there are 36 lowest-(fourth) order diagrams, each of which 
consists of three proton paths, with a meson exchange between 
the first and second protons, and, at a later proper time along the 
second path, another meson exchange between the second and 
third protons. The 36 diagrams are obtained from any standard 
one by the permutations of the three initial particles and of the 
three final ones. The process under consideration differs from 
triple scattering only in that one of the initial particles is the 
emitted antiproton; in each diagram the path segment represent- 
ing the antiproton has a reversed proper-time sense. 

At threshold, the total energy in the center-of-mass frame is 
4M, where M is the rest mass of the proton. In the laboratory 
system, this becomes 8M, so that the incident kinetic energy is 
6M =5.6 Bev. 

Some information about the angular distribution and the energy 
dependence near threshold may be obtained from symmetry 
arguments alone. From the fact that at least two of the emitted 
positive protons must have the same spin, one obtains a simple 
condition on the momentum dependence of the matrix element. 
It may be shown in this way that if the matrix element correspond- 
ing to any assigrment of spin states is expanded in powers of the 
3-momenta of the four emitted particles, the leading terms are 
linear in the momentum components of the protons and are 
independent of the momentum of the antiproton. Therefore, 
(except for the poscible occurrence of certain relationships among 
the numerical coefficients) the antiproton will be emitted spher- 
ically symmetrically in the center-of-mass system, while the 
protons will not be. 

The energy dependence of the total cross section may be 
determined, except for a constant factor, by examining the form 
of the integral over momentum space. The available volume in 
momentum space is proportional to (E—2M)"?, where E is the 
total energy of either incident proton in the center-of-mass frame.? 
It is easily shown that the leading terms of the differential cross 
section contribute a factor proportional to (E—2M) after integra- 
tion; that is, the total cross section near threshold is of the form 


4/E—2M\*2 

“3 «(F)( M ) 
where the coupling constant is defined as in reference 1, with 
h=c=1, The arguments used to obtain this equation are valid for 
all the usual weak-coupling theories, so that, in general, one can 
expect that only the value of KX will differ from one theory to 
another in this approximation. K was calculated only for the 
case of pseudoscalar mesons with pseudovector coupling; the re- 

sult was K=1.2 10™" cm?. 

This cross section may be compared with that obtained by 
Fermi? in his statistical theory of high-energy nuclear processes: 


Pk 1/2 
o=7x10-( 2 Mt) ; 


In this case, the energy dependence arises from the volume of 
momentum space alone, since the matrix element is assumed to be 
a constant. Fermi’s theory is a strong-coupling theory, so that to 
a certain extent the two results represent opposite limiting cases. 

Taketani and Machida’ have calculated the cross section for 
the same process, using the Feynman method and the PS—PS 
theory, but they obtained a fourth power dependence on (E—2M). 
However, the details of their calculations are not clear, and there 
is some question as to whether certain of their approximations are 
justified. 

Further details will be published elsewhere. 

The author wishes to acknowledge his indebtedness to Professor 
Robert Serber for suggesting the problem and for his helpful and 
stimulating discussions. 

* Now at the Israel Institute of Technology, Haifa, Israel! 

'R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 

2 E. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 


‘ 4 A Taketani and S. Machida, Progr. Theoret. Phys. (Japan) 6, 559 
1951). 
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Proton-Neutron Mass Difference 
R. P. Feynman anv G. SPEISMAN 
California Institute of Technology, Pasadena, California 
(Received February 23, 1954) 


UPPOSE all deviations from isotopic spin symmetry are due 

solely to electromagnetic effects. Then such things as the mass 

difference of charged and neutral x mesons, and the neutron- 
proton mass difference would have to be just electrodynamic. 

We have investigated this point and have found that it is a 
reasonable possibility. For particles of zero spin, like mesons, 
assumed to be elementary particles, the self-energy is quadratically 
divergent. If the photon propagation function! 1/# is cut off by a 
convergence factor C(k*) =[A*/(A*—k*) ?, the resulting energy is 
about 3¢*A*/8rm, where A is the cut-off energy and m is the 
m-meson mass, and we assumed A>>m. This gives the observed 
mass difference of about 11 electron masses for a cut-off A of about 
1.0 proton masses.” 

It is usually assumed that the negative value of the proton- 
neutron mass difference speal:s against an ultimate electromagnetic 
explanation. The following calculation shows that this is an 
unwarranted assumption. The particles are not simple and there is 
uncertainty as to the correct law of coupling to the electromagnetic 
field. But for low energy, the proton can be represented by the 
Dirac equation with an additional Pauli term to represent the 
anomalous moment, Since we do not know to how high an energy 
this may be a reasonable approximation, we have tried providing 
the moment coupling term with a cut-off factor of its own. We 
write for the proton self-energy 
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in the notation of reference 1. We used G(k) = —\?(#®—X*)— to cut 
the moment coupling off at energies about A, and C(k) 
= —A*(k*—A*)~ to cut off the photon propagation function at 
energy A, The expression for the neutron is the same, except that 
the y, coupling terms are omitted and the value of yu, the anomalous 
moment in nuclear magnetons, is —1.91 instead of 1.79 for the 
proton. M is the nucleon mass. 

For the proton the term for «=O, representing coupling of 

current with current, is positive, as is also the term in y*. But the 
cross term, linear in yu, is negative and quite large if the moment is 
not cut off too soon. Thus the proton-neutron mass difference can 
easily turn out negative. For example, if A and ) are both taken at 
1.4M, the experimental value of —2.5 electron masses results for 
this difference (in this case for the neutron AM is roughly 1.5, for 
the proton —1.0 electron masses). No small difference of large 
numbers is involved. If the cut-off \ is reduced below about 0.75M, 
a negative mass difference cannot be obtained. For \=1.0M, 
A=4M gives the experimental result. 
_ The high cutoff for the anomalous moment implies that the 
charge responsible for the moment must be spread over only a 
small distance (of order h/Mc). This is also suggested by the 
relatively small changes that the nucleon moments undergo when 
nucleons form nuclei. 

The cutoff for the propagation function may be interpreted in 
two ways. Firstly, electrodynamics may fail at high energies, the 
failure being represented in a crude way by the cutoff. If this is so 
we could guess from our results that the failure occurs at energies 
in the neighborhood of the nucleon mass. Another possibility is 
that the electrodynamics is correct, but the cutoff represents, 
roughly, the error committed in assuming that the particles are 
elementary. For example, in the case of the meson, we have 
assumed the x meson in virtual states acts as a simple particle. 
But for energies as high as M, strongly coupled virtual nucleon 
pairs may be formed. They, rather than failure of electrodynamics, 
may provide the convergence at energies of order M. In a like 
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manner, the complex of virtual mesons presumed to be associated 
with nucleons may have the effect that at sufficiently high energy 
the electromagnetic coupling of neutron and proton may be nearly 
the same, so that the integral representing the difference of their 
masses may converge without modification of electrodynamics. In 
this way, the presumed convergence of the mass differences might 
tell us something about the character of coupling with the electro- 
magnetic field at high energy. 

We conclude that all of the deviations from isotopic spin 
symmetry could be due solely to coupling with the electromagnetic 
field. 

1R. P, Feynman, Phys. Rev. 76, 769 (1949). We use the notation in this 


reference. 
* This result was given by one of us (RPF) at the International Conference 


in Theoretical Physics, Paris, 1950 (unpublished). 


Polarization of Elastically Scattered Nucleons 
from Nuclei* 
WARREN HECKROTTE AND JosePH V. LEPORE 
Radiation Laboratory, University of California, Berkeley, California 
(Received February 23, 1954) 

I UCLEONS of low or moderate energy which are elastically 

scattered from nuclei should be partially polarized' by the 
strong spin-orbit potential underlying the predictions of the shell 
model of the nucleus. This spin-orbit potential is a consequence of 
the collective action of many nucleons on the particular nucleon. 
Thus for incident nucleons whose wavelength is greater than the 
nuclear spacing (E= 50 Mev), it would be expected that the spin- 
orbit potential of the shell model would make itself felt. For 
progressively higher energies the incident nucleon begins to see 
only one nucleon at a time and while a spin dependence of the 
elastic scattering can still be expected, it would be more a reflection 
of the individual nucleon-nucleon interactions than of the spin- 
orbit potential of the shell model. It will be supposed that even at 
these higher energies the spin dependence has the form of the usual 
spin-orbit potential. In either case this spin dependence of the 
elastic scattering can be investigated phenomenologically by 
treating the interior of the nucleus in terms of a spin-dependent 
complex index of refraction*—an obvious generalization of the 
optical model of the nucleus.* 

For low or moderate energies there is no suitable approximate 
method for treating the elastic scattering—a phase-shift analysis is 
necessary. Also, at high energies any polarization calculations 
using conventional approximation methods‘ are made uncertain 
by the direct dependence of the polarization on the phase of the 
scattered wave. A phase-shift analysis for various energies is 
therefore being undertaken on the Univac at the University of 
California Radiation Laboratory at Livermore in collaboration 
with S, Fernbach. 

An estimate for small angles of scattering, though rough at best, 
may be readily obtained by making several simplifying assump- 
tions. The magnitude of the polarization is given by 

P= (- B*+A* 

da/dQ 
Here A and B represent the scattering amplitudes corresponding to 
the spin-independent and spin-dependent parts of the interaction, 
respectively. The known experimental value for the differential 
cross section do/dQ2 may be used. The amplitude, B, for spin- 
dependent scattering may be estimated by using the Born ap- 
proximation. Then only the imaginary part of A contributes to P. 
For small angles this is approximately proportional to the total 
cross section. 

For 300-Mev neutrons incident on carbon, for example, a square- 
well spin-orbit interaction (R=1.44!X10~ cm) of 2-Mev depth 
gives a polarization of 40 percent at five degrees. Though this is 
probably an overestimate, it suggests that the existence of a small 


sind. (1) 
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spin-orbit interaction in the nuclear potential will provide large 
polarizations. Finally, aside from the interest of investigating one 
more phase of nuclear structure, this phenomenon, because of the 
large diffraction cross sections, provides a relatively good source of 
polarized particles. 

* This work was performed under the auspices of the U. S. Atomic Energy 


Cc commission. 
1W. Heckrotte and J. V. Lepore, University of California pete 

Laboratory Report UC tanta March, 1953 (unpublished), p. 3 

2 This method has been suggested in connection with low-ener; Rowen vtcutron 
scattering by R. K. Adair o ivate communication from K. M. 

4 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949), 

‘For example, in the special case of real potentials the Born approximation 
always gives a vanishing polarization. 


Production of Proton Pairs* 
R. N. THornj 
Harvard University, Cambridge, Massachusetts 
(Received February 1, 1954) 


ITH the completion of the California bevatron in the near 
future it will be energetically possible to produce negative 
protons, if indeed they exist; and it is therefore of some interest to 
calculate the probability of such an occurence by,aucleon collision. 
The production cross section has been calculated by Helstrom! 
and by Taketani and Machida,’ using the Weizsdcker-Williams 
method. In addition, Taketani and Machida have made a thresh- 
old approximation of Feynman’s method for the production of an 
antiproton by proton-proton (,p) collision. 

It is the purpose of this note to describe the results of a calcula- 
tion of the cross section for pair production near threshold, an 
energy region just barely attainable with the bevatron. The 
processes treated in a perturbation calculation are: 


pt+p—pt+pt+PtP, 

p+n—pt+nt+p+p. 
The nucleon field is assumed to be pseudoscalar-coupled to a 
symmetric pseudoscalar meson field. The threshold kinetic energy 
of the incident particle in the laboratory system, assuming the 
target particle is at rest, is 6M or 5.6 Bev. 

The cross section is calculated in the center-of-mass system 
where the final particles can be treated nonrelativistically se long 
as the initial particle energy is not much greater than the thresh- 
old energy 2M. 

Since only neutral mesons are present in intermediate states to 
lowest order, the (p,p) cross section is the same for both the 
symmetrical and the neutral theory, and is* 


(P,P) =1.4X 10 (f?/4e)*[(E—2M)/M P* cm’, 


a result in disagreement with that of Taketani and Machida. 
Here E—2M is the excess over threshold energy of an initial 
particle in the center-of-mass system. 

The (~,p) production process is inhibited by the exclusion 
principle, since it is unallowable to have three final protons in a 
state of zero momentum. This restriction no longer applies if one 
of the final particles is a neutron, as in the case for antiproton 
production by (n,p) collision. Furthermore, in a symmetric theory 
there are a greater number of processes contributing because of the 
possibility of charged as well as neutral mesons in intermediate 
states. These two factors together make the (m,p) production 
predominant over the (p,p) production near threshold. 

The (n,p) cross section is 


o(n,p) =5.4X 10-*(f?/44)*[(Z—-2M)/M }"* cm’. 


I wish to thank Professor Schwinger for having suggested this 
problem. 


* Based ond a thesis written in partial fulfillment of the requirements for a 


doctor's degr 
t Now at 2 lee Alamos Scientific Laboratory, Los Alamos, New Mexico. 
1C. W. Helstrom, Phys. Rev. 78, 88 (1950). 
2M. Taketani and S. Machida, Prog. Theoret. Phys. 6, 559 Ente 
§ Units A =c =1 have been used, so that /?/4r is the usual di 
fine structure constant of meson theory. 


THE EDITOR 


Summation of y-Ray Energies with a 
Single-Crystal Spectrometer 
Dantet C. Lu anp M. L. Wiepenpeck 


Randall Laboratory of Physics, University of Michigan, 
Ann Arbor, Michigan 
(Received February 19, 1954) 


ULTI-y coincidences were effectively observed with a 
simple modification of a scintillation spectrometer. This 
was accomplished by drilling a hole 3 mm in diameter along the 
axis of a cylindrical NaI(T1) crystal from the top surface to the 
center. The bottom surface was coupled to a photomultiplier in 
the usual manner. This allowed the source to be placed outside of 
the crystal or at its center. With the source within the crystal, 
there is a reasonable probability that all prompt, cascade y rays 
from a single disintegration will be absorbed and thus give a pulse 
corresponding to the sum of the + energies involved. As such this 
device can often yield data not readily obtained with the con- 
ventional arrangement of spectrometers in coincidence, 

The scheme was first tried some months ago using a crystal 
1 inch thick and 1} inches in diameter. While this showed that the 
system could yield useful information, it was inadequate for higher 
energy rays. At present we use a crystal 2 inches in diameter and 
2 inches thick coupled to a DuMont 6292 phototube. Pulses are 
observed with a single-channel discriminator. 

Figure 1 shows the spectrum of y rays following the 8 decay of 
Co® taken with the source outside the crystal (with small proba- 
bility for the addition of y-ray energies) as well as the spectrum 
taken with the source at the center of the 2-inch crystal. Even at 
these relatively high energies (1.17 and 1.33 Mev) the sum peak is 
easily observed with this crystal. 

The y-ray spectra following the 8 decay of Cs™ is indicated in 
Fig. 2. The main sum peaks are due to triple “coincidences” be- 
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Fic. 1. Gamma-ray spectra of Ni®, Energies in kev indicated at the top of 
peaks. Upper curve with sample 3 in. from top of crystal. Lower curve with 
sample inside crystal. The peak representing the sum of the two gamma 
energies is seen at 2.5 Mev. 
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Fic. 2, Gamma-ray spectra of Ba’, The upper curve is the ordinary 
spectrum. The lower curve shows several peaks due to the addition of two or 
three gamma rays. Energies are in kev. 


tween the lines of 570, 797, and 605 kev as well as to double 
“coincidences” of the strong 797- and 605-kev lines and the 
605-kev line with the weak 570-kev line. 

From the precise energy measurements of the gamma rays 
following the decay of Ir, two possible decay schemes have been 
proposed.'* (See Fig. 3.) The spectrum was investigated with the 
source outside the crystal as well as inside. It is evident that the 
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Fic, 3. Gamma spectra of Pt'** with proposed decay schemes. The present 
data favor the scheme A. Energies are in kev. 


highest sum peak corresponds to 1.2 Mev and peaks are also found 
at 920 and 794 kev. In addition the peak at 614 kev is greatly 
augmented. It is clear that these data are in agreement with decay 
scheme A but not with B. 

! Cork, LeBlanc, Stoddard, Childs, Branyan, and Martin, Phys. Rev. 82, 


258 (1951). 
? Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
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